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PREFACE TO THE THIRD EDITION

There has been widespread use of electric machines in industries and household appliances.
New applications of electric machines have emerged. Novel control strategies, new circuit
topologies, and new solid-state devices have contributed to further performance improvements
of electric machine systems. This edition is an attempt to update the contents of the book, and
to respond to the suggestions of readers and instructors. To these ends the following new
material has been incorporated.

▪

▪

▪
▪
▪
▪

Electric machines are mostly used as motors, and in most books the motoring mode of
operation is extensively discussed. In recent years there has been phenomenal worldwide
industrial growth of wind energy generation. These systems use electrical machines as
generators. A chapter (Chapter 11) on wind energy systems has therefore been added for
better understanding of the use of electric machines in their generating mode of operation.
In electric motor drive systems, sensors have been used to feed back speed and/or position
information. These sensors have several disadvantages, such as less reliability, less
robustness, more maintenance requirements, and more cost. Recently drives without
sensors have been used in industry. The concept of sensorless drives has been presented in
Chapter 6. As well, the coverage on permanent magnet motor drives and brushless dc drives
has been updated in Chapter 6.
The coverage of solid-state devices, such as Power MOSFETs, IGBTs, and GCTs, has been
updated in Chapter 10.
Power supply in computers, datacenters, servers, and so forth, is an important application
of power electronic technology. Introductory coverage of high-power density power supply
for such applications is presented in Chapter 10. As well, the popular buck converter
conﬁguration for power supply is presented in Chapter 10.
Neutral point clamped (NPC) inverters are gaining popularity for high-power and highvoltage applications. The concept of NPC inverters is presented in Chapter 10.
The book presently has a large number of problems and examples. Additional problems and
examples have been added to chapters and sections that appear to have been used by most
instructors. In the second edition of my book, very few problems dealt with simple, basic
understanding. Therefore, most of the problems that have been added for the third edition
are designed to test the basic understanding of the concepts covered in the book.

I am overwhelmed by the widespread acceptance of my book and the many complimentary
comments I have received from individuals: students, professors, engineers, and research
workers. Writing this book has given me much satisfaction and a sense of achievement.
I consider my book as my best contribution to education. This book will be my legacy.
I am grateful to my graduate students, Zhiyuan Hu, Christopher Fiorentino, Wilson Eberly,
Liang Jia, Zhiliang Zhang, Jizhen Fu, among others, for their valuable assistance. Zhiyuan
drew the ﬁgures for the third edition. Christopher assisted me in checking and editing the draft
copy of the manuscript of the third edition.

ix

x

Preface to the Third Edition

I thank Kendra Pople-Easton and Mary Gillespie for secretarial assistance. I thank my
department heads, Dr. Steven Blostein and Dr. Michael Greenspan, for allowing me to continue to use my ofﬁce, and for their continued encouragement in this venture.
I thank my former Ph.D. student, Dr. Chandra S. Namuduri, whom I consider an expert on
electric machines, for having useful discussions on industrial applications of electric
machines. I thank my colleague, Dr. Yan Fei Liu, and my friend, Dr. Bin Wu of Ryerson
University, with whom I had valuable discussion on the contents of this revision. I thank my
other colleagues who treated me with respect, and expressed interest in the book. I express
my profound gratitude to my mentor and friend, Chuck (Prof. Charles H. R. Campling), who
again spent many hours reading and correcting the text.
I thank Mr. Dan Sayre, editor and associate publisher of John Wiley & Sons, Inc., for his
cooperation, encouragement, and understanding. It has been a pleasure working with him.
Last but not least, I thank my wife Maya, and my children, Sujit, Priya, and Debashis, for
their continued support throughout the endeavor.
One more person I want to thank. He was my grade four teacher in Bangladesh. In 1972,
right after Bangladesh became an independent country, I visited the village, Haidgaon, in
Chittagong, Bangladesh, where I was born. There, my grade four teacher came to see me. This
was our conversation:
Teacher:
I:

Paresh, I hear you live in Canada.
Yes, I do.

Teacher:
I:

What do you do in Canada?
I am a professor at a Canadian University.

Teacher:

Oh, you are a professor! How many books have you written?

I:
Teacher:

None.
None! What do you do then?

His comment started to bother me, and so I decided to write a book. In fact, I ended up
writing two books: (1) Thyristor DC Drives (Wiley, 1981) and (2) Principles of Electric Machines
and Power Electronics (Wiley, 1989, 1997, 2012). I am thankful to my grade four teacher, whose
comment inspired me to write books.
Queen’s University
Kingston, Ontario, Canada
April 2012

P. C. SEN

PREFACE TO THE SECOND EDITION

Technology never stands still. Since the ﬁrst edition of this book, there have been new
developments in the applications of, for example, permanent magnet motors and solid-state
devices for control. The basics of electric machines and machine control remain the same,
however. Thus, preserving the content of the ﬁrst edition, which has had widespread acceptance, this edition endeavors to enhance, to update, and to respond to the suggestions of
readers and instructors. To these ends, the following new material has been incorporated.

▪
▪
▪
▪

▪
▪

A large number of new problems and some new examples have been added. Most of these
problems are presented in the chapters and sections that appear to have been used by most
instructors. The number of problems in the second edition is nearly double the number in
the ﬁrst edition.
Coverage of permanent magnet motors has been introduced, including permanent magnet
dc (PMDC) motors, printed circuit board (PCB) motors, permanent magnet synchronous
motors (PMSM), brushless dc (BLDC) motors, and switched reluctance motors (SRM).
Constant-ﬂux and constant-current operation of induction motors is discussed.
Additional material is included on new solid-state devices, such as insulated gate bipolar
transistors (IGBT) and MOS-controlled thyristors (MCT). This material appears in Chapter 10.
This chapter also includes, for the ﬁrst time, material on Fourier analysis of waveforms,
current source inverters using self-controlled solid-state devices, and three basic conﬁgurations of choppers.
A concise treatment of three-phase circuits is presented in Appendix B.
Answers to some problems are presented in Appendix E to assist students in building
conﬁdence in their problem-solving skills and in their comprehension of principles.

Many individuals have expressed their opinions on the ﬁrst edition and have made suggestions for the second edition. I acknowledge with gratitude these contributions, as well as
the generous comments of many who have written and spoken to me—students, instructors,
and research workers. The number is so large that it would be inappropriate to name them
all and the risk of omission would be great.
I am grateful to my graduate students, Yan Fei Liu and Zaohong Yang, for their valuable
assistance. I thank the departmental secretary, Debby Robertson, for typing the manuscript of
the second edition at various stages, Jennifer Palmer and Patty Jordan for secretarial assistance,
and Perry Conrad, the departmental manager, who made the administrative arrangements.
I thank my wife Maya and my children, Sujit, Priya, and Debashis, who were a constant and
active source of support throughout the endeavor. Last but not least, I express my profound
gratitude to Chuck (Prof. C. H. R. Campling), who again spent many hours reading and correcting the text. His friendship, valuable counsel, and continued encouragement are greatly
appreciated.
Queen’s University
Kingston, Ontario, Canada
January 1996

P. C. SEN
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PREFACE TO THE FIRST EDITION

Electric machines play an important role in industry as well as in our day-to-day life. They are
used in power plants to generate electrical power, and in industry to provide mechanical work,
such as in steel mills, textile mills, and paper mills. They are an indispensable part of our daily
lives. They start our cars and operate many of our household appliances. An average home in
North America uses a dozen or more electric motors. Electric machines are very important
pieces of equipment.
Electric machines are taught, very justiﬁably, in almost all universities and technical colleges
all over the world. In some places, more than one semester course in electric machines is
offered. This book is written in such a way that the instructor can select topics to offer one or
two semester courses in electric machines. The ﬁrst few sections in each chapter are devoted to
the basic principles of operation. Later sections are devoted mostly to a more detailed study
of the particular machine. If one semester course is offered, the instructor can select materials
presented in the initial sections and/or initial portions of sections in each chapter. Later sections
and/or later portions of sections can be covered in a second semester course. The instructor can
skip sections, without losing continuity, depending on the material to be covered.
The book is suitable for both electrical engineering and non-electrical engineering students.
The dc machine, induction machine, and synchronous machine are considered to be basic
electric machines. These machines are covered in separate chapters. A sound knowledge of
these machines will facilitate understanding the operation of all other electric machines.
The magnetic circuit forms an integral part of electric machines and is covered in Chapter 1. The
transformer, although not a rotating machine, is indispensable in many energy conversion
systems; it is covered in Chapter 2. The general principles of energy conversion are treated
in Chapter 3, in which the mechanism of force and torque production in various electric
machines is discussed. However, in any chapter where an individual electric machine is discussed in detail, an equivalent circuit model is used to predict the torque and other performance
characteristics. This approach is simple and easily understood.
The dc machine, the three-phase induction machine, and the three-phase synchronous
machine are covered extensively in Chapters 4, 5, and 6, respectively. Classical control and
also solid-state control of these machines are discussed in detail. Linear induction motors
(LIM) and linear synchronous motors (LSM), currently popular for application in transportation systems, are presented. Both voltage source and current source equivalent circuits for
the operation of a synchronous machine are used to predict its performance. Operation of
self-controlled synchronous motors for use in variable-speed drive systems is discussed.
Inverter control of induction machines and the effects of time and space harmonics on
induction motor operation are discussed with examples.
Comprehensive coverage of fractional horsepower single-phase motors, widely used in
household and ofﬁce appliances, is presented in Chapter 7. A procedure is outlined for the
design of the starting winding of these motors. Special motors such as servomotors, synchro
motors, and stepper motors are covered in Chapter 8. These motors play an important role in
applications such as position servo systems or computer printers. The transient behavior and
the dynamic behavior of the basic machines (dc, induction, and synchronous) are discussed in
xiii

xiv

Preface to the First Edition

Chapter 9. Solid-state converters, needed for solid-state control of various electric machines,
are discussed in Chapter 10.
All important aspects of electric machines are covered in this book. In the introduction to
each chapter, I indicate the importance of the particular machine covered in that chapter. This
is designed to stimulate the reader’s interest in that machine and provide motivation to read
about it. Following the introduction, I ﬁrst try to provide a “physical feel” for the behavior of
the machine. This is followed by analysis, derivation of the equivalent circuit model, control,
application, and so forth.
A large number of worked examples are provided to aid in comprehension of the principles
involved.
In present-day industry it is difﬁcult to isolate power electronics technology from electric
machines. After graduation, when a student goes into an industry as an engineer, he or she ﬁnds
that in a motor drive, the motor is just a component of a complex system. Some knowledge of
the solid-state control of motors is essential for understanding the functions of the motor drive
system. Therefore, in any chapter where an individual motor is discussed, I present controller
systems using that particular motor. This is done primarily in a qualitative and schematic
manner so that the student can understand the basic operation. In the controller system the
solid-state converter, which may be a rectiﬁer, a chopper, or an inverter, is represented as a
black box with deﬁned input–output characteristics. The detailed operation of these converters
is presented in a separate chapter. It is possible to offer a short course in power electronics
based on material covered in Chapter 10 and controller systems discussed in other chapters.
In this book I have attempted to combine traditional areas of electric machinery with more
modern areas of control and power electronics. I have presented this in as simple a way as
possible, so that the student can grasp the principles without difﬁculty.
I thank all my undergraduate students who suggested that I write this book and, indeed, all
those who have encouraged me in this venture. I acknowledge with gratitude the award of a
grant from Queen’s University for this purpose. I am thankful to the Dean of the Faculty of
Applied Science, Dr. David W. Bacon, and to the Head of the Department of Electrical Engineering, Dr. G. J. M. Aitken, for their support and encouragement. I thank my colleagues in the
power area—Drs. Jim A. Bennett, Graham E. Dawson, Tony R. Eastham, and Vilayil I. John—
with whom I discussed electric machines while teaching courses on this subject. I thank
Mr. Rabin Chatterjee, with whom I discussed certain sections of the manuscript. I am grateful to
my graduate students, Chandra Namuduri, Eddy Ho, and Pradeep Nandam, for their assistance.
Pradeep did the painful job of proofreading the ﬁnal manuscript. I thank our administrative assistant, Mr. Perry Conrad, who supervised the typing of the manuscript. I thank the
departmental secretaries, Sheila George, Marlene Hawkey, Marian Rose, Kendra Pople-Easton,
and Jessie Grifﬁn, for typing the manuscript at various stages. I express my profound gratitude
to Chuck (Prof. C. H. R. Campling), who spent many hours reading and correcting the text. His
valuable counseling and continued encouragement throughout have made it possible for me to
complete this book. Finally, I appreciate the patience and solid support of my family—my wife,
Maya, and my enthusiastic children, Sujit, Priya, and Debashis, who could hardly wait to have
a copy of the book presented to them so that they could show it to their friends.
Queen’s University
Kingston, Ontario, Canada
April 1987

P. C. SEN

CONTENTS

CHAPTER 1:
1.1

MAGNETIC CIRCUITS

MAGNETIC CIRCUITS
1
1.1.1 i−H Relation
1
1.1.2 B−H Relation
3
1.1.3 Magnetic Equivalent Circuit
1.1.4 Magnetization Curve
5
1.1.5 Magnetic Circuit with Air Gap
1.1.6 Inductance
13

1

3
5

1.2

HYSTERESIS
15
1.2.1 Hysteresis Loss
17
1.2.2 Eddy Current Loss
19
1.2.3 Core Loss
20

1.3

SINUSOIDAL EXCITATION
1.3.1 Exciting Current
24

1.4

PERMANENT MAGNET
26
1.4.1 Magnetization of Permanent Magnets
26
1.4.2 Approximate Design of Permanent Magnets
1.4.3 Permanent Magnet Materials
28

PROBLEMS

CHAPTER 2:

21

26

30

TRANSFORMERS

40

2.1

IDEAL TRANSFORMER
2.1.1 Impedance Transfer
2.1.2 Polarity
46

42
44

2.2

PRACTICAL TRANSFORMER
48
2.2.1 Referred Equivalent Circuits
50
2.2.2 Determination of Equivalent Circuit Parameters

2.3

VOLTAGE REGULATION

2.4

EFFICIENCY
59
2.4.1 Maximum Efﬁciency
60
2.4.2 All-Day (or Energy) Efﬁciency, ηAD

2.5

AUTOTRANSFORMER

50

55

61

64

xv

xvi

Contents

2.6

THREE-PHASE TRANSFORMERS
66
2.6.1 Bank of Three Single-Phase Transformers
(Three-Phase Transformer Bank)
66
2.6.2 Three-Phase Transformer on a Common Magnetic Core
(Three-Phase Unit Transformer)
74

2.7

HARMONICS IN THREE-PHASE TRANSFORMER BANKS

2.8

PER-UNIT (PU) SYSTEM
79
2.8.1 Transformer Equivalent Circuit in Per-Unit Form
2.8.2 Full-Load Copper Loss
83

PROBLEMS

CHAPTER 3:

76

82

85

ELECTROMECHANICAL ENERGY CONVERSION

3.1

ENERGY CONVERSION PROCESS

3.2

FIELD ENERGY
94
3.2.1 Energy, Coenergy

93

99

3.3

MECHANICAL FORCE IN THE ELECTROMAGNETIC SYSTEM
3.3.1 Linear System
102

3.4

ROTATING MACHINES

3.5

CYLINDRICAL MACHINES

PROBLEMS

CHAPTER 4:

99

108
111

113

DC MACHINES

119

4.1

ELECTROMAGNETIC CONVERSION

4.2

DC MACHINES
124
4.2.1 Construction
125
4.2.2 Evolution of DC Machines
127
4.2.3 Armature Windings
128
4.2.4 Armature Voltage
133
4.2.5 Developed (or Electromagnetic) Torque
134
4.2.6 Magnetization (or Saturation) Curve of a DC Machine
4.2.7 Classiﬁcation of DC Machines
139

4.3

93

DC GENERATORS
141
4.3.1 Separately Excited DC Generator
4.3.2 Shunt (Self-Excited) Generator
4.3.3 Compound DC Machines
155
4.3.4 Series Generator
158
4.3.5 Interpoles or Commutator Poles

119

141
148

160

137

Contents

4.4

DC MOTORS
161
4.4.1 Shunt Motor
4.4.2 Series Motor
4.4.3 Starter
176

162
174

4.5

SPEED CONTROL
180
4.5.1 Ward–Leonard System
180
4.5.2 Solid-State Control
181
4.5.3 Closed-Loop Operation
188

4.6

PERMANENT MAGNET DC (PMDC) MOTORS

4.7

PRINTED CIRCUIT BOARD (PCB) MOTORS

PROBLEMS

CHAPTER 5:

xvii

190
191

192

INDUCTION (ASYNCHRONOUS) MACHINES

5.1

CONSTRUCTIONAL FEATURES

200

5.2

ROTATING MAGNETIC FIELD
5.2.1 Graphical Method
203
5.2.2 Analytical Method
205

5.3

INDUCED VOLTAGES

5.4

POLYPHASE INDUCTION MACHINE
5.4.1 Standstill Operation
209
5.4.2 Phase Shifter
209
5.4.3 Induction Regulator
210
5.4.4 Running Operation
210

5.5

THREE MODES OF OPERATION
5.5.1 Motoring
212
5.5.2 Generating
213
5.5.3 Plugging
214

5.6

INVERTED INDUCTION MACHINE

5.7

EQUIVALENT CIRCUIT MODEL
214
5.7.1 Stator Winding
215
5.7.2 Rotor Circuit
215
5.7.3 Complete Equivalent Circuit
218
5.7.4 Various Equivalent Circuit Conﬁgurations
5.7.5 Thevenin Equivalent Circuit
220

202

207
209

212

214

5.8

NO-LOAD TEST, BLOCKED-ROTOR TEST, AND
EQUIVALENT CIRCUIT PARAMETERS
221

5.9

PERFORMANCE CHARACTERISTICS

225

218

200

xviii

Contents

5.10 POWER FLOW IN THREE MODES OF OPERATION
5.11 EFFECTS OF ROTOR RESISTANCE
5.11.1 Wound-Rotor Motors
241
5.11.2 Deep-Bar Squirrel-Cage Motors
5.11.3 Double-Cage Rotors
243

240
241

5.12 CLASSES OF SQUIRREL-CAGE MOTORS
5.13 SPEED CONTROL
245
5.13.1 Pole Changing
245
5.13.2 Line Voltage Control
246
5.13.3 Line Frequency Control
248
5.13.4 Constant-Slip Frequency Operation
5.13.5 Closed-Loop Control
251
5.13.6 Constant-Flux, Φp (or E=f ) Operation
5.13.7 Constant-Current Operation
254
5.13.8 Rotor Resistance Control
256
5.13.9 Rotor Slip Energy Recovery
258
5.14 STARTING OF INDUCTION MOTORS
5.15 TIME AND SPACE HARMONICS
5.15.1 Time Harmonics
261
5.15.2 Space Harmonics
266

CHAPTER 6:

244

250
254

259

260

5.16 LINEAR INDUCTION MOTOR (LIM)
PROBLEMS

232

267

271

SYNCHRONOUS MACHINES

282

6.1

CONSTRUCTION OF THREE-PHASE SYNCHRONOUS MACHINES

6.2

SYNCHRONOUS GENERATORS
6.2.1 The Inﬁnite Bus
288

6.3

SYNCHRONOUS MOTORS

6.4

EQUIVALENT CIRCUIT MODEL
294
6.4.1 Determination of the Synchronous Reactance Xs
6.4.2 Phasor Diagram
299

286

292

6.5

POWER AND TORQUE CHARACTERISTICS

6.6

CAPABILITY CURVES

6.7

POWER FACTOR CONTROL

6.8

INDEPENDENT GENERATORS

312
313
317

303

297

285

Contents

6.9

SALIENT POLE SYNCHRONOUS MACHINES
6.9.1 Power Transfer
322
329
6.9.2 Determination of Xd and Xq

319

6.10 SPEED CONTROL OF SYNCHRONOUS MOTORS
6.10.1 Frequency Control
330
6.10.2 Self-Controlled Synchronous Motor
332
6.10.3 Closed-Loop Control
334
6.10.4 Equivalent DC Motor Characteristics
334
6.11 APPLICATIONS

6.13 BRUSHLESS DC (BLDC) MOTORS

6.15 SENSORLESS DRIVE SYSTEMS

7.1

7.2

337

338

6.14 SWITCHED RELUCTANCE MOTORS (SRM)
6.14.1 Basic Operation of SRM
344
6.14.2 Modeling and Torque Production
345
6.14.3 Power Converter Circuit
349
6.14.4 Applications
349

CHAPTER 7:

330

335

6.12 LINEAR SYNCHRONOUS MOTOR (LSM)

PROBLEMS

344

351

353

SINGLE-PHASE MOTORS

362

SINGLE-PHASE INDUCTION MOTORS
362
7.1.1 Double Revolving Field Theory
363
7.1.2 Equivalent Circuit of a Single-Phase Induction Motor
7.1.3 Starting of Single-Phase Induction Motors
374
7.1.4 Classiﬁcation of Motors
376
7.1.5 Characteristics and Typical Applications
379
STARTING WINDING DESIGN
381
7.2.1 Design of Split-Phase (Resistance-Start) Motors
7.2.2 Design of Capacitor-Start Motors
385

EQUIVALENT CIRCUIT OF A CAPACITOR-RUN MOTOR

7.4

SINGLE-PHASE SERIES (UNIVERSAL) MOTORS

7.5

SINGLE-PHASE SYNCHRONOUS MOTORS
7.5.1 Reluctance Motors
403
7.5.2 Hysteresis Motors
404

7.6

SPEED CONTROL
406

405

403

367

383

7.3

PROBLEMS

xix

397

391

xx

Contents

CHAPTER 8:
8.1

SPECIAL MACHINES

SERVOMOTORS
412
8.1.1 DC Servomotors
412
8.1.2 AC Servomotors
412
8.1.3 Analysis: Transfer Function and Block Diagram
8.1.4 Three-Phase AC Servomotors
420

8.2

SYNCHROS
421
8.2.1 Voltage Relations
422
8.2.2 Applications
424

8.3

STEPPER MOTORS
426
8.3.1 Variable-Reluctance Stepper Motor
8.3.2 Permanent Magnet Stepper Motor
8.3.3 Drive Circuits
432

PROBLEMS

CHAPTER 9:
9.1

9.2

412

427
431

437

TRANSIENTS AND DYNAMICS

DC MACHINES
441
9.1.1 Separately Excited DC Generator
9.1.2 DC Motor Dynamics
447
SYNCHRONOUS MACHINES
452
9.2.1 Three-Phase Short Circuit
452
9.2.2 Dynamics: Sudden Load Change

441

441

460

9.3

INDUCTION MACHINES

9.4

TRANSFORMER; TRANSIENT INRUSH CURRENT

PROBLEMS

CHAPTER 10:

414

466
469

471

POWER SEMICONDUCTOR CONVERTERS

10.1 POWER SEMICONDUCTOR DEVICES
476
10.1.1 Thyristor (SCR)
477
10.1.2 Triac
481
10.1.3 GTO (Gate Turnoff) Thyristor
481
10.1.4 Gate-Commutated Thyristor (GCT)
483
10.1.5 Power Transistor (BJT)
484
10.1.6 Power Mosfet
487
10.1.7 Insulated Gate Bipolar Transistor (IGBT)
10.1.8 Diode
489
10.2 CONTROLLED RECTIFIERS
492
10.2.1 Single-Phase Circuits
492
10.2.2 Three-Phase Circuits
502

488

476

Contents

10.3 AC VOLTAGE CONTROLLERS
511
10.3.1 Single-Phase AC Voltage Controllers
10.3.2 Three-Phase AC Voltage Controllers

511
514

10.4 CHOPPERS
515
10.4.1 Step-Down Chopper (Buck Converter)
515
10.4.2 Step-Up Chopper (Boost Converter)
517
10.4.3 Step-Down and Step-Up Chopper (Buck-Boost Converter)
10.4.4 Two-Quadrant Chopper
521
10.5 INVERTERS
523
10.5.1 Voltage Source Inverters (VSI)
10.5.2 Current Source Inverters (CSI)

519

524
534

10.6 CYCLOCONVERTERS
537
10.6.1 Single-Phase to Single-Phase Cycloconverter
10.6.2 Three-Phase Cycloconverter
539

537

10.7 NEUTRAL POINT CLAMPED (NPC) MULTILEVEL INVERTERS

540

10.8 DC POWER SUPPLY USING BUCK CONVERTER CONFIGURATION
10.9 POWER SUPPLY IN COMPUTERS
PROBLEMS

CHAPTER 11:

xxi

542

547

551

WIND ENERGY SYSTEMS

560

11.1 WIND ENERGY SYSTEMS
561
11.1.1 Wind Power Technology
562
11.1.2 On-Shore and Offshore Wind Farms
563
11.1.3 Size of Wind Turbines
564
11.1.4 Horizontal-Axis and Vertical-Axis Wind Turbines
564
11.1.5 Wind Turbine Power Characteristics
565
11.1.6 Pitch and Stall Aerodynamic Power Control
566
11.1.7 Maximum Power Point Tracking (MPPT) Control
568
11.1.8 Wind Energy Conversion Systems (WECS)
569
11.2 REFERENCES

APPENDIX A:

573

WINDINGS

575

A.1

MMF DISTRIBUTION

575

A.2

INDUCED VOLTAGES

578

A.3

WINDING ARRANGEMENT
578
A.3.1 Winding Factors
579

xxii

Contents

A.4

SPACE HARMONICS AND WINDING FACTORS

A.5

TIME HARMONIC VOLTAGES

PROBLEMS

APPENDIX B:

583

587

BALANCED THREE-PHASE CIRCUITS

B.1

SINGLE-PHASE CIRCUITS

B.2

BALANCED THREE-PHASE CIRCUITS
B.2.1 Star (Y) Connection
592
B.2.2 Delta ðΔÞ Connection
594

B.3

BALANCED THREE-PHASE LOAD

B.4

Δ−Y TRANSFORMATION OF LOAD

B.5

PER-PHASE EQUIVALENT CIRCUIT

B.6

THREE-PHASE POWER MEASUREMENT

APPENDIX C:

582

589
592

595
599
600
600

UNITS AND CONSTANTS

C.1

UNITS

C.2

CONSTANTS

589

605

605
605

APPENDIX D:

LAPLACE TRANSFORMS

606

APPENDIX E:

ANSWERS TO SOME PROBLEMS

607

INDEX

614

chapter one
MAGNETIC CIRCUITS
This book is concerned primarily with the study of devices that convert electrical energy into
mechanical energy or the reverse. Rotating electrical machines, such as dc machines, induction machines, and synchronous machines, are the most important ones used to perform this
energy conversion. The transformer, although not an electromechanical converter, plays an
important role in the conversion process. Other devices, such as actuators, solenoids, and
relays, are concerned with linear motion. In all these devices, magnetic materials are used to
shape and direct the magnetic ﬁelds that act as a medium in the energy conversion process. A
major advantage of using magnetic material in electrical machines is the fact that high ﬂux
density can be obtained in the machine, which results in large torque or large machine output
per unit machine volume. In other words, the size of the machine is greatly reduced by the use
of magnetic materials.
In view of the fact that magnetic materials form a major part in the construction of electric
machines, in this chapter properties of magnetic materials are discussed and some methods
for analyzing the magnetic circuits are outlined.

1.1

MAGNETIC CIRCUITS

In electrical machines, the magnetic circuits may be formed by ferromagnetic materials only
(as in transformers) or by ferromagnetic materials in conjunction with an air medium (as in
rotating machines). In most electrical machines, except permanent magnet machines, the
magnetic ﬁeld (or ﬂux) is produced by passing an electrical current through coils wound on
ferromagnetic materials.

1.1.1

i−H RELATION

We shall ﬁrst study how the current in a coil is related to the magnetic ﬁeld intensity (or ﬂux)
it produces. When a conductor carries current, a magnetic ﬁeld is produced around it, as
shown in Fig. 1.1. The direction of ﬂux lines or magnetic ﬁeld intensity H can be determined
by what is known as the thumb rule, which states that if the conductor is held with the right

FIGURE 1.1 Magnetic ﬁeld around a current-carrying conductor.
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FIGURE 1.2 Illustration of Ampère’s circuit law.

hand with the thumb indicating the direction of current in the conductor, then the ﬁngertips
will indicate the direction of magnetic ﬁeld intensity. The relationship between current and
ﬁeld intensity can be obtained by using Ampère’s circuit law, which states that the line integral
of the magnetic ﬁeld intensity H around a closed path is equal to the total current linked by the
contour.
Referring to Fig. 1.2,
I
X
ð1:1Þ
H  dl =
i = i1 + i2 −i3
where H is the magnetic ﬁeld intensity at a point on the contour and dl is the incremental
length at that point. If θ is the angle between vectors H and dl, then
I
H  dl cos θ =

X

ð1:2Þ

i

Now, consider a conductor carrying current i as shown in Fig. 1.3. To obtain an expression for
the magnetic ﬁeld intensity H at a distance r from the conductor, draw a circle of radius r. At
each point on this circular contour, H and dl are in the same direction, that is, θ = 0. Because of
symmetry, H will be the same at all points on this contour. Therefore, from Eq. 1.2,
I
H  dl = i
H 2πr = i
H=

i
2πr

ð1:2aÞ

FIGURE 1.3 Determination of magnetic ﬁeld intensity H due to a currentcarrying conductor.
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1.1.2

3

B−H RELATION

The magnetic ﬁeld intensity H produces a magnetic ﬂux density B everywhere it exists. These
quantities are functionally related by
B = μH weber=m2

or

tesla

ð1:3Þ

B = μr μ0 H Wb=m2

or

T

ð1:4Þ

where μ is a characteristic of the medium and is called the permeability of the medium
μ0 is the permeability of free space and is 4π10−7 henry/meter
μr is the relative permeability of the medium
For free space or electrical conductors (such as aluminum or copper) or insulators, the value
of μr is unity. However, for ferromagnetic materials such as iron, cobalt, and nickel, the
value of μr varies from several hundred to several thousand. For materials used in electrical
machines, μr varies in the range of 2000 to 6000. A large value of μr implies that a small current
can produce a large ﬂux density in the machine.

1.1.3

MAGNETIC EQUIVALENT CIRCUIT

Figure 1.4 shows a simple magnetic circuit having a ring-shaped magnetic core, called a toroid,
and a coil that extends around the entire circumference. When current i ﬂows through the coil
of N turns, magnetic ﬂux is mostly conﬁned in the core material. The ﬂux outside the toroid,
called leakage ﬂux, is so small that for all practical purposes it can be neglected.
Consider a path at a radius r. The magnetic intensity on this path is H and, from Ampère’s
circuit law,
I
H  dl = Ni
ð1:5Þ
Hl = Ni

ð1:5aÞ

H 2πr = Ni

ð1:6Þ

The quantity Ni is called the magnetomotive force (mmf ) F, and its unit is ampere-turn.

FIGURE 1.4

Toroid magnetic circuit.
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Hl = Ni = F
H=

ð1:7Þ

N
i At=m
l

ð1:8Þ

μNi
T
l

ð1:9Þ

From Eqs. 1.3 and 1.8
B=

If we assume that all the ﬂuxes are conﬁned in the toroid—that is, there is no magnetic leakage—
the ﬂux crossing the cross section of the toroid is
ð
Φ = B dA
ð1:10Þ
Φ = BA Wb

ð1:11Þ

where B is the average ﬂux density in the core and A is the area of cross section of the toroid.
The average ﬂux density may correspond to the path at the mean radius of the toroid. If H is the
magnetic intensity for this path, then from Eqs. 1.9 and 1.11,
Φ=

μNi
Ni
A=
l
l=μA

Ni
R
F
=
R

ð1:12Þ

=

ð1:13Þ

where
R=

l
1
=
μA P

ð1:14Þ

is called the reluctance of the magnetic path, and P is called the permeance of the magnetic path.
Equations 1.12 and 1.13 suggest that the driving force in the magnetic circuit of Fig. 1.4 is the
magnetomotive force F ð=NiÞ, which produces a ﬂux Φ against a magnetic reluctance R.
The magnetic circuit of the toroid can therefore be represented by a magnetic equivalent circuit as shown in Fig. 1.5a. Also note that Eq. 1.13 has the form of Ohm’s law for an electric

FIGURE 1.5 Analogy between (a) magnetic circuit and
(b) electric circuit.
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TABLE 1.1 Electrical versus Magnetic Circuits

Driving force
Produces
Limited by
a

Electric Circuit

Magnetic Circuit

Emf (E)
Current (i = E=R)
Resistance (R = l=σA)a

Mmf (F)
Flux (Φ = F=R)
Reluctance (R = l=μA)a

σ, Conductivity; μ, permeability.

circuit (i = E/R). The analogous electrical circuit is shown in Fig. 1.5b. A magnetic circuit is
often looked upon as analogous to an electric circuit. The analogy is illustrated in Table 1.1.

1.1.4

MAGNETIZATION CURVE

If the magnetic intensity in the core of Fig. 1.4 is increased by increasing current, the ﬂux
density in the core changes in the way shown in Fig. 1.6. The ﬂux density B increases almost
linearly in the region of low values of the magnetic intensity H. However, at higher values of H,
the change of B is nonlinear. The magnetic material shows the effect of saturation. The B−H
curve, shown in Fig. 1.6, is called the magnetization curve. The reluctance of the magnetic path
is dependent on the ﬂux density. It is low when B is low, and high when B is high. The magnetic
circuit differs from the electric circuit in this respect; resistance is normally independent of
current in an electric circuit, whereas reluctance depends on the ﬂux density in the magnetic
circuit.
The B−H characteristics of three different types of magnetic cores—cast iron, cast steel, and
silicon sheet steel—are shown in Fig. 1.7. Note that to establish a certain level of ﬂux density B*
in the various magnetic materials, the values of current required are different.

1.1.5

MAGNETIC CIRCUIT WITH AIR GAP

In electric machines, the rotor is physically isolated from the stator by the air gap. A crosssectional view of a dc machine is shown in Fig. 1.8. Practically the same ﬂux is present in the
poles (made of magnetic core) and the air gap. To maintain the same ﬂux density, the air gap
will require much more mmf than the core. If the ﬂux density is high, the core portion of the
magnetic circuit may exhibit a saturation effect. However, the air gap remains unsaturated,
since the B−H curve for the air medium is linear (μ is constant).

FIGURE 1.6 B−H characteristic (magnetization curve).
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FIGURE 1.7 Magnetization curves.

A magnetic circuit having two or more media—such as the magnetic core and air gap in
Fig. 1.8—is known as a composite structure. For the purpose of analysis, a magnetic equivalent
circuit can be derived for the composite structure.
Let us consider the simple composite structure of Fig. 1.9a. The driving force in this
magnetic circuit is the mmf, F = Ni, and the core medium and the air gap medium can be
represented by their corresponding reluctances. The equivalent magnetic circuit is shown in
Fig. 1.9b.
Rc =

lc
μ c Ac

ð1:15Þ

Rg =

lg
μ 0 Ag

ð1:16Þ

FIGURE 1.8 Cross section of a rotating machine.
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FIGURE 1.9 Composite structure. (a) Magnetic
core with air gap. (b) Magnetic equivalent circuit.

Φ=

Ni
Rc + Rg

Ni = Hc lc + Hg lg

ð1:17Þ
ð1:18Þ

where lc is the mean length of the core
lg is the length of the air gap
The ﬂux densities are
Bc =

Φc
Ac

ð1:19Þ

Bg =

Φg
Ag

ð1:20Þ

In the air gap the magnetic ﬂux lines bulge outward somewhat, as shown in Fig. 1.10; this
is known as fringing of the ﬂux. The effect of the fringing is to increase the cross-sectional
area of the air gap. For small air gaps the fringing effect can be neglected. If the fringing
effect is neglected, the cross-sectional areas of the core and the air gap are the same and
therefore
Ag = Ac
Bg = B c =

FIGURE 1.10

Fringing ﬂux.

Φ
Ac
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EXAMPLE 1.1
Figure E1.1 represents the magnetic circuit of a primitive relay. The coil has 500 turns and
the mean core path is lc = 360 mm. When the air gap lengths are 1:5 mm each, a ﬂux density of
0.8 tesla is required to actuate the relay. The core is cast steel.
(a) Find the current in the coil.
(b) Compute the values of permeability and relative permeability of the core.
(c) If the air gap is zero, ﬁnd the current in the coil for the same ﬂux density (0:8 T) in the core.
Solution
(a) The air gap is small, so fringing can be neglected. Hence the ﬂux density is the same in
both air gap and core. From the B−H curve of the cast steel core (Fig. 1.7).
For
Bc = 0:8 T,

Hc = 510 At=m

mmf Fc = Hc lc = 510 × 0:36 = 184 At
For the air gap,
mmf Fg = Hg 2lg =

Bg
0:8
2lg =
× 2 × 1:5 × 10−3
μ0
4π10−7

= 1910 At
Total mmf required:
F = Fc + Fg = 184 + 1910 = 2094 At
Current required:
i=

F
2094
=
= 4:19 amps
N
500

Note that although the air gap is very small compared to the length of the core
(lg = 1:5 mm, lc = 360 mm), most of the mmf is used at the air gap.

FIGURE E1.1

N = 500 turns, lc = 36 cm.
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(b) Permeability of core:
μc =

Bc
0:8
=
= 1:57 × 10−3
Hc
510

(c) Relative permeability of core:
μr =

μc
1:57 × 10−3
=
= 1250
μ0
4π10−7

F = Hc lc = 510 × 0:36 = 184 At
i=

184
= 0:368 A
500

Note that if the air gap is not present, a much smaller current is required to establish the
same ﬂux density in the magnetic circuit. ▪
EXAMPLE 1.2
Consider the magnetic system of Example 1.1. If the coil current is 4 amps when each air gap
length is 1 mm, ﬁnd the ﬂux density in the air gap.
Solution
In Example 1.1, the ﬂux density was given and so it was easy to ﬁnd the magnetic intensity and
ﬁnally the mmf. In this example, current (or mmf) is given and we have to ﬁnd the ﬂux density.
The B−H characteristic for the air gap is linear, whereas that of the core is nonlinear. We need
nonlinear magnetic circuit analysis to ﬁnd out the ﬂux density. Two methods will be discussed.
1. Load line method. For a magnetic circuit with core length lc and air gap length lg ,
Ni = Hg lg + Hc lc =

Bg
lg + Hc lc
μ0

Rearranging,
Bg = Bc = −μ0

lc
Niμ0
Hc +
lg
lg

ð1:21Þ

This is in the form y = mx + c, which represents a straight line. This straight line (also called
the load line) can be plotted on the B−H curve of the core. The slope is
m = −μ0

lc
360
= −2:26 × 10−4
= −4π10−7
lg
2

The intersection on the B axis is
c=

Niμ0
500 × 4 × 4π10−7
=
= 1:256 tesla
lg
2 × 10−3

10
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FIGURE E1.2

The load line intersects the B−H curve (Fig. E1.2) at B = 1:08 tesla.
Another method of constructing the load line is as follows: If all mmf acts on the air gap
(i.e., Hc = 0) the air gap ﬂux density is
Bg =

Ni
μ = 1:256 T
lg 0

This value of Bg is the intersection of the load line on the B axis.
If all mmf acts on the core (i.e., Bg = 0),
Hc =

Ni
500 × 4
=
= 5556 At=m
lc
36 × 10−2

This value of Hc is the intersection of the load line on the H axis.
2. Trial-and-error method. The procedure in this method is as follows.
(a) Assume a ﬂux density.
(b) Calculate Hc (from the B−H curve) and Hg ð=Bg =μ0 Þ.
(c) Calculate Fc ð=Hc lc Þ, Fg ð=Hg lg Þ, and Fð=Fc + Fg Þ.
(d) Calculate i = F=N.
(e) If i is different from the given current, assume another judicious value of the ﬂux
density. Continue this trial-and-error method until the calculated value of i is close to
4 amps.
If all mmf acts on the air gap, the ﬂux density is
B=

Ni
μ = 1:256 T
lg 0

Obviously, the ﬂux density will be less than this value. The procedure is illustrated in the
following table.
B

Hc

Hg

Fc

Fg

F

i

1.1
1.08

800
785

8:7535 × 105
8:59435 × 105

288
282

1750.7
1718.87

2038.7
2000.87

4.08
4.0

▪
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EXAMPLE 1.3
In the magnetic circuit of Fig. El.3a, the relative permeability of the ferromagnetic material is
1200. Neglect magnetic leakage and fringing. All dimensions are in centimeters, and the
magnetic material has a square cross-sectional area. Determine the air gap ﬂux, the air gap ﬂux
density, and the magnetic ﬁeld intensity in the air gap.
Solution
The mean magnetic paths of the ﬂuxes are shown by dashed lines in Fig. El.3a. The equivalent
magnetic circuit is shown in Fig. El.3b.
F1 = N1 I1 = 500 × 10 = 5000 At
F2 = N2 I2 = 500 × 10 = 5000 At
μc = 1200μ0 = 1200 × 4π10−7
R bafe =
=

lbafe
μc Ac
3 × 52 × 10−2
1200 × 4π10−7 × 4 × 10−4

= 2:58 × 106 At=Wb

FIGURE E1.3
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From symmetry
R bcde = R bafe
Rg =

=

lg
μ0 Ag
5 × 10−3
4π10−7 × 2 × 2 × 10−4

= 9:94 × 106 At=Wb
R beðcoreÞ =

=

lbeðcoreÞ
μ c Ac
51:5 × 10−2
1200 × 4π10−7 × 4 × 10−4

= 0:82 × 106 At=Wb
The loop equations are
Φ1 ðR bafe + R be + R g Þ + Φ2 ðR be + R g Þ = F1
Φ1 ðR be + R g Þ + Φ2 ðR bcde + R be + R g Þ = F2
or
Φ1 ð13:34 × 106 Þ + Φ2 ð10:76 × 106 Þ = 5000
Φ1 ð10:76 × 106 Þ + Φ2 ð13:34 × 106 Þ = 5000
or
Φ1 = Φ2 = 2:067 × 10−4 Wb
The air gap ﬂux is
Φg = Φ1 + Φ2 = 4:134 × 10−4 Wb
The air gap ﬂux density is
Bg =

Φg
4:134 × 10−4
=
= 1:034 T
Ag
4 × 10−4

The magnetic intensity in the air gap is
Hg =

Bg
1:034
=
= 0:822 × 106 At=m
μ0
4π10−7

▪
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FIGURE 1.11 Inductance of a coil–core assembly.
(a) Coil–core assembly. (b) Equivalent inductance.

1.1.6

INDUCTANCE

A coil wound on a magnetic core, such as that shown in Fig. 1.11a, is frequently used in electric
circuits. This coil may be represented by an ideal circuit element, called inductance, which is
deﬁned as the ﬂux linkage of the coil per ampere of its current.
Flux linkage λ = NΦ
Inductance L =

λ
i

ð1:22Þ
ð1:23Þ

From Eqs. 1.3, 1.11, 1.14, 1.22, and 1.23,
L=
=
L=

NΦ NBA NμHA
=
=
i
i
i
NμHA
N2
=
l=μA
Hl=N
N2
R

ð1:24Þ
ð1:25Þ

Equation 1.24 deﬁnes inductance in terms of physical dimensions, such as cross-sectional area
and length of core, whereas Eq. 1.25 deﬁnes inductance in terms of the reluctance of the
magnetic path. Note that inductance varies as the square of the number of turns. The coil–core
assembly of Fig. 1.1a is represented in an electric circuit by an ideal inductance as shown in
Fig. 1.11b.
EXAMPLE 1.4
For the magnetic circuit of Fig. 1.9, N = 400 turns.
Mean core length lc = 50 cm.
Air gap length lg = 1:0 mm.
Cross-sectional area Ac = Ag = 15 cm2 .
Relative permeability of core μr = 3000.
i = 1:0 A.
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Find
(a) Flux and ﬂux density in the air gap.
(b) Inductance of the coil.
Solution
(a)

Rc =

lc
50 × 10−2
=
μ r μ 0 Ac
3000 × 4π10−7 × 15 × 10−4

= 88:42 × 103 AT=Wb
Rg =

lg
1 × 10−3
=
−7
μ0 Ag
4π10 × 15 × 10−4

= 530:515 × 103 At=Wb
Φ=
=

(b)

Ni
Rc + Rg
400 × 1:0
ð88:42 + 530:515Þ103

B=

Φ
0:6463 × 10−4
=
= 0:4309 T
Ag
15 × 10−4

L=

N2
4002
=
Rc + Rg
ð88:42 + 530:515Þ103

= 258:52 × 10−3 H
or
L=

λ NΦ 400 × 0:6463 × 10−3
=
=
1:0
i
i

= 258:52 × 10−3 H

▪

EXAMPLE 1.5
The coil in Fig. 1.4 has 250 turns and is wound on a silicon sheet steel. The inner and outer radii
are 20 and 25 cm, respectively, and the toroidal core has a circular cross section. For a coil
current of 2:5 A, ﬁnd
(a) The magnetic ﬂux density at the mean radius of the toroid.
(b) The inductance of the coil, assuming that the ﬂux density within the core is uniform and
equal to that at the mean radius.

Hysteresis
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Solution
(a) Mean radius is 12ð25 + 20Þ = 22:5 cm
H=

Ni
250 × 2:5
= 442:3 At=m
=
l
2π22:5 × 10−2

From the B−H curve for silicon sheet steel (Fig. 1.7),
B = 1:225 T
(b) The cross-sectional area is
A = πðradius of coreÞ2
2

25−20
=π
× 10−4
2
= π6:25 × 10−4 m2
Φ = BA
= 1:225 × π6:25 × 10−4
= 24:04 × 10−4 Wb
λ = 250 × 24:04 × 10−4
= 0:601 Wb  turn
L=

λ 0:601
=
= 0:2404 H
i
2:5

= 240:4 mH
Inductance can also be calculated using Eq. 1.25:
μ of core =
R core =

B
1:225
=
H 442:3
l
2π22:5 × 10−2
=
μA ð1:225=442:3Þ × π6:25 × 10−4

= 2599:64 × 102 At=Wb
=

N2
2502
L=
= 0:2404 H
R
2599:64 × 102

= 240:4 mM

1.2

▪

HYSTERESIS

Consider the coil–core assembly in Fig. 1.12a. Assume that the core is initially unmagnetized. If
the magnetic intensity H is now increased by slowly increasing the current i, the ﬂux density

16
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FIGURE 1.12 Magnetization and hysteresis loop. (a) Core–coil
assembly and exciting circuit. (b) Hysteresis. (c) Hysteresis loops.

will change according to the curve 0a in Fig. 1.12b. The point a corresponds to a particular
value of the magnetic intensity, say H1 (corresponding current is i1 ).
If the magnetic intensity is now slowly decreased, the B−H curve will follow a different path,
such as abc in Fig. 1.12b. When H is made zero, the core has retained ﬂux density Br , known as
the residual ﬂux density. If H is now reversed (by reversing the current i), the ﬂux in the core

Hysteresis

17

will decrease, and for a particular value of H, such as −Hc in Fig. 1.12b, the residual ﬂux will be
removed. This value of the magnetic ﬁeld intensity (−Hc ) is known as the coercivity or coercive
force of the magnetic core. If H is further increased in the reverse direction, the ﬂux density will
increase in the reverse direction. For current −i1 , the ﬂux density will correspond to the point e.
If H is now decreased to zero and then increased to the value H1 , the B−H curve will follow the
path efga0 . The loop does not close. If H is now varied for another cycle, the ﬁnal operating point
is a00 . The operating points a0 and a00 are closer together than points a and a0 . After a few cycles
of magnetization, the loop almost closes, and it is called the hysteresis loop. The loop shows that
the relationship between B and H is nonlinear and multivalued. Note that at point c the iron is
magnetized, although the current in the coil is made zero. Throughout the whole cycle of
magnetization, the ﬂux density lags behind the magnetic intensity. This lagging phenomenon
in the magnetic core is called hysteresis.
Smaller hysteresis loops are obtained by decreasing the amplitude of variation of the magnetic intensity. A family of hysteresis loops is shown in Fig. 1.12c. The locus of the tip of the
hysteresis loop, shown dashed in Fig. 1.12c, is called the magnetization curve. If the iron is
magnetized from an initial unmagnetized condition, the ﬂux density will follow the magnetization curve. In some magnetic cores, the hysteresis loop is very narrow. If the hysteresis effect
is neglected for such cores, the B−H characteristic is represented by the magnetization curve.

Deltamax Cores
Special ferromagnetic alloys are sometimes developed for special applications. The hysteresis
loops for these alloys have shapes that are signiﬁcantly different from those shown in Fig. 1.12.
An alloy consisting of 50% iron and 50% nickel has the B−H loop shown in Fig. 1.13. Cores
made of alloys having this type of almost square B−H loop are known as deltamax cores. A coil
wound on a deltamax core can be used as a switch. Note that when the ﬂux density is less than
the residual ﬂux density (B < Br ), the magnetic intensity (and hence the current) is quite low.
As the ﬂux density exceeds the residual ﬂux density (B > Br ), the magnetic intensity (hence the
current) increases sharply. This property can be exploited to make a coil wound on a deltamax
core behave as a switch (very low current when the core is unsaturated and very high current
when the core is saturated).

1.2.1

HYSTERESIS LOSS

The hysteresis loops in Fig. 1.12c are obtained by slowly varying the current i of the coil (Fig.
1.12a) over a cycle. When i is varied through a cycle, during some interval of time, energy ﬂows
from the source to the coil–core assembly, and during some other interval of time, energy

FIGURE 1.13
50% Ni).

B−H loop for a deltamax core (50% Fe and
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returns to the source. However, the energy ﬂowing in is greater than the energy returned.
Therefore, during a cycle of variation of i (hence H), there is a net energy ﬂow from the source
to the coil–core assembly. This energy loss goes to heat the core. The loss of power in the core
due to the hysteresis effect is called hysteresis loss. It will be shown that the size of the hysteresis loop is proportional to the hysteresis loss.
Assume that the coil in Fig. 1.12a has no resistance and the ﬂux in the core is Φ. The voltage e
across the coil, according to Faraday’s law, is
e=N

dΦ
dt

ð1:26Þ

The energy transfer during an interval of time t1 to t2 is
ð t2
W=
p dt
t1

=

ð t2

ð1:27Þ

ei dt
t1

From Eqs. 1.26 and 1.27

ð
W=
=

N

dΦ
 i dt
dt

ð Φ2

ð1:28Þ

Ni dΦ
Φ1

Now
Φ = BA
Thus,
W=

ð B2

N

B1

= lA

i=

and

Hl
N

Hl
A dB
N

ð B2
H dB
B1

= ðVcore Þ

ð B2
H dB

ð1:29Þ

B1

where Vcore = Al represents the volume of the core. The integral term in Eq. 1.29 represents the
area shown hatched in Fig. 1.14. The energy transfer over one cycle of variation is
I
Wjcycle = Vcore H dB
= Vcore × area of the B−H loop
= Vcore × Wh

ð1:30Þ

Hysteresis

FIGURE 1.14
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Hysteresis loss.

H
where Wh = H dB is the energy density in the core (= area of the B−H loop). The power loss in
the core due to the hysteresis effect is
Ph = Vcore Wh f

ð1:31Þ

where f is the frequency of variation of the current i.
It is difﬁcult to evaluate the area of the hysteresis loop, because the B−H characteristic is
nonlinear and multivalued, and no simple mathematical expression can describe the loop.
Charles Steinmetz of the General Electric Company performed a large number of experiments
and found that for magnetic materials used in electric machines an approximate relation is
Area of B−H loop = KBnmax

ð1:32Þ

where Bmax is the maximum ﬂux density, n varies in the range 1.5 to 2.5, and K is a constant.
Both n and K can be empirically determined. From Eqs. 1.31 and 1.32, the hysteresis loss is
Ph = Kh Bnmax f

ð1:33Þ

where Kh is a constant whose value depends on the ferromagnetic material and the volume of
the core.

1.2.2

EDDY CURRENT LOSS

Another power loss occurs in a magnetic core when the ﬂux density changes rapidly in the core.
The cross section of a core through which the ﬂux density B is rapidly changing is shown in
Fig. 1.15a. Consider a path in this cross section. Voltage will be induced in the path because of
the time variation of ﬂux enclosed by the path. Consequently, a current ie , known as an eddy
current, will ﬂow around the path. Because core material has resistance, a power loss i2 R will
be caused by the eddy current and will appear as heat in the core.
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FIGURE 1.15 Eddy current in a magnetic core.
(a) Solid iron core. (b) Laminated core.

The eddy current loss can be reduced in two ways.
1. A high-resistivity core material may be used. Addition of a few percent of silicon (say 4%) to
iron will increase the resistivity signiﬁcantly.
2. A laminated core may be used. The thin laminations are insulated from each other. The
lamination is made in the plane of the ﬂux. In transformers and electric machines, the parts
that are made of magnetic core and carry time-varying ﬂux are normally laminated. The
laminated core structure is shown in Fig. 1.15b.
The eddy current loss in a magnetic core subjected to a time-varying ﬂux is
Pe = Ke B2max f 2

ð1:34Þ

where Ke is a constant whose value depends on the type of material and its lamination
thickness. The lamination thickness varies from 0.5 to 5 mm in electrical machines and from
0.01 to 5 mm in devices used in electronic circuits operating at higher frequencies.

1.2.3

CORE LOSS

The hysteresis loss and the eddy current loss are lumped together as the core loss of the coil–
core assembly:
Pc = Ph + Pe

ð1:35Þ

If the current in the coil of Fig. 1.12a is varied very slowly, the eddy currents induced in the
core will be negligibly small. The B−H loop for this slowly varying magnetic intensity is called
the hysteresis loop or static loop. If, however, the current through the coil changes rapidly, the
B−H loop becomes broader because of the pronounced effect of eddy currents induced in
the core. This enlarged loop is called a hystero–eddy current loop or dynamic loop. The static and
dynamic loops are shown in Fig. 1.16. The effect of eddy currents on the B−H loop can be
explained as follows.
When the coil current changes rapidly, eddy current ﬂows in the core. The eddy current
produces an mmf, which tends to change the ﬂux. To maintain a given value of ﬂux, the coil
current must be increased by the amount necessary to overcome the effect of eddy current
mmf. Therefore, a point a on the static loop will be replaced by a point a0 on the dynamic loop
that results from a rapidly changing coil current. This makes the dynamic loop broader than
the static loop.

Sinusoidal Excitation
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FIGURE 1.16 Static and dynamic loops.

The core loss can be computed from the hysteresis loss and eddy current loss according to
Eqs. 1.33, 1.34, and 1.35. It can also be computed from the area of the dynamic B−H loop:
I
H dB
Pc = Vcore f
dynamic
loop

= ðvolume of coreÞðfrequencyÞðarea of dynamic loopÞ

ð1:36Þ

Using a wattmeter, core loss can easily be measured. However, it is not easy to know how
much of the loss is due to hysteresis and how much is due to eddy currents. Fortunately, it is
not necessary to know the losses separately. In electrical machines that have a magnetic core
and a time-varying ﬂux, core loss occurs and the loss appears as heat in the core. This loss will
be taken into account while discussing the behavior of electric machines in subsequent
chapters.

1.3

SINUSOIDAL EXCITATION

In ac electric machines as well as many other applications, the voltages and ﬂuxes vary sinusoidally with time. Consider the coil–core assembly of Fig. 1.17a. Assume that the core ﬂux ΦðtÞ
varies sinusoidally with time. Thus,
ΦðtÞ = Φmax sin ωt

ð1:37Þ

where Φmax is the amplitude of the core ﬂux
ω = 2πf is the angular frequency
f is the frequency
From Faraday’s law, the voltage induced in the N-turn coil is
eðtÞ = N

dΦ
dt

ð1:38Þ

= NΦmax ω cos ωt
= Emax cos ωt

ð1:39Þ
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FIGURE 1.17 Sinusoidal excitation of a core. (a) Coil–core assembly. (b) Waveforms. (c) Phasor diagram.

Note that if the ﬂux changes sinusoidally (Eq. 1.37), the induced voltage changes cosinusoidally
(Eq. 1.39). The waveforms of e and Φ are shown in Fig. 1.17b, and their phasor representation is
shown in Fig. 1.17c. The root-mean-square (rms) value of the induced voltage is
Emax
Erms = pﬃﬃﬃ
2
=

NωΦmax
pﬃﬃﬃ
2

= 4:44Nf Φmax

ð1:40Þ

This is an important equation and will be referred to frequently in the theory of ac machines.
EXAMPLE 1.6
A 1Φ, 120 V, 60 Hz supply is connected to the coil of Fig. 1.17. The coil has 200 turns. The
parameters of the core are as follows:
Length of core =100 cm
Cross-sectional area of core = 20 cm2
Relative permeability of core = 2500
(a) Obtain an expression for the ﬂux density in the core.
(b) Obtain an expression for the current in the coil.
Solution
(a) From Eq. 1.40,
Φmax =

120
4:44 × 200 × 60

= 0:002253 Wb
Bmax =

0:002253
= 1:1265 T
20 × 10−4

B = 1:1265 sin 2π60t

Sinusoidal Excitation

(b)

Hmax =

23

1:1265
2500 × 4π10−7

= 358:575 At=m
imax =
=

Hl
N
358:575 × 100 × 10−2
200

= 1:79328 A
i = 1:7928 sin 2π60t

▪

EXAMPLE 1.7
A square-wave voltage of amplitude E = 100 V and frequency 60 Hz is applied on a coil wound
on a closed iron core. The coil has 500 turns, and the cross-sectional area of the core is
0:001 m2 . Assume that the coil has no resistance.
(a) Find the maximum value of the ﬂux and sketch the waveforms of voltage and ﬂux as a
function of time.
(b) Find the maximum value of E if the maximum ﬂux density is not to exceed 1.2 tesla.
Solution
Refer to Fig. 1.17a.
(a)

dΦ
dt
N  dΦ = edt

ð1:41Þ

N  ΔΦ = E  Δt

ð1:42Þ

e=N

Flux linkage change = volttime product
In the steady state, the positive volt–time area during the positive half-cycle will change
the ﬂux from negative maximum ﬂux (−Φmax ) to positive maximum ﬂux (+Φmax ).
Hence the total change in ﬂux is 2Φmax during a half-cycle of voltage. Also from Eq. 1.42, if
E is constant, the ﬂux will vary linearly with time. From Eq. 1.42,
500ð2Φmax Þ = E ×
Φmax =

1
120

100
Wb
1000 × 120

= 0:833 × 10−3 Wb
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FIGURE E1.7

The waveforms of voltage and ﬂux are shown in Fig. E1.7.
Bmax = 1:2 T

(b)

Φmax = Bmax × A = 1:2 × 0:001 = 1:2 × 10−3 Wb
Nð2Φmax Þ = E ×

1
120

E = 120 × 500 × 2 × 1:2 × 10−3
= 144 V

1.3.1

▪

EXCITING CURRENT

If the coil of Fig. 1.17a is connected to a sinusoidal voltage source, a current ﬂows in the coil
to establish a sinusoidal ﬂux in the core. This current is called the exciting current, iΦ .
If the B−H characteristic of the ferromagnetic core is nonlinear, the exciting current will be
nonsinusoidal.

No Hysteresis
Let us ﬁrst consider a B−H characteristic with no hysteresis loop. The B−H curve can be
rescaled (Φ = BA, i = Hl=N) to obtain the Φ−i curve for the core, as shown in Fig. 1.18a. From
the sinusoidal ﬂux wave and the Φ−i curve, the exciting current waveform is obtained, as
shown in Fig. 1.18a. Note that the exciting current iφ is nonsinusoidal, but it is in phase with the
ﬂux wave and is symmetrical with respect to voltage e. The fundamental component iφ1 of
the exciting current lags the voltage e by 90 . Therefore no power loss is involved. This was
expected, because the hysteresis loop, which represents power loss, was neglected. The excitation current is therefore a purely lagging current and the exciting winding can be represented
by a pure inductance, as shown in Fig. 1.18b. The phasor diagram for fundamental current and
applied voltage is shown in Fig. 1.18c.

With Hysteresis
We shall now consider the hysteresis loop of the core, as shown in Fig. 1.19a. The waveform of
the exciting current iφ is obtained from the sinusoidal ﬂux waveform and the multivalued Φ−i
characteristic of the core. The exciting current is nonsinusoidal as well as nonsymmetrical with
respect to the voltage waveform. The exciting current can be split into two components, one (ic )

Sinusoidal Excitation
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FIGURE 1.18 Exciting current for no hysteresis. (a) Φ−i characteristic and exciting
current. (b) Equivalent circuit. (c) Phasor diagram.

in phase with voltage e accounting for the core loss and the other (im ) in phase with Φ and
symmetrical with respect to e, accounting for the magnetization of the core. This magnetizing
component im is the same as the exciting current if the hysteresis loop is neglected. The phasor
diagram is shown in Fig. 1.19b. The exciting coil can therefore be represented by a resistance
Rc , to represent core loss, and a magnetizing inductance Lm , to represent the magnetization of
the core, as shown in Fig. 1.19c. In the phasor diagram only the fundamental component of the
magnetizing current is considered.

FIGURE 1.19 Exciting current with hysteresis loop. (a) Φ−i loop and exciting
current. (b) Phasor diagram. (c) Equivalent circuit.
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1.4

PERMANENT MAGNET

A permanent magnet is capable of maintaining a magnetic ﬁeld without any excitation mmf
provided to it. Permanent magnets are normally alloys of iron, nickel, and cobalt. They are
characterized by a large B−H loop, high retentivity (high value of Br ), and high coercive force
(high value Hc ). These alloys are subjected to heat treatment, resulting in mechanical hardness
of the material. Permanent magnets are often referred to as hard iron, and other magnetic
materials as soft iron.

1.4.1

MAGNETIZATION OF PERMANENT MAGNETS

Consider the magnetic circuit shown in Fig. 1.20a. Assume that the magnet material is initially
unmagnetized. A large mmf is applied, and on its removal the ﬂux density will remain at the
residual value Br on the magnetization curve, point a in Fig. 1.20b. If a reversed magnetic ﬁeld
intensity of magnitude H1 is now applied to the hard iron, the operating point moves to point b.
If H1 is removed and reapplied, the B−H locus follows a minor loop as shown in Fig. 1.20b. The
minor loop is narrow and for all practical purposes can be represented by the straight line bc,
known as the recoil line. This line is almost parallel to the tangent xay to the demagnetizing
curve at point a. The slope of the recoil line is called the recoil permeability μrec . For alnico
magnets it is in the range of 3−5μ0 , whereas for ferrite magnets it may be as low as 1:2μ0 .
As long as the reversed magnetic ﬁeld intensity does not exceed H1 , the magnet may be
considered reasonably permanent. If a negative magnetic ﬁeld intensity greater than H1 is
applied, such as H2 , the ﬂux density of the permanent magnet will decrease to the value B2 .
If H2 is removed, the operation will move along a new recoil line de.

1.4.2

APPROXIMATE DESIGN OF PERMANENT MAGNETS

Let the permanent magnet in Fig. 1.20a be magnetized to the residual ﬂux density denoted by
point a in Fig. 1.20b. If the small soft iron keeper is removed, the air gap will become the active
region for most applications as shown in Fig. 1.21a.

FIGURE 1.20

Permanent magnet system and its B−H locus.

Permanent Magnet

FIGURE 1.21
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Permanent magnet with keeper removed and its B−H locus.

In order to determine the resultant ﬂux density in the magnet and in the air gap, let us make
the following assumptions:
1. There is no leakage or fringing ﬂux.
2. No mmf is required for the soft iron.
From Ampère’s circuit law,
H m l m + Hg l g = 0
Hm = −

lg
Hg
lm

ð1:43Þ
ð1:44Þ

For continuity of ﬂux,
Φ = Bm Am = Bg Ag

ð1:45Þ

Bg = μ0 H g

ð1:46Þ

Also

From Eqs. 1.43, 1.45, and 1.46,
Bm = μ0

Ag lm
Hm
Am lg

ð1:47Þ

Equation 1.47 represents a straight line through the origin, called the shear line (Fig. 1.21b).
The intersection of the shear line with the demagnetization curve at point b determines the
operating values of B and H of the hard iron material with the keeper removed. If the keeper is
now reinserted, the operating point moves up the recoil line bc. This analysis indicates that the
operating point of a permanent magnet with an air gap is determined by the demagnetizing
portion of the B−H loop and the dimensions of the magnet and air gap.
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FIGURE 1.22

Demagnetization curve for alnico 5.

From Eqs. 1.43, 1.45, and 1.46, the volume of the permanent magnet material is
Vm = Am lm
=
=

Bg A g
Hg lg
×
Bm
Hm
B2g Vg
μ0 Bm Hm

ð1:48Þ

where Vg = Ag lg is the volume of the air gap.
Thus, to establish a ﬂux density Bg in the air gap of volume Vg , a minimum volume of the
hard iron is required if the ﬁnal operating point is located such that the Bm Hm product is a
maximum. This quantity Bm Hm is known as the energy product of the hard iron.

1.4.3

PERMANENT MAGNET MATERIALS

A family of alloys called alnico (aluminum–nickel–cobalt) has been used for permanent magnets since the 1930s. Alnico has a high residual ﬂux density, as shown in Fig. 1.22.
Ferrite permanent magnet materials have been used since the 1950s. These have lower
residual ﬂux density but very high coercive force. Figure 1.23 shows the demagnetization curve
for ferrite D, which is a strontium ferrite.
Since 1960 a new class of permanent magnets known as rare-earth permanent magnets has
been developed. The rare-earth permanent magnet materials combine the relatively high
residual ﬂux density of alnico-type materials with greater coercivity than the ferrites. These
materials are compounds of iron, nickel, and cobalt with one or more of the rare-earth elements. A commonly used combination is samarium–cobalt. The demagnetization curve for this
material is shown in Fig. 1.24. Another rare-earth magnet material that has come into use
recently is neodymium–iron–boron. The demagnetization curve for this alloy is also shown in
Fig. 1.24. The residual ﬂux density and coercivity are both greater than those for samarium–
cobalt. It is expected that this neodymium–iron–boron will be used extensively in permanent

Permanent Magnet

FIGURE 1.23
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Demagnetization curve for ferrite D magnet.

magnet applications. Different types of magnetic materials can be used to achieve performance
and cost trade-offs. Ferrite PM materials are used for lowest cost. However, they result in lower
power density due to lower energy density of the ferrite materials. Ferrite materials also have
positive temperature coefﬁcient of Br. Samarium cobalt (SmCo) magnets are used for higher
energy density, higher temperature operation, and stable performance over a wide range of
operating temperatures, due to their low temperature coefﬁcient of Br and corrosion resistance. However, SmCo is the most expensive material and is primarily used in aerospace and
defense applications where high temperature operation without performance degradation is
very critical. The most widely used PM material is the neodynum–iron–boron (NdFeB) type,
which has the highest energy density, and is most cost-effective due to overall reduction of
copper and steel needed for a given torque rating of the motor. The main drawback of NdFeB
magnets is the negative temperature coefﬁcient of Br and the need for corrosion protection.
Nickel coating is used on NdFeB magnets to prevent corrosion. For further discussion of the
use of permanent magnets in machines see Sections 4.6, 4.7, and 6.13.

FIGURE 1.24 Demagnetization curve for samarium–
cobalt magnet and neodymium–iron–boron magnet.
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EXAMPLE 1.8
The permanent magnet in Fig. 1.21 is made of alnico 5, whose demagnetization curve is given
in Fig. 1.22. A ﬂux density of 0:8 T is to be established in the air gap when the keeper is removed.
The air gap has the dimensions Ag = 2:5 cm2 and lg = 0:4 cm. The operating point on the
demagnetization curve corresponds to the point at which the product Hm Bm is maximum, and
this operating point is Bm = 0:95 T, Hm = −42 kA=m.
Determine the dimensions (lm and Am ) of the permanent magnet.
Solution
From Eqs. 1.43 and 1.46,
lm =

=

lg
lg Bg
Hg =
Hm
Hm μ0
0:4 × 10−2 × 0:8
42 × 103 × 4π × 10−7

= 0:0606 m = 6:06 cm
From Eq. 1.45,
Am =
=

B g Ag
Bm
0:8 × 2:5 × 10−4
0:95

= 2:105 cm2

▪

PROBLEMS
1.1

The long solenoid coil shown in Fig. P1.1 has 250 turns. As its length is much greater than its
diameter, the ﬁeld inside the coil may be considered uniform. Neglect the ﬁeld outside.
(a) Determine the ﬁeld intensity (H) and ﬂux density (B) inside the solenoid (i = 100 A).
(b)

Determine the inductance of the solenoid coil.

FIGURE P1.1

Problems

1.2
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In the magnetic system of Fig. P1.2 two sides are thicker than the other two sides. The depth of the
core is 10 cm, the relative permeability of the core μr = 2000, the number of turns N = 300, and the
current ﬂowing through the coil is i = 1 A.
(a) Determine the ﬂux in the core.
(b)

Determine the ﬂux densities in the parts of the core.

FIGURE P1.2

1.3

For the magnetic system of Problem 1.2, ﬁnd the current i in the coil to produce a ﬂux Φ = 0:012 Wb.

1.4

Two coils are wound on a toroidal core as shown in Fig. P1.4. The core is made of silicon sheet
steel and has a square cross section. The coil currents are i1 = 0:28 A and i2 = 0:56 A.
(a) Determine the ﬂux density at the mean radius of the core.
(b)

Assuming constant ﬂux density (same as at the mean radius) over the cross section of the
core, determine the ﬂux in the core.

(c)

Determine the relative permeability, μr , of the core.

FIGURE P1.4

1.5

The magnetic circuit of Fig. P1.5 provides ﬂux in the two air gaps. The coils (N1 = 700, N2 = 200)
are connected in series and carry a current of 0.5 ampere. Neglect leakage ﬂux, reluctance of the
iron (i.e., inﬁnite permeability), and fringing at the air gaps. Determine the ﬂux and ﬂux density in
the air gaps.
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FIGURE P1.5

1.6

A two-pole generator, as shown in Fig. P1.6, has a magnetic circuit with the following dimensions:
Each pole (cast steel):

magnetic length = 10 cm
cross section = 400 cm2
Each air gap:

length = 0:1 cm
cross section = 400 cm2
Armature (Si-steel):

average length = 20 cm
average cross section = 400 cm2
Yoke (cast steel):

mean circumference = 160 cm
average cross section = 200 cm2

FIGURE P1.6

Problems
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Half the exciting ampere-turns are placed on each of the two poles.
(a) Draw the magnetic equivalent circuit.

1.7

(b)

How many ampere-turns per pole are required to produce a ﬂux density of 1.1 tesla in the
magnetic circuit. (Use the magnetization curves for the respective materials.)

(c)

Calculate the armature ﬂux.

A two-pole synchronous machine, as shown in Fig. P1.7, has the following dimensions:
Each air gap length, lg = 2:5 mm
Cross-sectional area of pole face, Ag = 500 cm2
N = 500 turns
I=5A
μc = infinity
(a) Draw the magnetic equivalent circuit.
(b)

Find the ﬂux density in the air gap.

FIGURE P1.7
1.8

The electromagnet shown in Fig. P1.8 can be used to lift a length of steel strip. The coil has 500
turns and can carry a current of 20 amps without overheating. The magnetic material has negligible reluctance at ﬂux densities up to 1.4 tesla. Determine the maximum air gap for which a ﬂux

FIGURE P1.8
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density of 1.4 tesla can be established with a coil current of 20 amps. Neglect magnetic leakage and
fringing of ﬂux at the air gap.
1.9

The toroidal (circular cross section) core shown in Fig. P1.9 is made from cast steel.
(a) Calculate the coil current required to produce a core ﬂux density of 1.2 tesla at the mean
radius of the toroid.
(b)

What is the core ﬂux, in webers? Assume uniform ﬂux density in the core.

(c)

If a 2-mm-wide air gap is made in the toroid (across A−A0 ), determine the new coil current
required to maintain a core ﬂux density of 1.2 tesla.

FIGURE P1.9
1.10

In the toroidal core coil system of Fig. P1.9, the coil current is 2:0 A and the relative permeability
of the core is 2000. The core has a square cross section.
(a)

1.11

Determine the maximum and minimum values of the ﬂux density in the core.

(b)

Determine the magnetic ﬂux in the core.

(c)

Determine the ﬂux density at the mean radius of the toroid, and compare it with the average
ﬂux density across the core.

The magnetic circuit of Fig. P1.11 has a core of relative permeability μr = 2000. The depth of the
core is 5 cm. The coil has 400 turns and carries a current of 1:5 A.
(a)

Draw the magnetic equivalent circuit.

(b)

Find the ﬂux and the ﬂux density in the core.

(c)

Determine the inductance of the coil.

FIGURE P1.11

Problems
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1.12

Repeat Problem 1.11 for a 1.0-cm-wide air gap in the core. Assume a 10% increase in the effective
cross-sectional area of the air gap due to fringing in the air gap.

1.13

The magnetic circuit of Fig. 1.9 has the following parameters:
N = 100 turns
Ac = Ag = 5 cm2
μcore = infinity
Determine the air gap length, lg , to provide a coil inductance of 10 mH.

1.14

An inductor is made of two coils, A and B, having 350 and 150 turns, respectively. The coils are
wound on a cast steel core and in directions as shown in Fig. P1.14. The two coils are connected in
series to a dc voltage.
(a) Determine the two possible values of current required in the coils to establish a ﬂux density
of 0:5 T in the air gap.
(b)

Determine the self-inductances LA and LB of the two coils. Neglect magnetic leakage and
fringing.

(c)

If coil B is now disconnected and the current in coil A is adjusted to 2:0 A, determine the
mean ﬂux density in the air gap.

FIGURE P1.14
1.15

The magnetic circuit for a saturable reactor is shown in Fig. P1.15. The B−H curve for the core
material can be approximated as two straight lines as in Fig. P1.15.
(a) If I1 = 2:0 A, calculate the value of I2 required to produce a ﬂux density of 0:6 T in the vertical
limbs.
(b)

If I1 = 0:5 A and I2 = 1:96 A, calculate the total ﬂux in the core.
Neglect magnetic leakage.

(Hint: Trial-and-error method.)
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FIGURE P1.15
1.16

A toroidal core has a rectangular cross section as shown in Fig. P1.16a. It is wound with a coil
having 100 turns. The B−H characteristic of the core may be represented by the linearized
magnetization curve of Fig. P1.16b.
(a) Determine the inductance of the coil if the ﬂux density in any part of the core is below
1:0 Wb=m2 .
(b)

Determine the maximum value of the current for the condition of part (a).

(c)

Determine the minimum value of the current for which the complete core has a ﬂux density
of 1:0 Wb=m2 or greater.

FIGURE P1.16
1.17

A coil wound on a magnetic core is excited by the following voltage sources.
(a) 100 V, 50 Hz.
(b)

110 V, 60 Hz.

Compare the hysteresis losses and eddy current losses with these two different sources. For
hysteresis loss, consider n = 2.

Problems

1.18
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A toroidal core of mean length 15 cm and cross-sectional area 10 cm2 has a uniformly distributed
winding of 300 turns. The B−H characteristic of the core can be assumed to be of rectangular
form, as shown in Fig. P1.18. The coil is connected to a 100 V, 400 Hz supply. Determine the
hysteresis loss in the core.

FIGURE P1.18

1.19

The core in Fig. 1.17 has the following dimensions: cross-sectional area Ac = 5 cm2 , mean
magnetic path length lc = 25 cm. The core material is silicon sheet steel. If the coil has 500 turns
and negligible resistance, determine the rms value of the 60 Hz voltage applied to the coil that will
produce a peak ﬂux density of 1:2 T.

1.20

Figure P1.20 shows a two-winding transformer with a laminated core. The winding with N1 = 200
turns is connected to a voltage to produce a ﬂux density in the core B = 1:2 sin 377t. The second
winding, with N2 = 400 turns, is left open-circuited. The stacking factor of the core is 0.95—i.e.,
the core occupies 95% of the gross core volume. The gross cross-sectional area of the core is
25 cm2 , and μr for the core is 10,000. The core length lc = 90 cm.
(a) Determine the rms value of the applied voltage E1 .
(b)

Determine the current in the winding.

(c)

Determine the rms voltage Er induced in the second winding.

FIGURE P1.20

1.21

The ﬂux in the core of the magnetic system of Fig. 1.17 varies with time as shown in Fig. P1.21.
The coil has 400 turns. Sketch the waveform of the induced voltage, e, in the coil.
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FIGURE P1.21
1.22

A six-step voltage of frequency 60 Hz, as shown in Fig. P1.22, is applied on a coil wound on a
magnetic core. The coil has 500 turns. Find the maximum value of the ﬂux and sketch the
waveforms of voltage and ﬂux as a function of time.

FIGURE P1.22
1.23

In the circuit of Fig. P1.23a, a resistanceless toroidal winding of 1000 turns is wound on a ferromagnetic toroid of cross-sectional area 2 cm2 . The core is characterized by the ideal B−H

FIGURE P1.23
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relation shown in Fig. P1.23b. This circuit is excited by a 60 Hz square wave of input voltage (vi ) of
amplitude 108 volts, as shown in Fig. P1.23c. Determine the switching instant and sketch the
waveforms of the voltages vL and vo .
1.24

Suppose that the soft iron keeper in the permanent magnet of Example 1.8 is reinserted. Determine the ﬂux density in the magnet if the recoil permeability (μrec ) of the magnetic material is 4μ0 .

1.25

Repeat Example 1.8 if the permanent magnet material is samarium–cobalt. The demagnetization
curve is given in Fig. 1.24.

1.26

(a)

Determine the point of maximum energy product and the corresponding values of Bm and
Hm .

(b)

Determine the dimensions (lm and Am ) of the permanent magnet.

(c)

Determine the reduction of the magnetic volume required to produce the same ﬂux density in
the air gap.

Repeat Problem 1.25 if the permanent magnet material is neodymium–iron–boron, whose demagnetization curve is given in Fig. 1.24.

chapter two
TRANSFORMERS
A transformer is a static machine. Although it is not an energy conversion device, it is indispensable in many energy conversion systems. It is a simple device, having two or more electric
circuits coupled by a common magnetic circuit. Analysis of transformers involves many
principles that are basic to the understanding of electric machines. Transformers are so widely
used as electrical apparatus that they are treated along with other electric machines in most
books on electric machines.
A transformer essentially consists of two or more windings coupled by a mutual magnetic
ﬁeld. Ferromagnetic cores are used to provide tight magnetic coupling and high ﬂux densities.
Such transformers are known as iron core transformers. They are invariably used in high-power
applications. Air core transformers have poor magnetic coupling and are sometimes used in lowpower electronic circuits. In this chapter we primarily discuss iron core transformers.
Two types of core constructions are normally used, as shown in Fig. 2.1. In the core type
(Fig. 2.1a), the windings are wound around two legs of a magnetic core of rectangular shape.
In the shell type (Fig. 2.1b), the windings are wound around the center leg of a three-legged
magnetic core. To reduce core losses, the magnetic core is formed of a stack of thin laminations. Silicon-steel laminations of 0.014-inch thickness are commonly used for transformers
operating at frequencies below a few hundred cycles. L-shaped laminations are used for coretype construction and E-shaped laminations are used for shell-type construction. To avoid a
continuous air gap (which would require a large exciting current), laminations are stacked
alternately, as shown in Figs. 2.1c and 2.1d.
For small transformers used in communication circuits at high frequencies (kilocycles to
megacycles) and low power levels, compressed powdered ferromagnetic alloys, known as
permalloy, are used.
A schematic representation of a two-winding transformer is shown in Fig. 2.2. The two
vertical bars are used to signify tight magnetic coupling between the windings. One winding
is connected to an ac supply and is referred to as the primary winding. The other winding is
connected to an electrical load and is referred to as the secondary winding. The winding with
the higher number of turns will have a high voltage and is called the high-voltage (HV) or hightension (HT) winding. The winding with the lower number of turns is called the low-voltage
(LV) or low-tension (LT) winding. To achieve tighter magnetic coupling between the windings,
they may be formed of coils placed one on top of another (Fig. 2.1a) or side by side (Fig. 2.1b)
in a “pancake” coil formation where primary and secondary coils are interleaved. Where the
coils are placed one on top of another, the low-voltage winding is placed nearer the core and
the high-voltage winding on top.
Transformers have widespread use. Their primary function is to change voltage level. Electrical power is generated in a power house at about 30; 000 volts. However, in domestic houses,
electric power is used at 110 or 220 volts. Electric power is transmitted from a power plant to a
load center at 200,000 to 500,000 volts. Transformers are used to step up and step down voltage
40
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FIGURE 2.1 Transformer core construction. (a) Core-type, (b) Shell-type,
(c) L-shaped lamination, (d) E-shaped lamination.

FIGURE 2.2

Schematic representation of a two-winding transformer.

at various stages of power transmission, as shown in Fig. 2.3. A large power transformer used to
step up generator voltage from 24 to 345 kV is shown in Fig. 2.4. A distribution transformer used
in a public utility system to step down voltage from 4:6 kV to 120 V is shown in Fig. 2.5.
Transformers are widely used in low-power electronic or control circuits to isolate one
circuit from another circuit or to match the impedance of a source with its load for maximum
power transfer. Transformers are also used to measure voltages and currents; these are known
as instrument transformers.

FIGURE 2.3 Power transmission using transformers.

Courtesy of Westinghouse Electric Corporation
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FIGURE 2.4 Power transformer, 24
to 345 kV.

Courtesy of Westinghouse Electric Corporation
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FIGURE 2.5 Distribution
transformer.

2.1

IDEAL TRANSFORMER

Consider a transformer with two windings, a primary winding of N1 turns and a secondary
winding of N2 turns, as shown schematically in Fig. 2.6. In a schematic diagram it is a common
practice to show the two windings in the two legs of the core, although in an actual transformer
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FIGURE 2.6 Ideal transformer.

the windings are interleaved. Let us consider an ideal transformer that has the following
properties:
1. The winding resistances are negligible.
2. All ﬂuxes are conﬁned to the core and link both windings; that is, no leakage ﬂuxes are
present. Core losses are assumed to be negligible.
3. Permeability of the core is inﬁnite (i.e., μ ! 1). Therefore, the exciting current required to
establish ﬂux in the core is negligible; that is, the net mmf required to establish a ﬂux in the
core is zero.
When the primary winding is connected to a time-varying voltage v1 , a time-varying ﬂux Φ is
established in the core. A voltage e1 will be induced in the winding and will equal the applied
voltage if resistance of the winding is neglected:
v 1 = e1 = N 1

dΦ
dt

ð2:1Þ

The core ﬂux also links the secondary winding and induces a voltage e2 , which is the same as
the terminal voltage v2 :
v 2 = e2 = N 2

dΦ
dt

ð2:2Þ

From Eqs. 2.1 and 2.2,
v1
N1
=
=a
v2
N2

ð2:3Þ

where a is the turns ratio.
Equation 2.3 indicates that the voltages in the windings of an ideal transformer are directly
proportional to the turns of the windings.
Let us now connect a load (by closing the switch in Fig. 2.6) to the secondary winding. A
current i2 will ﬂow in the secondary winding, and the secondary winding will provide an mmf
N2 i2 for the core. This will immediately make a primary winding current i1 ﬂow so that a
counter-mmf N1 i1 can oppose N2 i2 . Otherwise N2 i2 would make the core ﬂux change drastically
and the balance between v1 and e1 would be disturbed. Note in Fig. 2.6 that the current
directions are shown such that their mmfs oppose each other. Because the net mmf required to
establish a ﬂux in the ideal core is zero,
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N1 i1 − N2 i2 = net mmf = 0
N 1 i 1 = N 2 i2
i1
N2
1
=
=
i2
N1
a

ð2:4Þ
ð2:5Þ
ð2:6Þ

The currents in the windings are inversely proportional to the turns of the windings. Also note
that if more current is drawn by the load, more current will ﬂow from the supply. It is this mmfbalancing requirement (Eq. 2.5) that makes the primary know of the presence of current in the
secondary.
From Eqs. 2.3 and 2.6,
v 1 i1 = v 2 i2

ð2:7Þ

That is, the instantaneous power input to the transformer equals the instantaneous power
output from the transformer. This is expected, because all power losses are neglected in an
ideal transformer. Note that although there is no physical connection between load and supply,
as soon as power is consumed by the load, the same power is drawn from the supply. The
transformer, therefore, provides a physical isolation between load and supply while maintaining electrical continuity.
If the supply voltage v1 is sinusoidal, then Eqs. 2.3, 2.6, and 2.7 can be written in terms of
rms values:
V1
N1
=
=a
V2
N2

ð2:8Þ

I1 N2
1
=
=
I2 N1
a

ð2:9Þ

V1 I1 = V2 I2

ð2:10Þ

input
output
volt-amperes volt-amperes

2.1.1

IMPEDANCE TRANSFER

Consider the case of a sinusoidal applied voltage and a secondary impedance Z2 , as shown
in Fig. 2.7a.
Z2 =

V2
I2

The input impedance is
Z1 =

V1
aV2
V2
= a2
=
I1
I2 =a
I2

= a2 Z2

ð2:11Þ
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FIGURE 2.7 Impedance transfer
across an ideal transformer.

so
Z1 = a2 Z2 = Z02

ð2:12Þ

An impedance Z2 connected in the secondary will appear as an impedance Z02 looking from
the primary. The circuit in Fig. 2.7a is therefore equivalent to the circuit in Fig. 2.7b. Impedance can be transferred from secondary to primary if its value is multiplied by the square of the
turns ratio. An impedance from the primary side can also be transferred to the secondary side,
and in that case its value has to be divided by the square of the turns ratio:
Z01 =

1
Z1
a2

ð2:13Þ

This impedance transfer is very useful because it eliminates a coupled circuit in an electrical
circuit and thereby simpliﬁes the circuit.
EXAMPLE 2.1
A speaker of 9 Ω, resistive impedance is connected to a supply of 10 V with internal resistive
impedance of 1 Ω, as shown in Fig. E2.1a.
(a) Determine the power absorbed by the speaker.
(b) To maximize the power transfer to the speaker, a transformer of 1 : 3 turns ratio is used
between source and speaker as shown in Fig. E2.1b. Determine the power taken by the
speaker.
Solution
(a)

From Fig. E2.1a,
I=

10
=1 A
1+9

P = I2 × 9 = 9 W
(b)

If the resistance of the speaker is referred to the primary side, its resistance is
R02 = a2 R1 =

 2
1
×9=1 Ω
3

The equivalent circuit is shown in Fig. E2.1c.
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FIGURE E2.1

I=

10
=5 A
1+1

P = 52 × 1 = 25 W

2.1.2

▪

POLARITY

Windings on transformers or other electrical machines are marked to indicate terminals of like
polarity. Consider the two windings shown in Fig. 2.8a. Terminals 1 and 3 are identical, because
currents entering these terminals produce ﬂuxes in the same direction in the core that forms the
common magnetic path. For the same reason, terminals 2 and 4 are identical. If these two
windings are linked by a common time-varying ﬂux, voltages will be induced in these windings
such that if at a particular instant the potential of terminal 1 is positive with respect to terminal 2,
then at the same instant the potential of terminal 3 will be positive with respect to terminal 4. In
other words, induced voltages e12 and e34 are in phase. Identical terminals such as 1 and 3 or 2
and 4 are sometimes marked by dots or ± as shown in Fig. 2.8b. These are called the polarity
markings of the windings. They indicate how the windings are wound on the core.
If the windings can be visually seen in a machine, the polarities can be determined. However,
usually only the terminals of the windings are brought outside the machine. Nevertheless, it is
possible to determine the polarities of the windings experimentally. A simple method is illustrated in Fig. 2.8c, in which terminals 2 and 4 are connected together and winding 1–2 is
connected to an ac supply.
The voltages across 1–2, 3–4, and 1–3 are measured by a voltmeter. Let these voltage readings
be called V12 ,V34 , and V13 , respectively. If a voltmeter reading V13 is the sum of voltmeter
readings V12 and V34 (i.e., V13 ’ V12 + V34 ), it means that at any instant when the potential of
terminal 1 is positive with respect to terminal 2, the potential of terminal 4 is positive with
respect to terminal 3. The induced voltages e12 and e43 are in phase, as shown in Fig. 2.8c,
making e13 = e12 + e43 . Consequently, terminals 1 and 4 are identical (or same polarity)

Ideal Transformer

FIGURE 2.8
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Polarity determination.

terminals. If the voltmeter reading V13 is the difference between voltmeter readings V12 and V34
(i.e., V13 ’ V12 − V34 ), then 1 and 3 are terminals of the same polarity.
Polarities of windings must be known if transformers are connected in parallel to share a
common load. Figure 2.9a shows the parallel connection of two single-phase (1φ) transformers.
This is the correct connection because secondary voltages e21 and e22 oppose each other
internally. The connection shown in Fig. 2.9b is wrong, because e21 and e22 aid each

FIGURE 2.9 Parallel operation of single-phase transformers. (a) Correct
connection. (b) Wrong connection.
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other internally and a large circulating current icir will ﬂow in the windings and may damage
the transformers. For three-phase connection of transformers (see Section 2.6), the winding
polarities must also be known.

2.2

PRACTICAL TRANSFORMER

In Section 2.1, the properties of an ideal transformer were discussed. Certain assumptions were
made that are not valid in a practical transformer. For example, in a practical transformer the
windings have resistances, not all windings link the same ﬂux, permeability of the core material
is not inﬁnite, and core losses occur when the core material is subjected to time-varying ﬂux. In
the analysis of a practical transformer, all these imperfections must be considered.
Two methods of analysis can be used to account for the departures from the ideal transformer:
1. An equivalent circuit model based on physical reasoning.
2. A mathematical model based on the classical theory of magnetically coupled circuits.
Both methods will provide the same performance characteristics for the practical transformer. However, the equivalent circuit approach provides a better appreciation and understanding of the physical phenomena involved, and this technique will be presented here.
A practical winding has a resistance, and this resistance can be shown as a lumped quantity
in series with the winding (Fig. 2.10a). When currents ﬂow through windings in the transformer, they establish a resultant mutual (or common) ﬂux Φm that is conﬁned essentially to

FIGURE 2.10 Development of the
transformer equivalent circuits.
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(Continued)

the magnetic core. However, a small amount of ﬂux known as leakage ﬂux, Φl (shown in
Fig. 2.10a), links only one winding and does not link the other winding. The leakage path is
primarily in air, and therefore the leakage ﬂux varies linearly with current. The effects of
leakage ﬂux can be accounted for by an inductance, called leakage inductance:
Ll1 =

N1 Φl1
= leakage inductance of winding 1
i1

Ll2 =

N2 Φl2
= leakage inductance of winding 2
i2
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If the effects of winding resistance and leakage ﬂux are respectively accounted for by
resistance R and leakage reactance Xl ð= 2πfLl Þ, as shown in Fig. 2.10b, the transformer
windings are tightly coupled by a mutual ﬂux.
In a practical magnetic core having ﬁnite permeability, a magnetizing current Im is required
to establish a ﬂux in the core. This effect can be represented by a magnetizing inductance Lm .
Also, the core loss in the magnetic material can be represented by a resistance Rc . If these
imperfections are also accounted for, then what we are left with is an ideal transformer, as
shown in Fig. 2.10c. A practical transformer is therefore equivalent to an ideal transformer plus
external impedances that represent imperfections of an actual transformer.

2.2.1

REFERRED EQUIVALENT CIRCUITS

The ideal transformer in Fig. 2.10c can be moved to the right or left by referring all quantities to
the primary or secondary side, respectively. This is almost invariably done. The equivalent
circuit with the ideal transformer moved to the right is shown in Fig. 2.10d. For convenience,
the ideal transformer is usually not shown and the equivalent circuit is drawn, as shown in
Fig. 2.10e, with all quantities (voltages, currents, and impedances) referred to one side. The
referred quantities are indicated with primes. By analyzing this equivalent circuit the referred
quantities can be evaluated, and the actual quantities can be determined from them if the turns
ratio is known.

Approximate Equivalent Circuits
The voltage drops I1 R1 and I1 Xl1 (Fig. 2.10e) are normally small and jE1 j ’ jV1 j. If this is true,
then the shunt branch (composed of Rc1 and Xm1 ) can be moved to the supply terminal, as
shown in Fig. 2.11a. This approximate equivalent circuit simpliﬁes computation of currents,
because both the exciting branch impedance and the load branch impedance are directly
connected across the supply voltage. Besides, the winding resistances and leakage reactances
can be lumped together. This equivalent circuit (Fig. 2.11a) is frequently used to determine the
performance characteristics of a practical transformer.
In a transformer, the exciting current Iφ is a small percentage of the rated current of the
transformer (less than 5%). A further approximation of the equivalent circuit can be made by
removing the excitation branch, as shown in Fig. 2.11b. The equivalent circuit referred to side 2
is also shown in Fig. 2.11c.

2.2.2

DETERMINATION OF EQUIVALENT CIRCUIT PARAMETERS

The equivalent circuit model (Fig. 2.10e) for the actual transformer can be used to predict the
behavior of the transformer. The parameters R1 , Xl1 , Rcl , Xm1 , R2 , Xl2 , and a ð= N1 =N2 Þ must be
known so that the equivalent circuit model can be used.
If the complete design data of a transformer are available, these parameters can be calculated
from the dimensions and properties of the materials used. For example, the winding resistances (R1 , R2 ) can be calculated from the resistivity of copper wires, the total length, and the
cross-sectional area of the winding. The magnetizing inductances Lm can be calculated from
the number of turns of the winding and the reluctance of the magnetic path. The calculation of
the leakage inductance (Ll ) will involve accounting for partial ﬂux linkages and is therefore
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FIGURE 2.11 Approximate
equivalent circuits.

complicated. However, formulas are available from which a reliable determination of these
quantities can be made.
These parameters can be directly and more easily determined by performing tests that
involve little power consumption. Two tests, a no-load test (or open-circuit test) and a shortcircuit test, will provide information for determining the parameters of the equivalent circuit of
a transformer, as will be illustrated by an example.

Transformer Rating
The kilovolt–ampere (kVA) rating and voltage ratings of a transformer are marked on its
nameplate. For example, a typical transformer may carry the following information on the
nameplate: 10 kVA, 1100/110 volts. What are the meanings of these ratings? The voltage ratings
indicate that the transformer has two windings, one rated for 1100 volts and the other for
110 volts. These voltages are proportional to their respective numbers of turns, and therefore the
voltage ratio also represents the turns ratio ða = 1100/110 = 10Þ. The 10 kVA rating means that
each winding is designed for 10 kVA. Therefore, the current rating for the high-voltage winding is
10; 000/1100 = 9:09 A and for the lower-voltage winding is 10; 000/110 = 90:9 A. It may be noted
that when the rated current of 90:9 A ﬂows through the low-voltage winding, the rated current of
9:09 A will ﬂow through the high-voltage winding. In an actual case, however, the winding that is
connected to the supply (called the primary winding) will carry an additional component of
current (excitation current), which is very small compared to the rated current of the winding.
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FIGURE 2.12 No-load (or open-circuit) test. (a) Wiring diagram for open-circuit
test. (b) Equivalent circuit under open circuit.

No-Load Test (or Open-Circuit Test)
This test is performed by applying a voltage to either the high-voltage side or low-voltage side,
whichever is convenient. Thus, if a 1100/110 volts transformer were to be tested, the voltage
would be applied to the low-voltage winding, because a power supply of 110 volts is more
readily available than a supply of 1100 volts.
A wiring diagram for open-circuit test of a transformer is shown in Fig. 2.12a. Note that the
secondary winding is kept open. Therefore, from the transformer equivalent circuit of
Fig. 2.11a the equivalent circuit under open-circuit conditions is as shown in Fig. 2.12b. The
primary current is the exciting current and the losses measured by the wattmeter are essentially the core losses. The equivalent circuit of Fig. 2.12b shows that the parameters Rc and Xm
can be determined from the voltmeter, ammeter, and wattmeter readings.
Note that the core losses will be the same whether 110 volts are applied to the low-voltage
winding having the smaller number of turns or 1100 volts are applied to the high-voltage
winding having the larger number of turns. The core loss depends on the maximum value of
ﬂux in the core, which is the same in either case, as indicated by Eq. 1.40.

Short-Circuit Test
This test is performed by short-circuiting one winding and applying rated current to the other
winding, as shown in Fig. 2.13a. In the equivalent circuit of Fig. 2.11a for the transformer, the
impedance of the excitation branch (shunt branch composed of Rc and Xm ) is much larger than
that of the series branch (composed of Req and Xeq ). If the secondary terminals are shorted, the
high impedance of the shunt branch can be neglected. The equivalent circuit with
the secondary short-circuited can thus be represented by the circuit shown in Fig. 2.13b. Note

FIGURE 2.13 Short-circuit test. (a) Wiring diagram for short-circuit test.
(b) Equivalent circuit at short-circuit condition.
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that since Zeq ð= Req + jXeq Þ is small, only a small supply voltage is required to pass rated current
through the windings. It is convenient to perform this test by applying a voltage to the highvoltage winding.
As can be seen from Fig. 2.13b, the parameters Req and Xeq can be determined from the
readings of voltmeter, ammeter, and wattmeter. In a well-designed transformer, R1 = a2 R1 = R02
0
and Xl1 = a2 Xl2 = Xl2
. Note that because the voltage applied under the short-circuit condition is
small, the core losses are neglected, and the wattmeter reading can be taken entirely to represent the copper losses in the windings, represented by Req .
The following example illustrates the computation of the parameters of the equivalent circuit
of a transformer.
EXAMPLE 2.2
Tests are performed on a 1φ, 10 kVA, 2200=220 V, 60 Hz transformer and the following results
are obtained.

Voltmeter
Ammeter
Wattmeter

Open-Circuit Test
(high-voltage side open)

Short-Circuit Test
(low-voltage side shorted)

220 V
2.5 A
100 W

150 V
4.55 A
215 W

(a) Derive the parameters for the approximate equivalent circuits referred to the low-voltage
side and the high-voltage side.
(b) Express the excitation current as a percentage of the rated current.
(c) Determine the power factor for the no-load and short-circuit tests.
Solution
Note that for the no-load test the supply voltage (full-rated voltage of 220 V) is applied to the
low-voltage winding, and for the short-circuit test the supply voltage is applied to the highvoltage winding with the low-voltage winding shorted. The subscripts H and L will be used to
represent quantities for the high-voltage and low-voltage windings, respectively.
The ratings of the windings are as follows:
VHðratedÞ = 2200 V
VLðratedÞ = 220 V
10,000
IHðratedÞ =
= 4:55 A
2200
ILðratedÞ =

10,000
= 45:5 A
220

VH IH jrated = VL IL jrated = 10 kVA
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The equivalent circuit and the phasor diagram for the open-circuit test are shown in
Fig. E2.2a.
Power, Poc =

VL2
RcL

RcL =

2202
= 484 Ω
100

IcL =

220
= 0:45 A
484

2 1=2
ImL = ðIL2 − IcL
Þ = ð2:52 − 0:452 Þ1=2 = 2:46 A

XmL =

VL
220
= 89:4 Ω
=
ImL
2:46

The corresponding parameters for the high-voltage side are obtained as follows:
Turns ratio a =

2200
= 10
220

RcH = a2 RcL = 102 × 484 = 48,400 Ω
XmH = 102 × 89:4 = 8940 Ω
The equivalent circuit with the low-voltage winding shorted is shown in Fig. E2.2b.

FIGURE E2.2

Voltage Regulation

55

2
Power Psc = IH
ReqH

ReqH =

215
= 10:4 Ω
4:552

ZeqH =

VH
150
= 32:97 Ω
=
IH
4:55

XeqH = ðZ2eqH − R2eqH Þ1=2 = ð32:972 − 10:42 Þ1=2 = 31:3 Ω
The corresponding parameters for the low-voltage side are as follows:
ReqL=

ReqH 10:4
=
= 0:104 Ω
a2
102
XeqL =

(b)

31:3
= 0:313 Ω
102

The approximate equivalent circuits referred to the low-voltage side and the highvoltage side are shown in Fig. E2.2c. Note that the impedance of the shunt branch is
much larger than that of the series branch.
From the no-load test the excitation current, with rated voltage applied to the lowvoltage winding, is
Iφ = 2:5 A
This is ð2:5=45:5Þ × 100% = 5:5% of the rated current of the winding.

(c)

Power factor at no load =
=

power
volt-ampere
100
220 × 2:5

= 0:182
Power factor at short-circuit condition =

2.3

215
= 0:315
150 × 4:55

▪

VOLTAGE REGULATION

Most loads connected to the secondary of a transformer are designed to operate at essentially
constant voltage. However, as the current is drawn through the transformer, the load terminal
voltage changes because of voltage drop in the internal impedance of the transformer.
Consider Fig. 2.14a, where the transformer is represented by a series impedance Zeq . If a load
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FIGURE 2.14

Voltage regulation.

is not applied to the transformer (i.e., open-circuit or no-load condition), the load terminal
voltage is
V2 jNL =

V1
a

ð2:14Þ

If the load switch is now closed and the load is connected to the transformer secondary, the
load terminal voltage is
V2 jL = V2 jNL ± ΔV2

ð2:15Þ

The load terminal voltage may go up or down depending on the nature of the load. This voltage
change is due to the voltage drop ðIZÞ in the internal impedance of the transformer. A large
voltage change is undesirable for many loads. For example, as more and more light bulbs are
connected to the transformer secondary and the voltage decreases appreciably, the bulbs will
glow with diminished illumination. To reduce the magnitude of the voltage change, the
transformer should be designed for a low value of the internal impedance Zeq .
A ﬁgure of merit called voltage regulation is used to identify this characteristic of voltage
change in a transformer with loading. The voltage regulation is deﬁned as the change in
magnitude of the secondary voltage as the load current changes from the no-load to the loaded
condition. This is expressed as follows:
Voltage regulation =

jV2 jNL − jV2 jL
jV2 jL

ð2:16Þ

The absolute signs are used to indicate that it is the change in magnitudes that is important for
the performance of the load. The voltages in Eq. 2.16 can be calculated by using equivalent
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circuits referred to either primary or secondary. Let us consider the equivalent circuit referred
to the primary, shown in Fig. 2.11b. Equation 2.16 can also be written as
Voltage regulation =

jV20 jNL − jV20 jL
jV20 jL

ð2:17Þ

The load voltage is normally taken as the rated voltage. Therefore,
jV20 jL = jV20 jrated

ð2:18Þ

V1 = V20 + I20 Req1 + jI20 Xeq1

ð2:19Þ

From Fig. 2.11b,

If the load is thrown off (I1 = I20 = 0), V1 will appear as V20 . Hence,
jV20 jNL = jV1 j

ð2:20Þ

Voltage regulation jV1 j − jV20 jrated
=
× 100%
ðin percentÞ
jV20 jrated

ð2:21Þ

From Eqs. 2.17, 2.18, and 2.20,

The voltage regulation depends on the power factor of the load. This can be appreciated from
the phasor diagram of the voltages. Based on Eq. 2.19 and Fig. 2.11b, the phasor diagram is
0
drawn in Fig. 2.14b. The locus of V1 is a circle of radius jI2 Zeq1 j. The magnitude of V1 will be
0
0
maximum if the phasor I2 Zeq1 is in phase with V2 . That is,
θ2 + θeq1 = 0

ð2:22Þ

where θ2 is the angle of the load impedance
θeq1 is the angle of the transformer equivalent impedance, Zeq1 .
From Eq. 2.22,
θ2 = − θeq1

ð2:23Þ

Therefore, the maximum voltage regulation occurs if the power factor angle of the load is the
same as the transformer equivalent impedance angle and the load power factor is lagging.
EXAMPLE 2.3
Consider the transformer in Example 2.2. Determine the voltage regulation in percent for the
following load conditions.
(a) 75% full load, 0.6 power factor lagging.
(b) 75% full load, 0.6 power factor leading.
(c) Draw the phasor diagram for conditions (a) and (b).
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Solution
Consider the equivalent circuit referred to the high-voltage side, as shown in Fig. E2.3. The
load voltage is assumed to be at the rated value. The condition 75% full load means that the
load current is 75% of the rated current. Therefore,
IH = IL0 = 0:75 × 4:55 = 3:41 A
Power factor

PF = cos θ2 = 0:6
θ2 = ±53:13

(a)

For a lagging power factor, θ2 = − 53:13
IH = 3:41= − 53:13 A
VH = VL0 + IL0 ZeqH
= 2200=0 + 3:41= − 53:13 ð10:4 + j31:3Þ
= 2200 + 35:46= − 53:13 + 106:73=90 − 53:13
= 2200 + 21:28 − j28:37 + 85:38 + j64:04
= 2306:66 + j35:67
= 2306:94=0:9 V
2306:94 − 2200
× 100%
2200
= 4:86%

Voltage regulation =

The meaning of 4.86% voltage regulation is that if the load is thrown off, the load terminal voltage will rise from 220 to 230:69 volts. In other words, when the 75% full load at

FIGURE E2.3
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0.6 lagging power factor is connected to the load terminals of the transformer, the
voltage drops from 230.69 to 220 volts.
(b)

For leading power factor load, θ2 = +53:13
VH = 2200=0 + 3:41=53:13 ð10:4 + j31:3Þ
= 2200 + 35:46=53:13 + 106:73=90 + 53:13
= 2200 + 21:28 + j28:37 − 85:38 + j64:04
= 2135:9 + j92:41
= 2137:9=2:48 V
Voltage regulation =

2137:9 − 2200
× 100%
2200

= − 2:82%
Note that the voltage regulation for this leading power factor load is negative. This
means that if the load is thrown off, the load terminal voltage will decrease from 220 to
213:79 volts. To put it differently, if the leading power factor load is connected to the
load terminals, the voltage will increase from 213.79 to 220 volts.
(c)

2.4

The phasor diagrams for both lagging and leading power factor loads are shown in
Fig. E2.3b. ▪

EFFICIENCY

Equipment is desired to operate at a high efﬁciency. Fortunately, losses in transformers are
small. Because the transformer is a static device, there are no rotational losses such as windage
and friction losses in a rotating machine. In a well-designed transformer the efﬁciency can be
as high as 99%. The efﬁciency is deﬁned as follows:
η=
=

output power ðPout Þ
input power ðPin Þ

ð2:24Þ

Pout
Pout + losses

ð2:25Þ

The losses in the transformer are the core loss (Pc ) and copper loss (Pcu ). Therefore,
η=

Pout
Pout + Pc + Pcu

ð2:26Þ

The copper loss can be determined if the winding currents and their resistances are known:
Pcu = I12 R1 + I22 R2

ð2:27Þ

= I12 Req1

ð2:27aÞ

= I22 Req2

ð2:27bÞ
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The copper loss is a function of the load current.
The core loss depends on the peak ﬂux density in the core, which in turn depends on the
voltage applied to the transformer. Since a transformer remains connected to an essentially
constant voltage, the core loss is almost constant and can be obtained from the no-load test of a
transformer, as shown in Example 2.2. Therefore, if the parameters of the equivalent circuit of
a transformer are known, the efﬁciency of the transformer under any operating condition may
be determined. Now,
Pout = V2 I2 cos θ2

ð2:28Þ

Therefore,
η=

V2 I2 cos θ2
V2 I2 cos θ2 + Pc + I22 Req2

ð2:29Þ

Normally, load voltage remains ﬁxed. Therefore, efﬁciency depends on load current ðI2 Þ and
load power factor (cos θ2 ).

2.4.1

MAXIMUM EFFICIENCY

For constant values of the terminal voltage V2 and load power factor angle θ2 , the maximum
efﬁciency occurs when
dη
=0
dI2

ð2:30Þ

If this condition is applied to Eq. 2.29, the condition for maximum efﬁciency is
Pc = I22 Req2

ð2:31Þ

That is, core loss = copper loss. For full-load condition,
2
Req2
Pcu,FL = I2,FL

ð2:31aÞ

Let
X=

I2
= per unit loading
I2,FL

ð2:31bÞ

From Eqs. 2.31, 2.31a, and 2.31b,
Pc = X 2 Pcu,FL
1=2

Pc
X=
Pcu,FL

ð2:31cÞ
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For constant values of the terminal voltage V2 and load current I2 , the maximum efﬁciency
occurs when
dη
=0
dθ2

ð2:32Þ

If this condition is applied to Eq. 2.29, the condition for maximum efﬁciency is
θ2 = 0

ð2:33Þ

cos θ2 = 1

ð2:33aÞ

that is, load power factor = 1

ð2:33bÞ

Therefore, maximum efﬁciency in a transformer occurs when the load power factor is unity
(i.e., resistive load) and load current is such that copper loss equals core loss. The variation of
efﬁciency with load current and load power factor is shown in Fig. 2.15.

2.4.2

ALL-DAY (OR ENERGY) EFFICIENCY, ηAD

The transformer in a power plant usually operates near its full capacity and is taken out of
circuit when it is not required. Such transformers are called power transformers, and they are
usually designed for maximum efﬁciency occurring near the rated output. A transformer
connected to the utility that supplies power to your house and the locality is called a distribution transformer. Such transformers are connected to the power system 24 hours a day
and operate well below the rated power output for most of the time. It is therefore desirable
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to design a distribution transformer for maximum efﬁciency occurring at the average output
power.
A ﬁgure of merit that will be more appropriate to represent the efﬁciency performance of a
distribution transformer is the “all-day” or “energy” efﬁciency of the transformer. This is
deﬁned as follows:
ηAD =
=

energy output over 24 hours
energy input over 24 hours
energy output over 24 hours
energy output over 24 hours + losses over 24 hours

ð2:34Þ

If the load cycle of the transformer is known, the all-day efﬁciency can be determined.
EXAMPLE 2.4
For the transformer in Example 2.2, determine
(a) Efﬁciency at 75% rated output and 0.6 PF.
(b) Power output at maximum efﬁciency and the value of maximum efﬁciency. At what
percent of full load does this maximum efﬁciency occur?
Solution
(a)

Pout = V2 I2 cos θ2
= 0:75 × 10; 000 × 0:6
= 4500 W
Pc = 100 W ðExample 2:2Þ
2
Pcu = IH
ReqH

= ð0:75 × 4:55Þ2 × 10:4 W
= 121 W
η=

4500
× 100%
4500 + 100 + 121

= 95:32%
(b)

At maximum efﬁciency,
Pcore = Pcu and PF = cos θ = 1

Efﬁciency
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Now, Pcore = 100 W = I22 Req2 = Pcu .

I2 =

100
0:104

1=2
= 31 A

Pout jηmax = V2 I2 cos θ2
= 220 × 31 × 1
= 6820 W
ηmax =

6820
× 100%
6820 + 100 + 100
"
"
Pcu
Pc

= 97:15%
Output kVA = 6:82
Rated kVA = 10
ηmax occurs at 68.2% full load.
Other Method
From Example 2.2,
Pcu,FL = 215 W
From Eq. 2.31c,

X=

1=2

100
215

= 0:68

▪

EXAMPLE 2.5
A 50 kVA, 2400=240 V transformer has a core loss Pc = 200 W at rated voltage and a copper loss
Pcu = 500 W at full load. It has the following load cycle:
% Load
Power factor
Hours

0.0%

50%

75%

100%

110%

6

1
6

0.8 lag
6

0.9 lag
3

1
3

Determine the all-day efﬁciency of the transformer.
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Solution
Energy output over 24 hours = 0:5 × 50 × 6 + 0:75 × 50 × 0:8
× 6 + 1 × 50 × 0:9 × 3 + 1:1 × 50 × 1
× 3 kWh
= 630 kWh
Energy losses over 24 hours:
Core loss = 0:2 × 24 = 4:8 kWh
Copper loss = 0:52 × 0:5 × 6 + 0:752 × 0:5 × 6
+ 12 × 0:5 × 3 + 1:12 × 0:5 × 3
= 5:76 kWh
Total energy loss = 4:8 + 5:76 = 10:56 kWh
630
ηAD =
× 100% = 98:35%
630 + 10:56

2.5

▪

AUTOTRANSFORMER

This is a special connection of the transformer from which a variable ac voltage can be
obtained at the secondary. A common winding as shown in Fig. 2.16 is mounted on a core and
the secondary is taken from a tap on the winding. In contrast to the two-winding transformer
discussed earlier, the primary and secondary of an autotransformer are physically connected.
However, the basic principle of operation is the same as that of the two-winding transformer.
Since all the turns link the same ﬂux in the transformer core,
V1
N1
=
=a
V2
N2

FIGURE 2.16

Autotransformer.

ð2:35Þ
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If the secondary tapping is replaced by a slider, the output voltage can be varied over the range
0 < V2 < V1 .
The ampere-turns provided by the upper half (i.e., by turns between points a and b) are


1
N1 I1
ð2:36Þ
FU = ðN1 − N2 ÞI1 = 1 −
a
The ampere-turns provided by the lower half (i.e., by turns between points b and c) are
FL = N2 ðI2 − I1 Þ =

N1
ðI2 − I1 Þ
a

ð2:37Þ

For ampere-turn balance, from Eqs. 2.36 and 2.37,


1
N1
ðI2 − I1 Þ
1−
N1 I1 =
a
a
I1
1
=
I2
a

ð2:38Þ

Equations 2.35 and 2.38 indicate that, viewed from the terminals of the autotransformer, the
voltages and currents are related by the same turns ratio as in a two-winding transformer.
The advantages of an autotransformer connection are lower leakage reactances, lower losses,
lower exciting current, increased kVA rating (see Example 2.6), and variable output voltage
when a sliding contact is used for the secondary. The disadvantage is the direct connection
between the primary and secondary sides.
EXAMPLE 2.6
A 1φ, 100 kVA, 2000=200 V two-winding transformer is connected as an autotransformer as
shown in Fig. E2.6 such that more than 2000 V is obtained at the secondary. The portion ab is
the 200 V winding, and the portion bc is the 2000 V winding. Compute the kVA rating as an
autotransformer.

FIGURE E2.6
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Solution
The current ratings of the windings are
Iab =

100,000
A = 500 A
200

Ibc =

100,000
= 50 A
2000

Therefore, for full-load operation of the autotransformer, the terminal currents are
IH = 500 A
IL = 500 + 50 = 550 A
Now, VL = 2000 V and
VH = 2000 + 200 = 2200 V
Therefore,
kVAjL =

2000 × 550
= 1100
1000

kVAjH =

2200 × 500
= 1100
1000

A single-phase, 100 kVA, two-winding transformer when connected as an autotransformer can
deliver 1100 kVA. Note that this higher rating of an autotransformer results from the conductive
connection. Not all of the 1100 kVA is transformed by electromagnetic induction. Also note that the
200-volt winding must have sufﬁcient insulation to withstand a voltage of 2200 V to ground. ▪

2.6

THREE-PHASE TRANSFORMERS

A three-phase system is used to generate and transmit bulk electrical energy. Three-phase transformers are required to step up or step down voltages in the various stages of power transmission.
A three-phase transformer can be built in one of two ways: by suitably connecting a bank of three
single-phase transformers, or by constructing a three-phase transformer on a common magnetic
structure.

2.6.1 BANK OF THREE SINGLE-PHASE TRANSFORMERS
(THREE-PHASE TRANSFORMER BANK)
A set of three similar single-phase transformers may be connected to form a three-phase
transformer. The primary and secondary windings may be connected in either wye ðYÞ or delta
ðΔÞ conﬁgurations. There are therefore four possible connections for a three-phase transformer: YΔ, ΔY, ΔΔ, and YY. Figure 2.17a shows a YΔ connection of a three-phase
transformer. On the primary side, three terminals of identical polarity are connected together
to form the neutral of the Y connection. On the secondary side, the windings are connected in

Three-Phase Transformers

FIGURE 2.17

67

Three-phase transformer connections.

series. A more convenient way of showing this connection is illustrated in Fig. 2.17b. The
primary and secondary windings shown parallel to each other belong to the same single-phase
transformer. The primary and secondary voltages and currents are also shown in Fig. 2.17b,
where V is the line-to-line voltage on the primary side and a ð= N1 =N2 Þ is the turns ratio of the
single-phase transformer. Other possible connections are also shown in Figs. 2.17c, d, and e. It
may be noted that for all possible connections, the total kVA of the three-phase transformer is
shared equally by each (phase) transformer. However, the voltage and current ratings of each
transformer depend on the connections used.
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YΔ: This connection is commonly used to step down a high voltage to a lower voltage.
The neutral point on the high-voltage side can be grounded, which is desirable in
most cases.
ΔY: This connection is commonly used to step up voltage.
ΔΔ: This connection has the advantage that one transformer can be removed for repair
and the remaining two can continue to deliver three-phase power at a reduced rating
of 58% of that of the original bank. This is known as the open-delta or V connection.
YY: This connection is rarely used because of problems with the exciting current and
induced voltages.

Phase Shift
Some of the three-phase transformer connections will result in a phase shift between the
primary and secondary line-to-line voltages. Consider the phasor voltages, shown in Fig. 2.18,
for the YΔ connections. The phasors VAN and Va are aligned, but the line voltage VAB of the
primary leads the line voltage Vab of the secondary by 30 . It can be shown that ΔY connection also provides a 30 phase shift between line-to-line voltages, whereas ΔΔ and YY
connections have no phase shift in their line-to-line voltages. This property of phase shift in
YΔ or ΔY connections can be used advantageously in some applications.

Single-Phase Equivalent Circuit
If the three transformers are practically identical and the source and load are balanced, then
the voltages and currents on both primary and secondary sides are balanced. The voltages and
currents in one phase are the same as those in other phases, except that there is a phase
displacement of 120 . Therefore, analysis of one phase is sufﬁcient to determine the variables
on the two sides of the transformer. A single-phase equivalent circuit can be conveniently
obtained if all sources, transformer windings, and load impedances are considered to be
Y-connected. The Y load can be obtained for the Δ load by the well-known YΔ transformation, as shown in Fig. 2.19b. The equivalent Y representation of the actual circuit

FIGURE 2.18 Phase shift in line-toline voltages in a three-phase
transformer.
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FIGURE 2.19

Three-phase transformer and equivalent circuit.
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(Fig. 2.19a) is shown in Fig. 2.19c, in which the primary and secondary line currents and lineto-line voltages are identical to those of the actual circuit of Fig. 2.19a. The turns ratio a0 of
this equivalent YY transformer is
pﬃﬃﬃ
V= 3 pﬃﬃﬃ
= 3a
ð2:39Þ
a0 =
V=3a
Also, for the actual transformer bank
pﬃﬃﬃ
Primary line-to-line voltage
V
pﬃﬃﬃ = 3a
=
Secondary line-to-line voltage V= 3a

ð2:40Þ

Therefore, the turns ratio for the equivalent single-phase transformer is the ratio of the lineto-line voltages on the primary and secondary sides of the actual transformer bank. The
single-phase equivalent circuit is shown in Fig. 2.19d. This equivalent circuit will be useful
if transformers are connected to load or power supply through feeders, as illustrated in
Example 2.8.
EXAMPLE 2.7
Three 1φ, 50 kVA, 2300=230 V, 60 Hz transformers are connected to form a 3φ, 4000=230 V
transformer bank. The equivalent impedance of each transformer referred to low voltage is
0:012 + j0:016 Ω. The 3φ transformer supplies a 3φ, 120 kVA, 230 V, 0:85 PF (lag) load.
(a) Draw a schematic diagram showing the transformer connection.
(b) Determine the transformer winding currents.
(c) Determine the primary voltage (line-to-line) required.
(d) Determine the voltage regulation.
Solution
(a)

The connection diagram is shown in Fig. E2.7a. The high-voltage windings are to be
connected in wye so that the primary can be connected to the 4000 V supply. The lowvoltage winding is connected in delta to form a 230 V system for the load.

(b)

120,000
Is = pﬃﬃﬃ
= 301:24 A
3 × 230
I2 =
a=
I1 =

301:24
pﬃﬃﬃ = 173:92 A
3
2300
= 10
230
173:92
= 17:39 A
10
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FIGURE E2.7

(c)

Computation can be carried out on a per-phase basis.
Zeq1 = ð0:012 + j0:016Þ102
= 1:2 + j1:6 Ω
φ = cos − 1 0:85 = 31:8
The primary equivalent circuit is shown in Fig. E2.7b.
V1 = 2300=0 + 17:39= − 31:8 ð1:2 + j1:6Þ
jV1 j = 2332:4 V
pﬃﬃﬃ
Primary line-to-line voltage = 3V1 = 4039:8 V

(d)

VR =

2332:4 − 2300
× 100% = 1:41%
2300

▪

EXAMPLE 2.8
A 3φ, 230 V, 27 kVA, 0:9 PF (lag) load is supplied by three 10 kVA, 1330=230 V, 60 Hz transformers
connected in YΔ by means of a common 3φ feeder whose impedance is 0:003 + j0:015 Ω per
phase. The transformers are supplied from a 3φ source through a 3φ feeder whose impedance is
0:8 + j5:0 Ω per phase. The equivalent impedance of one transformer referred to the low-voltage
side is 0:12 + j0:25 Ω. Determine the required supply voltage if the load voltage is 230 V.
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Solution
The circuit is shown in Fig. E2.8a.
The equivalent circuit of the individual transformer referred to the high-voltage side is
2

1330
ð0:12 + j0:25Þ
ReqH + jXeqH =
230
= 4:01 + j8:36
The turns ratio of the equivalent YY bank is
pﬃﬃﬃ
3 × 1330
0
a =
= 10
230
The single-phase equivalent circuit of the system is shown Fig. E2.8b. All the impedances
from the primary side can be transferred to the secondary side and combined with the feeder
impedance on the secondary side.
1
R = ð0:80 + 4:01Þ 2 + 0:003 = 0:051 Ω
10
X = ð5 + 8:36Þ

FIGURE E2.8

1
+ 0:015 = 0:149 Ω
102
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The circuit is shown in Fig. E2.8c.
230
VL = pﬃﬃﬃ =0 = 133=0 V
3
IL =

27 × 103
= 67:67 A
3 × 133

φL = − cos − 1 0:9 = −25:8
0

V s = 133=0 + 67:67= − 25:8 ð0:051 + j0:149Þ
= 133=0 + 10:6571=45:3
= 140:7=3:1 V
Vs = 140:7 × 10 = 1407 V
The line-to-line supply voltage is
pﬃﬃﬃ
1407 3 = 2437 V

▪

V Connection
It was stated earlier that in the ΔΔ connection of three single-phase transformers, one
transformer can be removed and the system can still deliver three-phase power to a three-phase
load. This conﬁguration is known as an open-delta or V connection. It may be employed in an
emergency situation when one transformer must be removed for repair and continuity of
service is required.
Consider Fig. 2.20a, in which one transformer, shown dotted, is removed. For simplicity the
load is considered to be Y-connected. Figure 2.20b shows the phasor diagram for voltages and
currents. Here VAB , VBC , and VCA represent the line-to-line voltages of the primary; Vab , Vbc ,
and Vca represent the line-to-line voltages of the secondary; and Van , Vbn , and Vcn represent the
phase voltages of the load. For an inductive load, the load currents Ia , Ib , and Ic will lag
the corresponding voltages Van , Vbn , and Vcn by the load phase angle φ.
Transformer windings ab and bc deliver power
Pab = Vab Ia cosð30 + φÞ

ð2:41Þ

Pbc = Vcb Ic cosð30 − φÞ

ð2:42Þ

Let
jVab j = jVcb j = V,

voltage rating of the transformer secondary winding

jIa j = jIc j = I,

current rating of the transformer secondary winding

and φ = 0 for a resistive load. Power delivered to the load by the V connection is
Pv = Pab + Pbc = 2VI cos 30

ð2:43Þ
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FIGURE 2.20

V connection.

With all three transformers connected in delta, the power delivered is
PΔ = 3VI

ð2:44Þ

PV
2 cos 30
= 0:58
=
PΔ
3

ð2:45Þ

From Eqs. 2.43 and 2.44,

The V connection is capable of delivering 58% power without overloading the transformer
(i.e., not exceeding the current rating of the transformer windings).

2.6.2 THREE-PHASE TRANSFORMER ON A COMMON MAGNETIC
CORE (THREE-PHASE UNIT TRANSFORMER)
A three-phase transformer can be constructed by having three primary and three secondary
windings on a common magnetic core. Consider three single-phase core-type units as shown in
Fig. 2.21a. For simplicity, only the primary windings have been shown. If balanced three-phase
sinusoidal voltages are applied to the windings, the ﬂuxes Φa , Φb , and Φc will also be sinusoidal
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Development of a three-phase core-type transformer.

and balanced. If the three legs carrying these ﬂuxes are merged, the net ﬂux in the merged leg is
zero. This leg can therefore be removed as shown in Fig. 2.21b. This structure is not convenient
to build. However, if section b is pushed in between sections a and c by removing its yokes, a
common magnetic structure, shown in Fig. 2.21c, is obtained. This core structure can be built
using stacked laminations as shown in Fig. 2.21d. Both primary and secondary windings of a
phase are placed on the same leg. Note that the magnetic paths of legs a and c are somewhat
longer than that of leg b (Fig. 2.21c). This will result in some imbalance in the magnetizing
currents. However, this imbalance is not signiﬁcant.
Figure 2.22 shows a picture of a three-phase transformer of this type. Such a transformer
weighs less, costs less, and requires less space than a three-phase transformer bank of the same
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FIGURE 2.22 Photograph of a 3φ
unit transformer.

rating. The disadvantage is that if one phase breaks down, the whole transformer must be
removed for repair.

2.7

HARMONICS IN THREE-PHASE TRANSFORMER BANKS

If a transformer is operated at a higher ﬂux density, it will require less magnetic material.
Therefore, from an economic point of view, a transformer is designed to operate in the saturating region of the magnetic core. This makes the exciting current nonsinusoidal, as discussed
in Chapter 1. The exciting current will contain the fundamental and all odd harmonics.
However, the third harmonic is the predominant one, and for all practical purposes harmonics
higher than third (ﬁfth, seventh, ninth, etc.) can be neglected. At rated voltage the third harmonic in the exciting current can be 5 to 10% of the fundamental. At 150% rated voltage, the
third harmonic current can be as high as 30 to 40% of the fundamental.
In this section we will study how these harmonics are generated in various connections of
the three-phase transformers and ways to limit their effects.
Consider the system shown in Fig. 2.23a. The primary windings are connected in Y and the
neutral point N of the supply is available. The secondary windings can be connected in Δ.

Switch SW1 Closed and Switch SW2 Open

Because SW2 is open, no current ﬂows in the secondary windings. The currents ﬂowing in the
primary are the exciting currents. We assume that the exciting currents contain only fundamental and third-harmonic currents as shown in Fig. 2.23b. Mathematically,
iA = Im1 sin ωt + Im3 sin 3 ωt

ð2:46Þ
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FIGURE 2.23 Harmonic
current in three-phase
transformer connections.
(a) YΔ connection,
(b) Waveforms of
exciting currents.

iB = Im1 sinðωt − 120 Þ + Im3 sin 3ðωt − 120 Þ




iC = Im1 sinðωt − 240 Þ + Im3 sin 3ðωt − 240 Þ

ð2:47Þ
ð2:48Þ

The current in the neutral line is
iN0 N = iA + iB + iC = 3Im3 sin 3ωt

ð2:49Þ
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Note that fundamental currents in the windings are phase-shifted by 120 from each other,
whereas third-harmonic currents are all in phase. The neutral line carries only the third-harmonic current, as can be seen in the oscillogram of Fig. 2.24a.
Because the exciting current is nonsinusoidal (Fig. 2.24b), the ﬂux in the core and hence the
induced voltages in the windings will be sinusoidal. The secondary windings are open, and
therefore the voltage across a secondary winding will represent the induced voltage.
vΔ0 = va + vb + vc = 0

ð2:50Þ

Both SW1 and SW2 Open

In this case the third-harmonic currents cannot ﬂow in the primary windings. Therefore, the
primary currents are essentially sinusoidal. If the exciting current is sinusoidal, the ﬂux is
nonsinusoidal because of nonlinear B  H characteristics of the magnetic core, and it contains
third-harmonic components. This will induce third-harmonic voltage in the windings. The phase
voltages are therefore nonsinusoidal, containing fundamental and third-harmonic voltages.
vA = vA1 + vA3

ð2:51Þ

vB = vB1 + vB3

ð2:52Þ

vC = vC1 + vC3

ð2:53Þ

fundamental
voltages

third-harmonic
voltages

FIGURE 2.24 Oscillograms of currents and voltages in a YΔ-connected
transformer.
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The line-to-line voltage is
vAB = vA − vB
= vA1 − vB1 + vA3 − vB3

ð2:54Þ
ð2:55Þ

Because vA3 and vB3 are in phase and have the same magnitude,
vA3 − vB3 = 0

ð2:56Þ

Therefore,
vAB = vA1 − vB1

ð2:57Þ

Note that although phase voltages have third-harmonic components, the line-to-line voltages
do not.
The open-delta voltage (Fig. 2.23a) of the secondary is
vΔ0 = va + vb + vc

ð2:58Þ

= ðva1 + vb1 + vc1 Þ + ðva3 + vb3 + vc3 Þ

ð2:58aÞ

= va3 + vb3 + vc3

ð2:58bÞ

= 3va3

ð2:58cÞ

The voltage across the open delta is the sum of the three third-harmonic voltages induced in the
secondary windings.

Switch SW1 Open and Switch SW2 Closed
If switch SW2 is closed, the voltage vΔ0 will drive a third-harmonic current around the secondary delta. This will provide the missing third-harmonic component of the primary exciting
current and consequently the ﬂux and induced voltage will be essentially sinusoidal, as shown
in Fig. 2.24c.

YY System with Tertiary ðΔÞ Winding
For high voltages on both sides, it may be desirable to connect both primary and secondary
windings in Y, as shown in Fig. 2.25. In this case third-harmonic currents cannot ﬂow
either in primary or in secondary. A third set of windings, called a tertiary winding, connected in Δ is normally ﬁtted on the core so that the required third-harmonic component of
the exciting current can be supplied. This tertiary winding can also supply an auxiliary load
if necessary.

2.8

PER-UNIT (PU) SYSTEM

Computations using the actual values of parameters and variables may be lengthy and timeconsuming. However, if the quantities are expressed in a per-unit (pu) system, computations
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FIGURE 2.25 YY system with a tertiary ðΔÞ transformer.

are much simpliﬁed. The pu quantity is deﬁned as follows:
Quantity in pu =

actual quantity
base ðor referenceÞ value of the quantity

ð2:59Þ

There are two major advantages in using a per-unit system: (1) The parameters and variables
fall in a narrow numerical range when expressed in a per-unit system; this simpliﬁes computations and makes it possible to quickly check the correctness of the computed values. (2) One
need not refer circuit quantities from one side to another; therefore, a common source of
mistakes is removed.
To establish a per-unit system, it is necessary to select base (or reference) values for any two
of power, voltage, current, and impedance. Once base values for any two of the four quantities
have been selected, the base values for the other two can be determined from the relationship
among these four quantities. Usually base values of power and voltage are selected ﬁrst and
base values of current and impedance are obtained as follows:
Pbase ,Vbase selected
Ibase =

Pbase
Vbase

ð2:60Þ

Zbase =

Vbase
Ibase

ð2:61Þ

=

2
Vbase
Pbase

ð2:62Þ

Although base values can be chosen arbitrarily, normally the rated volt-amperes and rated
voltage are taken as the base values for power and voltage, respectively.
Sbase = Pbase = rated volt-amperes ðVAÞ
Vbase = rated voltage ðVÞ

Per-Unit (PU) System
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In the case of a transformer, the power base is the same for both primary and secondary.
However, the values of Vbase are different on each side, because rated voltages are different for
the two sides.
Primary side:
Vbase , VB1 = VR1 = rated voltage of primary
Ibase , IB1 = IR1 = rated current of primary
VR1
Zbase , ZB1 =
IR1
Let
Zeq1 = equivalent impedance of the transformer referred to the primary side
Zeq1,pu = per-unit value of Zeq1 = Zeq1 =ZB1
=

Zeq1
VR1 =IR1

= Zeq1

ð2:63Þ

IR1
VR1

Secondary side:
Vbase , VB2 = VR2 = rated voltage of secondary
Ibase , IB2 = IR2 = rated current of secondary
Zbase , ZB2 =

VR2
IR2

Let
Zeq2 = equivalent impedance referred to the secondary side
Zeq2,pu = per-unit value of Zeq2
=

Zeq2
ZB2

=

Zeq1 =a2
ZB1 =a2

=

Zeq1
ZB1

Zeq2,pu = Zeq1,pu

ð2:64Þ

ð2:65Þ
ð2:66Þ

Therefore, the per-unit transformer impedance is the same referred to either side of the
transformer. This is another advantage of expressing quantities in a per-unit system.

82

chapter 2 Transformers

In a transformer, when voltages or currents of either side are expressed in a per-unit system,
they have the same per-unit values.
I1,pu =

I1
I1
I2 =a
I2
I2
=
=
=
=
= I2,pu
IB1
IR1
IB2
IR2 =a IR2

V1,pu =

V1
V1
aV2
=
=
VB1
VR1
aVR2

V2
V2
=
=
= V2,pu
VR2
VB2

2.8.1

ð2:67Þ

ð2:68Þ

TRANSFORMER EQUIVALENT CIRCUIT IN PER-UNIT FORM

The equivalent circuit of a transformer referred to the primary side is shown in Fig. 2.26a. The
equation in terms of actual values is
V1 = I1 Zeq1 + V20

ð2:69Þ

The equation in per-unit form can be obtained by dividing Eq. 2.69 throughout by the base
value of the primary voltage.
I1 Zeq1
V1
V0
=
+ 2
VR1
VR1
VR1
=

I1 Zeq1
aV2
+
IR1 ZB1
aVR2

V1,pu = I1,pu Zeq1,pu + V2,pu

ð2:70Þ

Based on Eq. 2.70, the equivalent circuit in per-unit form is shown in Fig. 2.26b. It has been
shown that the voltages, currents, and impedances in per-unit representation have the same

FIGURE 2.26 Transformer equivalent circuit
in per-unit form.
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values whether they are referred to primary or secondary. Hence, the transformer equivalent
circuit in per-unit form for either side is the one shown in Fig. 2.26c. Note that the values of
V1,pu and V2,pu are generally close to 1 pu, and this makes the analysis somewhat easier.

2.8.2

FULL-LOAD COPPER LOSS

Let
Pcu,FL = full-load copper loss
ð2:71Þ

2
Req1
= IR1

The full-load copper loss in per-unit form based on the volt-ampere rating of the transformer is

Pcu,FL jpu =

2
IR1
Req1
Pbase

=

2
IR1
Req1
VR1 IR1

=

Req1
VR1 =IR1

=

Req1
ZB1

= Req1,pu

ð2:72Þ

Hence, the transformer resistance expressed in per-unit form also represents the full-load
copper loss in per-unit form. The per-unit value of the resistance is therefore more useful than
its ohmic value in determining the performance of a transformer.

EXAMPLE 2.9
The exciting current of a 1φ, 10 kVA, 2200=220 V, 60 Hz transformer is 0:25 A when measured
on the high-voltage side. Its equivalent impedance is 10:4 + j31:3 Ω when referred to the highvoltage side. Taking the transformer rating as base,
(a) Determine the base values of voltages, currents, and impedances for both high-voltage
and low-voltage sides.
(b) Express the exciting current in per-unit form for both high-voltage and low-voltage sides.
(c) Obtain the equivalent circuit in per-unit form.
(d) Find the full-load copper loss in per-unit form.
(e) Determine the per-unit voltage regulation (using the per-unit equivalent circuit from part
c) when the transformer delivers 75% full load at 0.6 lagging power factor.
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Solution
(a)

Pbase = 10,000 VA, a = 10:
Using the subscripts H and L to indicate high-voltage and low-voltage sides, the base
values of voltages, currents, and impedances are
Vbase,H = 2200 V = 1 pu
Vbase,L = 220 V = 1 pu

(b)

Ibase,H =

10,000
= 4:55 A = 1 pu
2200

Ibase,L =

10,000
= 45:5 A = 1 pu
220

Zbase,H =

2200
= 483:52 Ω = 1 pu
4:55

Zbase,L =

220
= 4:835 Ω = 1 pu
45:5

IφH jpu =

0:25
= 0:055 pu
4:55

The exciting current referred to the low-voltage side is 0:25 × 10 = 2:5 A. Its per-unit
value is
2:5
IφL jpu =
= 0:055 pu
45:5
Note that although the actual values of the exciting current are different for the two
sides, the per-unit values are the same. For this transformer, this means that the exciting
current is 5.5% of the rated current of the side in which it is measured.
(c)

Zeq,H jpu =

10:4 + j31:3
= 0:0215 + j0:0647 pu
483:52

The equivalent impedance referred to the low-voltage side is
Zeq,L = ð10:4 + j31:3Þ

1
100

= 0:104 + j0 :313 Ω
Its per-unit value is
Zeq,1 jpu =

0:104 + j0:313
= 0:0215 + j0:0647 pu
4:835

The per-unit values of the equivalent impedances referred to the high-and low-voltage
sides are the same. The per-unit equivalent circuit is shown in Fig. E2.9.

Problems

85

FIGURE E2.9

(d)

Pcu,FL = 4:552 × 10:4 W
= 215 W
Pcu,FL jpu =

215
= 0:0215 pu
10,000

Note that this is same as the per-unit value of the equivalent resistance.
(e)

From Fig. E2.9
I = 0:75= − 53:13 pu
V2 = 1=0 pu
Zeq;pu = 0:0215 + j0:0647 pu
V1 = 1=0 + 0:75= − 53:13 ð0:0215 + j0:0647Þ
= 1:0486=9 pu
Voltage regulation =

1:0486 − 1:0
= 0:0486 pu
1:0

= 4:86%

ðsee Example 2:3Þ

Note that the computation in the per-unit system involves smaller numerical values than
the computation using actual values (see Example 2.3). Also, the value of V1 in pu form
promptly gives a perception of voltage regulation. ▪

PROBLEMS
2.1

A 1 ϕ, 4600=460 V, 60 Hz, transformer is connected to a 1ϕ, 60 Hz, 4600 V power supply. The
maximum ﬂux density in the core is 0:85 T. If the induced voltage per turn in 10 V, determine
(a) The primary turns (N1 ) and the secondary turns (N2 ).
(b)

2.2

The cross-sectional area (Ac ) of the core.

The ﬂux in the core of a 1 ϕ transformer varies with time as shown in Fig. P2.2. The primary coil
has 400 turns and the secondary coil has 100 turns. Sketch the waveform of the induced voltage e1
in the primary winding.
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FIGURE P2.2

A single-phase transformer has 800 turns on the primary winding and 400 turns on the secondary
winding. The cross-sectional core area is 50 cm2 . If the primary winding is connected to a 1 ϕ,
1000 V, 60 Hz supply, calculate
(a) The maximum value of the ﬂux density in the core, Bmax .
(b)

2.4

A single-phase transformer has 500 turns in the primary winding. When it is connected to a 1 ϕ,
120 V, 60 Hz power supply, the no-load current is 1:6 A and the no-load power is 80 W.
Neglect the winding resistance and leakage reactance of the winding. Calculate
(a)

2.5

The induced voltage in the secondary winding.

The core loss current, Ic .

(b)

The magnetizing current, Im .

(c)

The peak value of the core ﬂux, Φmax .

(d)

The magnetizing impedance Zm , magnetizing reactance Xm , core loss resistance Rc .

A coil with 100 turns is connected to a 120 V, 60 Hz power supply. If the magnetizing current is
5 A, calculate the following:
(a) The peak value of the ﬂux, Φmax .

2.6

2.7

(b)

The peak value of the mmf, MMFpeak .

(c)

The reactance of the coil, Xm .

(d)

The inductance of the coil, Lm .

A 1 ϕ, 5 kVA, 240=120 V, 60 Hz transformer has a core loss of 100 W at rated voltage and copper
loss of 120 W at rated current. Calculate the efﬁciency for the following load condition:
(a)

It is delivering 5 kVA at rated voltage and a power factor of 0.8.

(b)

It is delivering 2 kVA at rated voltage and a power factor of 0.8.

A 1 ϕ, 1200 kVA, 240=120 V, 60 Hz transformer has a no load loss of 3:2 kW at rated voltage and a
copper loss of 9:5 kW at rated current. Determine the efﬁciency for the following load conditions:
(a) 1200 kVA at unity power factor.

2.8

(b)

1200 kVA at 0.9 power factor.

(c)

1200 kVA at 0.0 power factor (i.e., pure L or C load).

A resistive load varies from 1 to 0:5 Ω. The load is supplied by an ac generator through an ideal
transformer whose turns ratio can be changed by using different taps as shown in Fig. P2.8. The
generator can be modeled as a constant voltage of 100 V (rms) in series with an inductive reactance of j1 Ω. For maximum power transfer to the load, the effective load resistance seen at the
transformer primary (generator side) must equal the series impedance of the generator—that is,
the referred value of R to the primary side is always 1 Ω.
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(a) Determine the range of turns ratio for maximum power transfer to the load.
(b)

Determine the range of load voltages for maximum power transfer.

(c)

Determine the power transferred.

FIGURE P2.8
2.9

A 1φ, two-winding transformer has 1000 turns on the primary and 500 turns on the secondary.
The primary winding is connected to a 220 V supply and the secondary winding is connected to a
5 kVA load. The transformer can be considered ideal.
(a) Determine the load voltage.

2.10

(b)

Determine the load impedance.

(c)

Determine the load impedance referred to the primary.

A 1φ, 10 kVA, 220=110 V, 60 Hz transformer is connected to a 220 V supply. It draws rated current
at 0.8 power factor leading. The transformer may be considered ideal.
(a) Determine the kVA rating of the load.
(b)

2.11

Determine the impedance of the load.

For the circuit shown in Fig. P2.11, consider the transformer to be ideal with the turns ratio 1:100.
Calculate the actual load voltage V2 and the supply current I1 .
j5 Ω

–j20 kΩ

I1
20 V

V2

V1
1:100

30 kΩ

FIGURE P2.11

2.12

A 1 ϕ, 2400=240 V transformer has R1 = 0:75 Ω and X1 = 1:5 Ω. It is drawing 100 A at a lagging
power factor of 0.8. Determine the induced voltage E1 in the primary winding.

2.13

A 1φ, 100 kVA, 1000=100 V transformer gave the following test results:
open-circuit test (HV side open)
100 V, 6:0 A, 400 W
short-circuit test
50 V, 100 A, 1800 W

88

chapter 2 Transformers

(a) Determine the rated voltage and rated current for the high-voltage and low-voltage sides.

2.14

(b)

Derive an approximate equivalent circuit referred to the HV side.

(c)

Determine the voltage regulation at full load, 0.6 PF leading.

(d)

Draw the phasor diagram for condition (c).

A 1φ, 25 kVA, 220=440 V, 60 Hz transformer gave the following test results.
Open circuit test (440 V side open): 220 V, 9:5 A, 650 W
Short-circuit test (220 V side shorted): 37:5 V, 55 A, 950 W
(a) Derive the approximate equivalent circuit in per-unit values.

2.15

(b)

Determine the voltage regulation at full load, 0.8 PF lagging.

(c)

Draw the phasor diagram for condition (b).

A 1φ, 10 kVA, 2400=120 V, 60 Hz transformer has the following equivalent circuit parameters:
Zeq,H = 5 + j25 Ω
RcðHVÞ = 64 k Ω
XMðHVÞ = 9:6 k Ω
Standard no-load and short-circuit tests are performed on this transformer.
Determine the following:
No-load test results :
Short-circuit test results :

2.16

Voc , Ioc , and Poc
Vsc , Isc , and Psc

A 1φ, 100 kVA, 11,000/2200 V, 60 Hz transformer has the following parameters.
RHV = 6:0 Ω
LHV = 0:08 H
LmðHVÞ = 160 H
RcðHVÞ = 125 kΩ
RLV = 0:28 Ω
LLV = 0:0032 H
Obtain an equivalent circuit of the transformer:
(a) Referred to the high-voltage side.
(b)

2.17

Referred to the low-voltage side.

A 1φ, 440 V, 80 kW load, having a lagging power factor of 0.8, is supplied through a feeder of
impedance 0:6 + j1:6 Ω and a 1φ, 100 kVA, 220=440 V, 60 Hz transformer. The equivalent
impedance of the transformer referred to the high-voltage side is 1:15 + j4:5 Ω.
(a) Draw the schematic diagram showing the transformer connection.
(b)

Determine the voltage at the high-voltage terminal of the transformer.

(c)

Determine the voltage at the sending end of the feeder.
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A 1φ, 3 kVA, 240=120 V, 60 Hz transformer has the following parameters:
RHV = 0:25 Ω,
XHV = 0:75 Ω,

RLV = 0:05 Ω
XLV = 0:18 Ω

(a) Determine the voltage regulation when the transformer is supplying full load at 110 V and
0.9 leading power factor.
(b)
2.19

If the load terminals are accidentally short-circuited, determine the currents in the highvoltage and low-voltage windings.

A single-phase, 300 kVA, 11 kV=2:2 kV, 60 Hz transformer has the following equivalent circuit
parameters referred to the high-voltage side:
RcðHVÞ = 57:6 kΩ,
ReqðHVÞ = 2:784 Ω

XmðHVÞ = 16:34 kΩ
XeqðHVÞ = 8:45 Ω

(a) Determine

(i) No-load current as a percentage of full-1φ load current.
(ii) No-load power loss (i.e., core loss).
(iii) No-load power factor.
(iv) Full-load copper loss.
(b)
2.20

If the load impedance on the low-voltage side is Zload = 16=60 Ω determine the voltage
regulation using the approximate equivalent circuit.

A 1φ, 250 kVA, 11 kV=2:2 kV, 60 Hz transformer has the following parameters.
RHV = 1:3 Ω

XHV = 4:5 Ω

RLV = 0:05 Ω

XLV = 0:16

RCðLVÞ = 2:4 kΩ

XmðLVÞ = 0:8 kΩ

(a) Draw the approximate equivalent circuit (i.e., magnetizing branch, with Rc and Xm connected to the supply terminals) referred to the HV side and show the parameter values.
(b)

Determine the no-load current in amperes (HV side) as well as in per unit.

(c)

If the low-voltage winding terminals are shorted, determine

(i) The supply voltage required to pass rated current through the shorted winding.
(ii) The losses in the transformer.
(d)

The HV winding of the transformer is connected to the 11 kV supply and a load,
ZL = 15= − 90 Ω is connected to the low-voltage winding.
Determine:

(i) Load voltage.
jV j
− jV2 jno load
(ii) Voltage regulation = 2 load
× 100:
jV2 jload
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(a) The transformer is connected to a supply on the LV (low-voltage) side, and the HV (highvoltage) side is shorted. For rated current in the HV winding, determine:

(a) The current in the LV winding.
(b) The voltage applied to the transformer.
(c) The power loss in the transformer.
(b)

The HV side of the transformer is now connected to a 2300 V supply and a load is connected
to the LV side. The load is such that rated current ﬂows through the transformer, and the
supply power factor is unity. Determine:

(a) The load impedance.
(b) The load voltage.
(c) Voltage regulation (use Eq. 2.16).
2.22

A 1φ, 25 kVA, 2300=230 V transformer has the following parameters:
Zeq,H = 4:0 + j5:0 Ω
Rc,L = 450 Ω
Xm,L = 300 Ω
The transformer is connected to a load whose power factor varies. Determine the worst-case
voltage regulation for full-load output.

2.23

For the transformer in Problem 2.22:
(a) Determine efﬁciency when the transformer delivers full load at rated voltage and 0.85 power
factor lagging.
(b)

2.24

Determine the percentage loading of the transformer at which the efﬁciency is a maximum
and calculate this efﬁciency if the power factor is 0.85 and load voltage is 230 V.

A 1φ, 10 kVA, 2400=240 V, 60 Hz distribution transformer has the following characteristics:
Core loss at full voltage = 100 W
Copper loss at half load = 60 W
(a) Determine the efﬁciency of the transformer when it delivers full load at 0.8 power factor
lagging.
(b)

Determine the per-unit rating at which the transformer efﬁciency is a maximum. Determine
this efﬁciency if the load power factor is 0.9.

(c)

The transformer has the following load cycle:
No load for 6 hours
70% full load for 10 hours at 0.8 PF
90% full load for 8 hours at 0.9 PF

Determine the all-day efﬁciency of the transformer.
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The transformer of Problem 2.24 is to be used as an autotransformer.
(a) Show the connection that will result in maximum kVA rating.

2.26

(b)

Determine the voltage ratings of the high-voltage and low-voltage sides.

(c)

Determine the kVA rating of the autotransformer. Calculate for both high-voltage and lowvoltage sides.

A 1φ, 10 kVA, 460=120 V, 60 Hz transformer has an efﬁciency of 96% when it delivers 9 kW at 0.9
power factor. This transformer is connected as an autotransformer to supply load to a 460 V
circuit from a 580 V source.
(a) Show the autotransformer connection.

2.27

(b)

Determine the maximum kVA the autotransformer can supply to the 460 V circuit.

(c)

Determine the efﬁciency of the autotransformer for full load at 0.9 power factor.

Reconnect the windings of a 1φ, 3 kVA, 240=120 V, 60 Hz transformer so that it can supply a load
at 330 V from a 110 V supply.
(a) Show the connection.
(b)

2.28

Determine the maximum kVA the reconnected transformer can deliver.

Three 1φ, 10 kVA, 460=120 V, 60 Hz transformers are connected to form a 3φ, 460=208 V transformer bank. The equivalent impedance of each transformer referred to the high-voltage side is
1:0 + j2:0 Ω. The transformer delivers 20 kW at 0.8 power factor (leading).
(a) Draw a schematic diagram showing the transformer connection.

2.29

(b)

Determine the transformer winding current.

(c)

Determine the primary voltage.

(d)

Determine the voltage regulation.

Three 1φ, 100 kVA, 2300=460 V, 60 Hz transformers are connected to form a 3φ, 2300=460 V transformer bank. The equivalent impedance of each transformer referred to its low-voltage side is
0:045 + j0:16 Ω. The transformer is connected to a 3φ source through 3φ feeders, the impedance of
each feeder being 0:5 + j1:5 Ω. The transformer delivers full load at 460 V and 0.85 power factor
lagging.
(a) Draw a schematic diagram showing the transformer connection.

2.30

(b)

Determine the single-phase equivalent circuit.

(c)

Determine the sending end voltage of the 3φ source.

(d)

Determine the transformer winding currents.

Two identical 250 kVA, 230=460 V transformers are connected in open delta to supply a balanced
3φ load at 460 V and a power factor of 0.8 lagging. Determine
(a) The maximum secondary line current without overloading the transformers.
(b)

The real power delivered by each transformer.

(c)

The primary line currents.

(d)

If a similar transformer is now added to complete the Δ, ﬁnd the percentage increase in real
power that can be supplied. Assume that the load voltage and power factor remain
unchanged at 460 V and 0.8 lagging, respectively.
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Three identical single-phase transformers, each of rating 20 kVA, 2300=230 V, 60 Hz, are connected YY to form a 3φ transformer bank. The high-voltage side is connected to a 3φ, 4000 V,
60 Hz supply, and the secondary is left open. The neutral of the primary is not connected to the
neutral of the supply. The voltage between the primary neutral and the supply neutral is measured
to be 1200 V.
(a) Describe the voltage waveform between primary neutral and supply neutral. Neglect harmonics higher than third.

2.32

2.33

2.34

(b)

Determine the ratio of (i) phase voltages of the two sides and (ii) line voltages of the two sides.

(c)

Determine the ratio of the rms line-to-line voltage to the rms line-to-neutral voltage on each
side.

A 1φ, 200 kVA, 2100=210 V, 60 Hz transformer has the following characteristics. The impedance
of the high-voltage winding is 0:25 + j1:5 Ω with the low-voltage winding short-circuited. The
admittance (i.e., inverse of impedance) of the low-voltage winding is 0:025 − j0:075 mhos with
the high-voltage winding open-circuited.
(a)

Taking the transformer rating as base, determine the base values of power, voltage, current,
and impedance for both the high-voltage and low-voltage sides of the transformer.

(b)

Determine the per-unit value of the equivalent resistance and leakage reactance of the
transformer.

(c)

Determine the per-unit value of the excitation current at rated voltage.

(d)

Determine the per-unit value of the total power loss in the transformer at full-load output
condition.

A single-phase transformer has an equivalent leakage reactance of 0.04 per unit. The full-load
copper loss is 0.015 per unit and the no-load power loss at rated voltage is 0:01 pu. The transformer supplies full-load power at rated voltage and 0.85 lagging power factor.
(a)

Determine the efﬁciency of the transformer.

(b)

Determine the voltage regulation.

A 1φ, 10 kVA, 7500=250 V, 60 Hz transformer has Zeq = 0:015 + j0:06 pu, Rc = 60 pu, and
Xm = 20 pu.
(a) Determine the equivalent circuit in ohmic values referred to the low-voltage side.
(b) The high-voltage winding is connected to a 7500 V supply, and a load of 5=90 is connected
to the low-voltage side. Determine the load voltage and load current. Determine the voltage
regulation.

2.35

A 1φ, 10 kVA, 2200=220 V, 60 Hz transformer has the following characteristics:
No-load core loss = 100 W
Full-load copper loss = 215 W
Write a computer program to study the variation of efﬁciency with output kVA load and load power
factor. The program should
(a)

Yield the results in a tabular form showing power factor, per-unit kVA load (i.e., X), and
efﬁciency.

(b)

Produce a plot of efﬁciency versus percent kVA load for power factors of 1.0, 0.8, 0.6, 0.4,
and 0.2.

chapter three
ELECTROMECHANICAL
ENERGY CONVERSION
Various devices can convert electrical energy to mechanical energy and vice versa. The
structures of these devices may be different depending on the functions they perform. Some
devices are used for continuous energy conversion, and these are known as motors and generators. Other devices are used to produce translational forces whenever necessary and are
known as actuators, such as solenoids, relays, and electromagnets. The various converters may
be different structurally, but they all operate on similar principles.
This book deals with converters that use a magnetic ﬁeld as the medium of energy conversion. In this chapter the basic principles of force production in electromagnetic energy
conversion systems are discussed. Some general relationships are derived to tie together
all conversion devices and to demonstrate that they all operate on the same basic principle.

3.1

ENERGY CONVERSION PROCESS

There are various methods for calculating the force or torque developed in an energy conversion device. The method used here is based on the principle of conservation of energy,
which states that energy can neither be created nor destroyed; it can only be changed from one
form to another. An electromechanical converter system has three essential parts: (1) an
electric system, (2) a mechanical system, and (3) a coupling ﬁeld, as shown in Fig. 3.1. The
energy transfer equation is as follows:
Electrical = mechanical + increase + energy
energy output
energy input
losses
in stored
from source
energy in
coupling
field

ð3:1Þ

The electrical energy loss is the heating loss due to current ﬂowing in the winding of
the energy converter. This loss is known as the i2 R loss in the resistance (R) of the winding.
The ﬁeld loss is the core loss due to changing magnetic ﬁeld in the magnetic core. The mechanical
loss is the friction and windage loss due to the motion of the moving components. All these losses
are converted to heat. The energy balance equation 3.1 can therefore be written as
Electrical energy = mechanical energy + increase in stored
input from source
output + friction
field energy
− resistance loss
and windage loss
+ core loss

ð3:2Þ
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FIGURE 3.1 Electromechanical converter system.

Now consider a differential time interval dt during which an increment of electrical energy
dWe (excluding the i2 R loss) ﬂows to the system. During this time dt, let dWf be the
energy supplied to the ﬁeld (either stored or lost, or part stored and part lost) and dWm
the energy converted to mechanical form (in useful form or as loss, or part useful and part as
loss). In differential forms, Eq. 3.2 can be expressed as
dWe = dWm + dWf

ð3:3Þ

Core losses are usually small, and if they are neglected, dWf will represent the change in the
stored ﬁeld energy. Similarly, if friction and windage losses can be neglected, then all of dWm
will be available as useful mechanical energy output. Even if these losses cannot be neglected,
they can be dealt with separately, as done in other chapters of this book. The losses do not
contribute to the energy conversion process.

3.2

FIELD ENERGY

Consider the electromechanical system of Fig. 3.2. The movable part can be held in static
equilibrium by the spring. Let us assume that the movable part is held stationary at some air
gap and the current is increased from zero to a value i. Flux will be established in the magnetic
system. Obviously,
dWm = 0

ð3:4Þ

dWe = dWf

ð3:5Þ

and from Eqs. 3.3 and 3.4,

FIGURE 3.2 Example of an electromechanical system.
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If core loss is neglected, all the incremental electrical energy input is stored as incremental ﬁeld
energy. Now,
e=

dλ
dt

ð3:6Þ

dWe = ei dt

ð3:7Þ

dWf = i dλ

ð3:8Þ

From Eqs. 3.5, 3.6, and 3.7,

The relationship between coil ﬂux linkage λ and current i for a particular air gap length is
shown in Fig. 3.3. The incremental ﬁeld energy dWf is shown as the crosshatched area in this
ﬁgure. When the ﬂux linkage is increased from zero to λ, the energy stored in the ﬁeld is
Wf =

ðλ
i dλ

ð3:9Þ

0

This integral represents the area between the λ axis and the λ − i characteristic, the entire area
shown shaded in Fig. 3.3. Other useful expressions can also be derived for the ﬁeld energy of
the magnetic system.
Let
Hc = magnetic intensity in the core
Hg = magnetic intensity in the air gap
lc = length of the magnetic core material
lg = length of the air gap
Then
Ni = Hc lc + Hg lg

ð3:10Þ

λ = NΦ

ð3:11Þ

Also

= NAB

FIGURE 3.3 λ−i characteristic for the system in Fig. 3.2 for a
particular air gap length.

ð3:12Þ

96

chapter 3 Electromechanical Energy Conversion

where

A is the cross-sectional area of the ﬂux path
B is the ﬂux density, assumed same throughout

From Eqs. 3.9, 3.10, and 3.12,
ð
Wf =

Hc lc + Hg lg
NA dB
N

ð3:13Þ

For the air gap,
B
μ0

ð3:14Þ

!
B
H c lc +
lg A dB
μ0

ð3:15Þ

Hg =
From Eqs. 3.13 and 3.14,
ð
Wf =
ð

B
Hc dB Alc +
dB lg A
μ0

=
ð
=

Hc dB × volume of magnetic material
+

where

wfc =

Ð

!

B2
× volume of air gap
2μ0

ð3:16Þ

= wfc × Vc + wfg × Vg

ð3:17Þ

= Wfc + Wfg

ð3:18Þ

Hc dBc is the energy density in the magnetic material

wfg = B =2μ0 is the energy density in the air gap
2

Vc is the volume of the magnetic material
Vg is the volume of the air gap
Wfc is the energy in the magnetic material
Wfg is the energy in the air gap
Normally, energy stored in the air gap (Wfg ) is much larger than the energy stored in the
magnetic material (Wfc ). In most cases Wfc can be neglected.
For a linear magnetic system,
Bc
Hc =
ð3:19Þ
μc
Therefore,

ð
wfc =

Bc
B2
dBc = c
μc
2μc

ð3:20Þ

The ﬁeld energy of the system of Fig. 3.2 can be obtained by using either of Eqs. 3.9 and 3.16.
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EXAMPLE 3.1
The dimensions of the actuator system of Fig. 3.2 are shown in Fig. E3.1. The magnetic core is
made of cast steel whose BH characteristic is shown in Fig. 1.7. The coil has 250 turns, and
the coil resistance is 5 ohms. For a ﬁxed air gap length g = 5 mm, a dc source is connected
to the coil to produce a ﬂux density of 1.0 tesla in the air gap.
(a) Find the voltage of the dc source.
(b) Find the stored ﬁeld energy.
Solution
(a) From Fig. 1.7, magnetic ﬁeld intensity in the core material (cast steel) for a ﬂux density of
1:0 T is
Hc = 670 At=m
Length of ﬂux path in the core is
lc ’ 2ð10 + 5Þ + 2ð10 + 5Þ cm
= 60 cm
The magnetic intensity in the air gap is
Hg =

Bg
1:0
=
At=m
μ0
4π10 − 7

= 795:8 × 103 At=m
The mmf required is
Ni = 670 × 0:6 + 795:8 × 103 × 2 × 5 × 10 − 3 At
= 402 + 7958
= 8360 At
8360
i=
A
250
= 33:44 A

FIGURE E3.1
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Voltage of the dc source is
Vdc = 33:44 × 5 = 167:2 V
(b) Energy density in the core is
wfc =

ð 1:0
H dB
0

This is the energy density given by the area enclosed between the B axis and the BH
characteristic for cast steel in Fig. 1.7. This area is
wfc ’

1
× 1 × 670
2

= 335 J=m3
The volume of steel is
Vc = 2ð0:05 × 0:10 × 0:20Þ + 2ð0:05 × 0:10 × 0:10Þ
= 0:003 m3
The stored energy in the core is
wfc = 335 × 0:003 J
= 1:005 J
The energy density in the air gap is
wfg =

1:02
J=m3
2 × 4π × 10 − 7

= 397:9 × 103 J=m3
The volume of the air gap is
Vg = 2ð0:05 × 0:10 × 0:005Þ m3
= 0:05 × 10 − 3 m3
The stored energy in the air gap is
Wfg = 397:9 × 103 × 0:05 × 10 − 3
= 19:895 joules
The total ﬁeld energy is
Wf = 1:005 + 19:895 J
= 20:9 J
Note that most of the ﬁeld energy is stored in the air gap.

▪
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FIGURE 3.4 (a) λi characteristics for different air
gap lengths. (b) Graphical
representation of energy
and coenergy.

3.2.1

ENERGY, COENERGY

The λi characteristic of an electromagnetic system (such as that shown in Fig. 3.2) depends
on the air gap length and the BH characteristics of the magnetic material. These λi characteristics are shown in Fig. 3.4a for three values of air gap length. For larger air gap length, the
characteristic is essentially linear. The characteristic becomes nonlinear as the air gap length
decreases.
For a particular value of the air gap length, the energy stored in the ﬁeld is represented by the
area A between the λ axis and the λi characteristic, as shown in Fig. 3.4b. The area B between
the i axis and the λi characteristic is known as the coenergy and is deﬁned as
Wf0

=

ði

λ di

ð3:21Þ

0

This quantity has no physical signiﬁcance. However, as will be seen later, it can be used to
derive expressions for force (or torque) developed in an electromagnetic system.
From Fig. 3.4b,
Wf0 = Wf = λi

ð3:22Þ

Note that Wf0 > Wf if the λi characteristic is nonlinear and Wf0 = Wf if it is linear.

3.3 MECHANICAL FORCE IN THE
ELECTROMAGNETIC SYSTEM
Consider the system shown in Fig. 3.2. Let the movable part move from one position (say
x = x1 ) to another position (x = x2 ) so that at the end of the movement the air gap decreases.
The λi characteristics of the system for these two positions are shown in Fig. 3.5. The current
(i = v=R) will remain the same at both positions in the steady state. Let the operating points be
a when x = x1 and b when x = x2 (Fig. 3.5).
If the movable part has moved slowly, the current has remained essentially constant during
the motion. The operating point has therefore moved upward from point a to b as shown in
Fig. 3.5a. During the motion,
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FIGURE 3.5 Locus of the operating point for motion in system of Fig. 3.2. (a) At
constant current. (b) At constant ﬂux linkage.

ð
dWe =

ei dt =

ð λ2
λ1

i dλ = area abcd

dWf = area 0bc − 0ad

ð3:23Þ
ð3:24Þ

dWm = dWe − dWf
= area abcd + area 0ad − area 0bc
= area 0ab

ð3:25Þ

If the motion has occurred under constant-current conditions, the mechanical work done is
represented by the shaded area (Fig. 3.5a), which, in fact, is the increase in the coenergy.
dWm = dWf0
If fm is the mechanical force causing the differential displacement dx,
fm dx = dWm = dWf0

@Wf0 ði, xÞ 
fm =

@x
i = constant

ð3:26Þ

Let us now consider that the movement has occurred very quickly. It may be assumed that
during the motion the ﬂux linkage has remained essentially constant, as shown in Fig. 3.5b.
It can be shown that during the motion the mechanical work done is represented by the shaded
area 0ap, which, in fact, is the decrease in the ﬁeld energy. Therefore,
fm dx = dWm = dWf

@Wf ðλ, xÞ 
fm =

@x

λ = constant

ð3:27Þ
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Note that for the rapid motion the electrical input is zero (i dλ = 0) because ﬂux linkage has
remained constant and the mechanical output energy has been supplied entirely by the ﬁeld
energy.
In the limit when the differential displacement dx is small, the areas 0ab in Fig. 3.5a and 0ap
in Fig. 3.5b will be essentially the same. Therefore the force computed from Eqs. 3.26 and 3.27
will be the same.

EXAMPLE 3.2
The λ − i relationship for an electromagnetic system is given by


λg
i=
0:09

2

which is valid for the limits 0 < i < 4 A and 3 < g < 10 cm. For current i = 3 A and air gap
length g = 5 cm, ﬁnd the mechanical force on the moving part, using energy and coenergy of
the ﬁeld.
Solution
The λi relationship is nonlinear. From the λ − i relationship
λ=

0:09i1=2
g

The coenergy of the system is
Wf0

=

fm =

λ di =

0

=
From Eq. 3.26

ði

ði

0:09i1=2
di
g
0

0:09 2 3=2
i joules
g 3


@Wf0 ði, gÞ 


@g

i = constant


2
1
= − 0:09 × i3=2 2 
3
g i = constant
For g = 0:05 m and i = 3 A,
fm = − 0:09 ×

2
1
× 33=2 ×
Nm
3
0:052

= − 124:7 N  m
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The energy of the system is
Wf =

ðλ

i dλ =

0

=

ðλ 
0

λg
0:09

2
dλ

g2 λ3
0:092 3

From Eq. 3.27

@Wf ðλ, gÞ 
fm = −

@g
λ = constant
=−

λ3 2g
3 × 0:092

For g = 0:05 m and i = 3 A,
λ=

0:09 × 31=2
= 3:12 Wb-turn
0:05

and
fm = −

3:123 × 2 × 0:05
3 × 0:092

= − 124:7 N  m
The forces calculated on the basis of energy and coenergy functions are the same, as they
should be. The selection of the energy or coenergy function as the basis for calculation is a
matter of convenience, depending on the variables given. The negative sign for the force
indicates that the force acts in such a direction as to decrease the air gap length. ▪

3.3.1

LINEAR SYSTEM

Consider the electromagnetic system of Fig. 3.2. If the reluctance of the magnetic core path is
negligible compared to that of the air gap path, the λi relation becomes linear. For this
idealized system
λ = LðxÞi

ð3:28Þ

where LðxÞ is the inductance of the coil, whose value depends on the air gap length. The ﬁeld
energy is
ð
ð3:29Þ
Wf = i dλ
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From Eqs. 3.28 and 3.29,
Wf =

ðλ
0

λ
λ2
dλ =
2LðxÞ
LðxÞ

ð3:30Þ
ð3:31Þ

= 12 LðxÞi2
From Eqs. 3.27 and 3.30,
@
fm = −
@x
=





λ2

2LðxÞ λ = constant

λ2 dLðxÞ
2L2 ðxÞ dx

= 12 i2

dLðxÞ
dx

ð3:32Þ

For a linear system,
Wf = Wf0 = 12 LðxÞi2

ð3:33Þ

From Eqs. 3.26 and 3.33,

@ 1
2 
fm =
LðxÞi 
@x 2
i = constant
= 12 i2

dLðxÞ
dx

ð3:34Þ

Equations 3.32 and 3.34 show that the same expressions are obtained for force whether
analysis is based on energy or coenergy functions. For the system in Fig. 3.2, if the reluctance of
the magnetic core path is neglected,
Ni = Hg 2g =

Bg
2g
μ0

ð3:35Þ

From Eq. 3.16, the ﬁeld energy is
Wf =
=

B2g
2μ0
B2g
2μ0

× volume of air gap
ð3:36Þ
× Ag 2g

where Ag is the cross-sectional area of the air gap.
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From Eqs. 3.27 and 3.36,

0
fm =
=

1

B2g

@ @
× Ag × 2gA
@g 2μ0
B2g
2μ0

ð3:37Þ

ð2Ag Þ

The total cross-sectional area of the air gap is 2Ag . Hence, the force per unit area of air gap,
called magnetic pressure Fm , is
Fm =

B2g
2μ0

N=m2

EXAMPLE 3.3
The magnetic system shown in Fig. E3.3 has the following parameters:
N = 500
i=2 A
Width of air gap = 2:0 cm
Depth of air gap = 2:0 cm
Length of air gap = 1 mm
Neglect the reluctance of the core, the leakage ﬂux, and the fringing ﬂux.
(a) Determine the force of attraction between both sides of the air gap.
(b) Determine the energy stored in the air gap.
Solution
(a)

Bg =
fm =

μ0 Ni
lg
B2g
2μ0

= μ0

× Ag

N 2 i2
Ag
2l2g

FIGURE E3.3

ð3:38Þ
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4π10 − 7 ð500 × 2Þ2
× 2:0 × 2:0 × 10 − 4
−6
2 × 1 × 1 × 10

= 251:33 N
Wf =

(b)

=

B2g
2μ0
B2g
2μ0

× Vg
× Ag × lg

= 251:33 × 10 − 3 J
= 0:25133 joules

▪

EXAMPLE 3.4
The lifting magnetic system shown in Fig. E3.4 has a square cross section 6 × 6 cm2 . The coil
has 300 turns and a resistance of 6 ohms. Neglect reluctance of the magnetic core and ﬁeld
fringing in the air gap.
(a) The air gap is initially held at 5 mm and a dc source of 120 V is connected to the coil.
Determine
(i) The stored ﬁeld energy.
(ii) The lifting force.
(b) The air gap is again held at 5 mm and an ac source of 120 V (rms) at 60 Hz is connected to
the coil. Determine the average value of the lift force.

FIGURE E3.4
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Solution
(a) Current in the coil is
i=

120
= 20 A
6

Because the reluctance of the magnetic core is neglected, ﬁeld energy in the magnetic
core is negligible. All ﬁeld energy is in the air gaps.
Ni = Hg lg =
Bg =
=

Bg
lg
μ0

μ0 Ni
2g
4π10 − 7 × 300 × 20
2 × 5 × 10 − 3

= 0:754 tesla
Field energy is
Wf =

B2g
2μ0

× volume of air gap

0:7542
× 2 × 6 × 6 × 5 × 10 − 7 J
2 × 4π10 − 7
= 8:1434 J
=

From Eq. 3.37, the lift force is
fm =

B2g
2μ0

× air gap area

0:7542
× 2 × 6 × 6 × 10 − 4 N
2 × 4π10 − 7
= 1628:7 N

=

(b) For ac excitation, the impedance of the coil is
Z = R + jωL
Inductance of the coil is
L=
=

N2 μ0 Ag
N2
=
Rg
lg
3002 × 4π10 − 7 × 6 × 6 × 10 − 4
2 × 5 × 10 − 3

= 40:7 × 10 − 3 H
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Z = 6 + j377 × 40:7 × 10 − 3 Ω
= 6 + j15:34 Ω
Current in the coil is
120
Irms = qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
ð6 + 15:342 Þ
= 7:29 A
The ﬂux density is
μ0 Ni
2g

Bg =

The ﬂux density is proportional to the current and therefore changes sinusoidally with
time as shown in Fig. E3.4. The rms value of the ﬂux density is
Brms =
=

μ0 NIrms
2g

ð3:38aÞ

4π10 − 7 × 300 × 7:29
T
2 × 5 × 10 − 3

= 0:2748 T
The lift force is
fm =

B2g
2μ0
∝

× 2Ag

ð3:38bÞ

B2g

The force varies as the square of the ﬂux density, as shown in Fig. E3.4.
fmjavg


B2g 

=
2μ 

× 2Ag

0 avg

=

B2rms
× 2Ag
2μ0

=

B2rms
× air gap area
2μ0

=

0:27482 × 2 × 6 × 6 × 10 − 4
2 × 4π10 − 7

ð3:38cÞ

= 216:3 N
which is almost one-eighth of the lift force obtained with a dc supply voltage. Lifting
magnets are normally operated from dc sources. ▪
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3.4

ROTATING MACHINES

The production of translational motion in an electromagnetic system has been discussed
in previous sections. However, most of the energy converters, particularly the higher-power
ones, produce rotational motion. The essential part of a rotating electromagnetic system is
shown in Fig. 3.6. The ﬁxed part of the magnetic system is called the stator, and the moving part
is called the rotor. The latter is mounted on a shaft and is free to rotate between the poles of the
stator. Let us consider a general case in which both stator and rotor have windings carrying
currents, as shown in Fig. 3.6. The current can be fed into the rotor circuit through ﬁxed
brushes and rotor-mounted slip rings.
The stored ﬁeld energy Wf of the system can be evaluated by establishing the currents is and
ir in the windings keeping the system static—that is, with no mechanical output. Consequently,
dWf = es is dt + er ir dt
= is dλs + ir dλr

ð3:39Þ

For a linear magnetic system the ﬂux linkages λs of the stator winding and λr of the rotor
winding can be expressed in terms of inductances whose values depend on the position θ of
the rotor.
λs = Lss is + Lsr ir
λr = Lrs is + Lrr ir
where

ð3:40Þ

Lss is the self-inductance of the stator winding
Lrr is the self-inductance of the rotor winding
Lsr , Lrs are mutual inductances between stator and rotor windings

For a linear magnetic system Lsr = Lrs . Equation 3.40
  

 λs   Lss Lsr 
 =

λ  L
Lrr 
r
sr

can be written in the matrix form
 
 is 
 
ð3:41Þ
i 
r

From Eqs. 3.39 and 3.40,
dWf = is dðLss is + Lsr ir Þ + ir dðLsr is + Lrr ir Þ
= Lss is dis + Lrr ir dir + Lsr dðis ir Þ

FIGURE 3.6
system.

Basic conﬁguration of a rotating electromagnetic
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The ﬁeld energy is
Wf = Lss
=

ð is

0
1
2
L
i
ss
s
2

is dis + Lrr

ð ir

ir dir + Lsr

0

ð is , ir
0

+ 12Lrr i2r + Lsr is ir

dðis ir Þ

ð3:42Þ

Following the procedure used to determine an expression for force developed in a translational
actuator, it may be shown that the torque developed in a rotational electromagnetic system is

0
@Wf ði, θÞ 
ð3:43Þ
T¼

@θ
i = constant
In a linear magnetic system, energy and coenergy are the same, that is, Wf = Wf0 . Therefore,
from Eqs. 3.42 and 3.43,
T = 12 i2s

dLss 1 2 dLrr
dLsr
+ 2 ir
+ is ir
dθ
dθ
dθ

ð3:44Þ

The ﬁrst two terms on the right-hand side of Eq. 3.44 represent torques produced in the
machine because of variation of self-inductance with rotor position. This component of torque
is called the reluctance torque. The third term represents torque produced by the variation of
the mutual inductance between the stator and rotor windings.

EXAMPLE 3.5
In the electromagnetic system of Fig. 3.6, the rotor has no winding (i.e., we have a reluctance
motor) and the inductance of the stator as a function of the rotor position θ is
Lss = L0 + L2 cos 2θ (Fig. E3.5). The stator current is is = Ism sin ωt.
(a) Obtain an expression for the torque acting on the rotor.
(b) Let θ = ωm t + δ, where ωm is the angular velocity of the rotor and δ is the rotor position at
t = 0. Find the condition for nonzero average torque, and obtain an expression for the
average torque.

FIGURE E3.5
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Solution
(a) Since ir = 0, from Eq. 3.44,
T = 12 i2s

dLss
dθ

2
sin 2 ωt
= 12 Ism

d
ðL0 + L2 cos 2θÞ
dθ

2
= − Ism
L2 sin 2θ sin2 ωt N  m
2
L2 sin 2ðωm t + δÞ
T = − Ism

(b)

ð1 − cos 2ωtÞ
2

2
= 12 Ism
L2 ½sin 2ðωm t + δÞ − 12 sin 2fðωm + ωÞt + δg

= − 12 sin 2fðωm − ωÞt + δg
The average value of each of the three sinusoidally time-varying functions is zero unless,
in one of them, the coefﬁcient of t is zero. Average torque is produced at the following
speeds:
(i)

ωm = 0
The average torque at zero speed is
2
Tavg = − 12 Ism
L2 sin 2δ

From Fig. E3.5
L2 =

Ld − Lq
2

Therefore,
2
Tavg = − 14 Ism
ðLd − Lq Þsin 2δ

(ii)

ωm = ±ω
Corresponding to this condition,
2
Tavg = 14 Ism
L2 sin 2δ
2
= 18 Ism
ðLd − Lq Þsin 2δ

The reluctance machine can therefore develop an average torque if it rotates, in either
direction, at the angular velocity of the current, which is known as the synchronous speed.
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The average torque varies sinusoidally with 2δ (as shown in Fig. E3.5), where δ is the rotor
position at time t = 0 and is known as the power or torque angle. ▪

3.5

CYLINDRICAL MACHINES

A cross-sectional view of an elementary two-pole cylindrical rotating machine with a uniform
air gap is shown in Fig. 3.7. The stator and rotor windings are shown as placed on two slots on
the stator and the rotor, respectively. In an actual machine the windings are distributed over
several slots. If the effects of the slots are neglected, the reluctance of the magnetic path is
independent of the position of the rotor. It can be assumed that the self-inductances Lss and Lrr
are constant and therefore no reluctance torques are produced. The mutual inductance
Lsr varies with rotor position, and the torque produced in the cylindrical machine is
T = is ir

dLsr
dθ

ð3:45Þ

Let
Lsr = M cos θ

ð3:46Þ

where M is the peak value of the mutual inductance Lsr
θ is the angle between the magnetic axis of the stator and rotor windings
Let the currents in the two windings be
is = Ism cos ωs t

ð3:47Þ

ir = Irm cos ðωr t + αÞ

ð3:48Þ

The position of the rotor at any instant is
θ = ωm t + δ

ð3:49Þ

FIGURE 3.7 Cross-sectional view of an elementary twopole cylindrical rotating machine with a uniform air gap.
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where ωm is the angular velocity of the rotor and δ is the rotor position at t = 0. From Eqs. 3.45
to 3.49,
T = − Ism Irm M cos ωs t cos ðωr t + αÞ sinðωm t + δÞ
Ism Irm M
½sinfðωm + ðωs + ωr ÞÞt + α + δg
4
+ sinfðωm − ðωs + ωr ÞÞt − α + δg

=−

+ sinfðωm + ðωs − ωr ÞÞt − α + δg
+ sinfðωm − ðωs − ωr ÞÞt + α + δg

ð3:50Þ

The torque varies sinusoidally with time. The average value of each of the sinusoidal terms in
Eq. 3.50 is zero, unless the coefﬁcient of t is zero in that sinusoidal term. Therefore, the average
torque will be nonzero if
ωm = ±ðωs ± ωr Þ

ð3:51Þ

The machine will develop average torque if it rotates, in either direction, at a speed that is equal
to the sum or difference of the angular speeds of the stator and rotor currents:
jωm j = jωs ±ωr j

ð3:52Þ

Consider the following cases.
1. ωr = 0, α = 0, ωm = ωs . The rotor current is a direct current IR and the machine rotates at the
synchronous speed. For these conditions, from Eq. 3.50, the torque developed is
T= −

Ism IR M
fsinð2ωs t + δÞ + sin δg
2

ð3:53Þ

The instantaneous torque is pulsating. The average value of the torque is
Tavg = −

Ism IR M
sin δ
2

ð3:54Þ

If the machine is brought up to its synchronous speed (ωm = ωs ), it will develop an average
unidirectional torque and continuous energy conversion can take place at the synchronous
speed. This is the basic principle of operation of a synchronous machine, which normally
has dc excitation in the rotor and ac excitation in the stator. Note (from Eq. 3.50) that at
ωm = 0, the machine does not develop an average torque, and therefore the machine is not
self-starting. With one winding on the stator, the machine is called a single-phase synchronous machine. Although it develops an average torque, the instantaneous torque is
pulsating. The pulsating torque may result in vibration, speed ﬂuctuation, noise, and waste
of energy. This may be acceptable in smaller machines but not in larger ones. The pulsating
torque can be avoided in a polyphase machine, and all large machines are polyphase
machines.
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2. ωm = ωs − ωr . Both stator and rotor windings carry ac currents at different frequencies and
the motor runs at an asynchronous speed (ωm 6¼ ωs , ωm 6¼ ωr ). From Eq. 3.50, the torque
developed is
Ism Irm M
sinð2ωs t + α + δÞ + sinð−2ωr t − α + δÞ
4
+ ½sinð2ωs t − 2ωr t − α + δÞ + sinðα + δÞ

T= −

ð3:55Þ

The instantaneous torque is pulsating. The average value of the torque is
Tavg = −

Lsm Lrm M
sinðα + δÞ
4

ð3:56Þ

This is the basic principle of operation of an induction machine, in which the stator
winding is excited by an ac current and ac current is induced in the rotor winding. Note
that the single-phase induction machine is also not self-starting, because at ωm = 0 no
average torque is developed. The machine is brought up to the speed ωm = ωs − ωr so that it
can produce an average torque. To eliminate pulsating torque, polyphase induction
machines are used for high-power applications.
The mechanism of torque production in electromagnetic systems producing both translational and rotary motions has been discussed in this chapter. In rotating machines torque can
be produced by variation in the reluctance of the magnetic path or mutual inductance between
the windings.
Reluctance machines are simple in construction, but torque developed in these machines is
small. Cylindrical machines, although more complex in construction, produce larger torques.
Most electrical machines are of the cylindrical type. The performance of the various rotating
electrical machines is discussed in more detail in the following chapters.

PROBLEMS
3.1

In a translational motion actuator, the λi relationship is given by
i = λ3=2 + 2:5λðx − 1Þ2
for 0 < x < 1 m, where i is the current in the coil of the actuator. Determine the force on the
moving part at x = 0:6 m.

3.2

The λi relationship for an electromagnetic system is given by
λ=

1:2i1=2
g

where g is the air gap length. For current i = 2 A and g = 10 cm, determine the mechanical force on
the moving part
(a)

Using the energy of the system.

(b)

Using the coenergy of the system.
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An actuator system is shown in Fig. P3.3. All dimensions are in centimeters. The magnetic material is cast steel, whose magnetization characteristic is shown in Fig. 1.7. The magnetic
core and air gap have a square cross-sectional area. The coil has 500 turns and 4:0 ohms
resistance.
(a) The gap is d = 1 mm.

(i) Determine the coil current and supply voltage (dc) required to establish an air gap ﬂux
density of 0.5 tesla.

(ii) Determine the stored energy in the actuator system.
(iii) Determine the force of attraction on the actuator arm.
(iv) Determine the inductance of the coil.
(b)

The actuator arm is allowed to move and ﬁnally the air gap closes.

(i) For zero air gap determine the ﬂux density in the core, force on the arm, and stored
energy in the actuator system.

(ii) Determine the energy transfer (excluding energy loss in the coil resistance) between the
dc source and the actuator. Assume that the arm moved slowly. What is the direction of
energy ﬂow? How much mechanical energy is produced?

FIGURE P3.3

3.4

Fig. P3.4 shows an electromagnet system for lifting a section of steel channel. The coil has
600 turns. The reluctance of the magnetic material can be neglected up to a ﬂux density of
1.4 tesla.
(a) For a coil current of 15A (dc), determine the maximum air gap g for which the ﬂux density is
1.4 tesla.
(b)

For the air gap in part (a), determine the force on the steel channel.

(c)

The steel channel has a mass of 1000 kg. For a coil current of 15 A, determine the largest
gap at which the steel channel can be lifted magnetically against the force of gravity
ð9:81 m=sec2 Þ.
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FIGURE P3.4

3.5

An electromagnet lift system is shown in Fig. P3.5. The coil has 2500 turns. The ﬂux density in the
air gap is 1:25 T. Assume that the core material is ideal.
(a) For an air gap, g = 10 mm:

(i) Determine the coil current.
(ii) Determine the energy stored in the magnetic system.
(iii) Determine the force on the load (sheet of steel).
(iv) Determine the mass of the load (acceleration due to gravity = 9:81 m=sec2 ).
(b)

If the air gap is 2 mm, determine the coil current required to lift the load.

FIGURE P3.5

3.6

The cross section of a cylindrical magnetic actuator is shown in Fig. P3.6. The plunger has a crosssectional area 0:0016 m2 . The coil has 2500 turns and a resistance of 10 Ω. A voltage of 15 V (dc) is
applied to the coil terminals. Assume that the magnetic material is ideal.
(a) Determine the air gap g in mm for which the ﬂux density in the air gap is 1.5 T. Determine
the stored energy for this condition.
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(b)

Obtain an expression for the force on the plunger as a function of the air gap length g.

(c)

Determine the force on the plunger for the condition of part (a).

(d)

Suppose the plunger moves quickly from an initial gap of 5 mm to the fully closed position.
The plunger moves so quickly that the ﬂux linkage of the coil (and hence the ﬂux density in
the air gap) hardly changes during the motion.

(i) Determine the force during the motion.
(ii) Determine the amount of mechanical energy produced during the motion.

FIGURE P3.6
3.7

The electromagnet shown in Fig. P3.7 can be used to lift a sheet of steel. The coil has 400 turns
and a resistance of 5 ohms. The reluctance of the magnetic material is negligible. The magnetic
core has a square cross section of 5 cm by 5 cm. When the sheet of steel is ﬁtted to the electromagnet, air gaps, each of length g = 1 mm, separate them. An average force of 550 newtons is
required to lift the sheet of steel.
(a) For dc supply,

(i) Determine the dc source voltage.
(ii) Determine the energy stored in the magnetic ﬁeld.
(b)

For ac supply at 60 Hz, determine the ac source voltage.

FIGURE P3.7
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The features of a moving-iron ammeter are shown in Fig. P3.8. When current ﬂows through the
curved solenoid coil, a curved ferromagnetic rod is pulled into the solenoid against the torque of a
restraining spring. The inductance of the coil is L = 4:5 + 18θμH, where θ is angle of deﬂection in
radians. The spring constant is 0:65 × 10 − 3 N  m=rad.
(a) Show that the ammeter measures the root-mean-square value of the current.
(b)

Determine the deﬂection in degrees for a current of 10 amperes (rms).

(c)

Determine the voltage drop across the ammeter terminal when 10A (rms) at 60 Hz ﬂows
through the ammeter. The coil resistance is 0:015 Ω.

FIGURE P3.8

3.9

A reluctance machine of the form shown in Fig. 3.6 has no rotor winding. The inductance of the
stator winding is
Lss= 0:1 − 0:3 cos 2θ − 0:2cos 4θH
A current of 10 A (rms) at 60 Hz is passed through the stator coil.
(a) Determine the values of speed (ωm ) of the rotor at which the machine will develop an average
torque.

3.10

(b)

Determine the maximum torque and power (mechanical) that could be developed by the
machine at each speed.

(c)

Determine the maximum torque at zero speed.

A reluctance motor with four rotor poles is shown in Fig. P3.10. The reluctance (R) of the
magnetic system can be assumed to be a sinusoidally varying function of θ and is given by
RðθÞ = 2 × 105 − 105 cosð4θÞ
The coil has 200 turns and negligible resistance and is connected to a 120 V, 60 Hz, single-phase
supply.
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FIGURE P3.10

(a) Obtain an expression for the ﬂux (Φ) as a function of time. (Hint: v = N dΦ=dt.)
(b)

Show that the torque developed is
T=

3.11

1 2 dR
Φ
2
dθ

(c)

Determine the values of speed (ωm ) of the rotor at which the machine will develop an average
torque.

(d)

Determine the maximum torque and power (mechanical) that could be developed by the
machine at each speed.

The rotating machine of Fig. 3.7 has the following parameters.
Lss = 0:15 H
Lrr = 0:06 H
Lsr = 0:08 cos θH
(a) The rotor is driven at 3600 rpm. If the stator winding carries a current of 5 A (rms) at 60 Hz,
determine the instantaneous voltage and rms voltage induced in the rotor coil. Determine
the frequency of the rotor induced voltage.
(b)

Suppose the stator and rotor coils are connected in series, and a current of 5 A (rms) at 60 Hz
is passed through them. Determine the speeds at which the machine will produce an average
torque. Also determine the maximum torque that the machine will produce at each speed.

chapter four
DC MACHINES
Applications such as light bulbs and heaters require energy in electrical form. In other applications, such as fans and rolling mills, energy is required in mechanical form. One form of energy can
be obtained from the other form with the help of converters. Converters that are used to continuously translate electrical input to mechanical output or vice versa are called electric machines.
The process of translation is known as electromechanical energy conversion. An electric machine
is therefore a link between an electrical system and a mechanical system, as shown in Fig. 4.1.
In these machines the conversion is reversible. If the conversion is from mechanical to electrical,
the machine is said to act as a generator. If the conversion is from electrical to mechanical, the
machine is said to act as a motor. Hence, the same electric machine can be made to operate as
a generator as well as a motor. Machines are called ac machines (generators or motors) if the
electrical system is ac and dc machines (generators or motors) if the electrical system is dc.
Note that the two systems in Fig. 4.1, electrical and mechanical, are different in nature. In
the electrical system the primary quantities involved are voltage and current, while the analogous quantities in the mechanical system are torque and speed. The coupling medium
between these different systems is the ﬁeld, as illustrated in Fig. 4.2.

4.1

ELECTROMAGNETIC CONVERSION

Three electrical machines (dc, induction, and synchronous) are used extensively for electromechanical energy conversion. In these machines, conversion of energy from electrical
to mechanical form or vice versa results from the following two electromagnetic phenomena:
1. When a conductor moves in a magnetic ﬁeld, voltage is induced in the conductor.
2. When a current-carrying conductor is placed in a magnetic ﬁeld, the conductor experiences
a mechanical force.
These two effects occur simultaneously whenever energy conversion takes place from electrical to mechanical or vice versa. In motoring action, the electrical system makes current ﬂow
through conductors that are placed in the magnetic ﬁeld. A force is produced on each conductor. If the conductors are placed on a structure free to rotate, an electromagnetic torque will
be produced, tending to make the rotating structure rotate at some speed. If the conductors
rotate in a magnetic ﬁeld, a voltage will also be induced in each conductor. In generating
action, the process is reversed. In this case, the rotating structure, the rotor, is driven by a
prime mover (such as a steam turbine or a diesel engine). A voltage will be induced in the
conductors that are rotating with the rotor. If an electrical load is connected to the winding
formed by these conductors, a current i will ﬂow, delivering electrical power to the load.
Moreover, the current ﬂowing through the conductor will interact with the magnetic ﬁeld to
produce a reaction torque, which will tend to oppose the torque applied by the prime mover.
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FIGURE 4.1

Electromechanical energy conversion.

FIGURE 4.2 Coupling ﬁeld between electrical and
mechanical systems.

Note that in both motoring and generating actions, the coupling magnetic ﬁeld is involved in
producing a torque and an induced voltage.
The basic electric machines (dc, induction, and synchronous), which depend on electromagnetic energy conversion, are extensively used in various power ratings. The operation of
these machines is discussed in detail in this and other chapters.

Motional Voltage, e
An expression can be derived for the voltage induced in a conductor moving in a magnetic ﬁeld.
As shown in Fig. 4.3a, if a conductor of length l moves at a linear speed v in a magnetic ﬁeld B,
the induced voltage in the conductor is
e = Blv
ð4:1Þ
where B, l, and v are mutually perpendicular. The polarity of the induced voltage can be
determined from the so-called right-hand screw rule.
The three quantities v, B, and e are shown in Fig. 4.3b as three mutually perpendicular
vectors. Turn the vector v toward the vector B. If a right-hand screw is turned in the same way
the motion of the screw will indicate the direction of positive polarity of the induced voltage.

Electromagnetic Force, f
For the current-carrying conductor shown in Fig. 4.4a, the force (known as Lorentz force)
produced on the conductor is
f = Bli
ð4:2Þ
where B, l, and i are mutually perpendicular. The direction of the force can be determined by
using the right-hand screw rule, illustrated in Fig. 4.4b.

FIGURE 4.3 Motional voltage.
(a) Conductor moving in the magnetic
ﬁeld. (b) Right-hand screw rule.
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FIGURE 4.4 Electromagnetic
force. (a) Current-carrying
conductor moving in a magnetic ﬁeld. (b) Force direction.

Turn the current vector i toward the ﬂux vector B. If a screw is turned in the same way, the
direction in which the screw will move represents the direction of the force f .
Note that in both cases (i.e., determining the polarity of the induced voltage and determining
the direction of the force) the moving quantities (v and i) are turned toward B to obtain the
screw movement.
Equations 4.1 and 4.2 can be used to determine the induced voltage and the electromagnetic
force or torque in an electric machine. There are, of course, other methods by which these
quantities (e and f ) can be determined.

Basic Structure of Electric Machines
The structure of an electric machine has two major components, stator and rotor, separated
by the air gap, as shown in Fig. 4.5.
Stator:

This part of the machine does not move and normally is the outer frame of the
machine.

Rotor:

This part of the machine is free to move and normally is the inner part of the
machine.

Both stator and rotor are made of ferromagnetic materials. In most machines, slots are cut
on the inner periphery of the stator and outer periphery of the rotor structure, as shown in
Fig. 4.5a. Conductors are placed in these slots. The iron core is used to maximize the coupling
between the coils (formed by conductors) placed on the stator and rotor, to increase the ﬂux
density in the machine, and to decrease the size of the machine. If the stator or rotor (or both)

FIGURE 4.5 Structure of electric machines.
(a) Cylindrical machine (uniform air gap).
(b) Salient pole machine (nonuniform air gap).
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FIGURE 4.6

Laminations. (a) Stator. (b) Rotor.

is subjected to a time-varying magnetic ﬂux, the iron core is laminated to reduce eddy current
losses. The thin laminations of the iron core with provisions for slots are shown in Fig. 4.6.
The conductors placed in the slots of the stator or rotor are interconnected to form windings.
The winding in which voltage is induced is called the armature winding. The winding through
which a current is passed to produce the primary source of ﬂux in the machine is called the ﬁeld
winding. Permanent magnets are used in some machines to provide the major source of ﬂux in
the machine.
Rotating electrical machines take many forms and are known by many names. The three
basic and common ones are dc machines, induction machines, and synchronous machines.
There are other machines, such as permanent magnet machines, hysteresis machines, and
stepper machines.

DC Machine

In the dc machine, the ﬁeld winding is placed on the stator and the armature winding on the
rotor. These windings are shown in Fig. 4.7. A dc current is passed through the ﬁeld winding to
produce ﬂux in the machine. Voltage induced in the armature winding is alternating. A
mechanical commutator and a brush assembly function as a rectiﬁer or inverter, making the
armature terminal voltage unidirectional.

Induction Machine
In this machine the stator windings serve as both armature windings and ﬁeld windings. When
the stator windings are connected to an ac supply, ﬂux is produced in the air gap and revolves
at a ﬁxed speed known as synchronous speed. This revolving ﬂux induces voltage in the stator
windings as well as in the rotor windings. If the rotor circuit is closed, current ﬂows in the rotor
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FIGURE 4.7 DC machine. (a) Stator. (b) Rotor. (c) Schematic cross-sectional view for a
2-pole machine.

winding and reacts with the revolving ﬂux to produce torque. The steady-state speed of the
rotor is very close to the synchronous speed. The rotor can have a winding similar to the stator
or a cage-type winding. The latter is formed by placing aluminum or copper bars in the rotor
slots and shorting them at the ends by means of rings. Figure 4.8 shows the structure of the
induction machine.

Synchronous Machine
In this machine, the rotor carries the ﬁeld winding and the stator carries the armature winding.
The structure of the synchronous machine is shown in Fig. 4.9. The ﬁeld winding is excited by
direct current to produce ﬂux in the air gap. When the rotor rotates, voltage is induced in the
armature winding placed on the stator. The armature current produces a revolving ﬂux in the air
gap whose speed is the same as the speed of the rotor—hence the name synchronous machine.
These three major machine types, although they differ in physical construction and appear to
be quite different from each other, are in fact governed by the same basic laws. Their behavior
can be explained by considering the same fundamental principles of voltage and torque production. Various analytical techniques can be used for the machines, and various forms of
torque or voltage equations can be derived for them, but the forms of the equations will differ
merely to reﬂect the difference in construction of the machines. For example, analysis will

Courtesy of General Electric Canada Inc.

Courtesy of General Electric
Canada Inc.
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FIGURE 4.8 Induction machine. (a) Stator. (b) Rotor—cage type. (c) Rotor—wound type.
(d) Schematic cross-sectional view.

show that in dc machines, the stator and rotor ﬂux distributions are ﬁxed in space, and a torque
is produced because of the tendency of these two ﬂuxes to align. The induction machine is an
ac machine and differs in many ways from the dc machine, but works on the same principle.
Analysis will indicate that the stator ﬂux and the rotor ﬂux rotate in synchronism in the air gap,
and the two ﬂux distributions are displaced from each other by a torque-producing displacement angle. The torque is produced because of the tendency of the two ﬂux distributions to
align with each other. It must be emphasized at the outset that ac machines are not fundamentally different from dc machines. Their construction details are different, but the same
fundamental principles underlie their operation.
The three basic and commonly used machines—dc, induction, and synchronous—are
described, analyzed, and discussed in separate chapters. In this chapter the various aspects of
the steady-state operation of the dc machine are studied in detail.

4.2

DC MACHINES

The dc machines are versatile and extensively used in industry. A wide variety of volt–ampere or
torque–speed characteristics can be obtained from various connections of the ﬁeld windings.
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FIGURE 4.9 Synchronous machine. (a) Stator. (b) Rotor. (c) Schematic crosssectional view for a 2-pole machine.

Although a dc machine can operate as either a generator or a motor, at present its use as a
generator is limited because of the widespread use of ac power. The dc machine is extensively
used as a motor in industry. Its speed can be controlled over a wide range with relative ease.
Large dc motors (in tens or hundreds of horsepower) are used in machine tools, printing
presses, conveyors, fans, pumps, hoists, cranes, paper mills, textile mills, rolling mills, and so
forth. Additionally, dc motors still dominate as traction motors used in transit cars and locomotives. Small dc machines (in fractional horsepower rating) are used primarily as control
devices—such as tachogenerators for speed sensing and servomotors for positioning and
tracking. The dc machine deﬁnitely plays an important role in industry.

4.2.1

CONSTRUCTION

In a dc machine, the armature winding is placed on the rotor and the ﬁeld windings are placed
on the stator. The essential features of a two-pole dc machine are shown in Fig. 4.10. The stator
has salient poles that are excited by one or more ﬁeld windings, called shunt ﬁeld windings and
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FIGURE 4.10

Schematic diagram of a dc machine.

series ﬁeld windings. The ﬁeld windings produce an air gap ﬂux distribution that is symmetrical
about the pole axis (also called the ﬁeld axis, direct axis, or d-axis).
The voltage induced in the turns of the armature winding is alternating. A commutator–
brush combination is used as a mechanical rectiﬁer to make the armature terminal voltage
unidirectional and also to make the mmf wave, due to the armature current ﬁxed in
space. The brushes are so placed that when the sides of an armature turn (or coil) pass
through the middle of the region between ﬁeld poles, the current through it changes
direction. This makes all the conductors under one pole carry current in one direction. As
a consequence, the mmf due to the armature current is along the axis midway between the
two adjacent poles, called the quadrature (or q) axis. In the schematic diagram of Fig. 4.10,
the brushes are shown placed on the q-axis to indicate that when a turn (or coil) undergoes commutation, its sides are in the q-axis. However, because of the end connection, the
actual brush positions will be approximately 90 from the position shown in Fig. 4.10 (see
also Fig. 4.17).
Note that because of the commutator and brush assembly, the armature mmf (along the
q-axis) is in quadrature with the ﬁeld mmf (d-axis). This positioning of the mmfs will maximize
torque production. The armature mmf axis can be changed by changing the position of the
brush assembly as shown in Fig. 4.11. For improved performance, interpoles (in between two
main ﬁeld poles) and compensating windings (on the face of the main ﬁeld poles) are required.
These will be discussed in Sections 4.3.5 and 4.3.1, respectively.

FIGURE 4.11
position.

Shift of brush

DC Machines

4.2.2

127

EVOLUTION OF DC MACHINES

Consider a two-pole dc machine as shown in Fig. 4.12a. The air gap ﬂux density distribution of
the ﬁeld poles is shown in Fig. 4.12b. Consider a turn a–b placed on diametrically opposite slots
of the rotor. The two terminals a and b of the turn are connected to two slip rings. Two stationary brushes pressing against the slip rings provide access to the revolving turn a–b.
The voltage induced in the turn is due primarily to the voltage induced in the two sides of the
turn under the poles. Using the concept of “conductor cutting ﬂux” (Eq. 4.1), these two voltages
are in series and aid each other. The voltage induced in the turn, eab (same as the voltage e12
across the brushes), is alternating in nature, and its waveform is the same as that of the ﬂux
density distribution wave in space.
Let us now replace the two slip rings by two commutator segments (which are copper segments separated by insulating materials) as shown in Fig. 4.13a. Segment Ca is connected to
terminal a of the turn and segment Cb to terminal b of the turn. For counterclockwise motion of
the rotor the terminal under the N pole is positive with respect to the terminal under the S pole.
Therefore, brush terminal B1 is always connected to the positive end of the turn (or coil) and
brush terminal B2 to the negative end of the turn (or coil). Consequently, although the voltage
induced in the turn, eab , is alternating, the voltage at the brush terminals, e12 , is unidirectional
as shown in Fig. 4.13b. This voltage contains a signiﬁcant amount of ripple. In an actual

FIGURE 4.12 Induced voltage in a dc
machine. (a) Two-pole dc machine.
(b) Induced voltage in a turn.
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FIGURE 4.13 Voltage rectiﬁcation by commutators and brushes.
(a) DC machine with commutator
segments. (b) Single-turn
machine. (c) Multiturn machine.

machine, a large number of turns are placed in several slots around the periphery of the rotor.
By connecting these in series through the commutator segments (to form an armature winding), a good dc voltage (having a small amount of ripple) can be obtained across the brushes of
the rotor armature, as shown in Fig. 4.13c.
Note that turn ab is short-circuited by the brushes when its sides pass midway between the
ﬁeld poles (i.e., the q-axis). In the case of a dc motor, current will be fed into the armature
through the brushes. The current in the turn will reverse when the turn passes the interpolar
region and the commutator segments touch the other brushes. This phenomenon is illustrated
by the three positions of the turn in Fig. 4.14.

4.2.3

ARMATURE WINDINGS

As stated earlier, in the dc machine the ﬁeld winding is placed on the stator to excite the ﬁeld
poles, and the armature winding is placed on the rotor so that the commutator and brush
combination can rectify the voltage. There are various ways to construct an armature winding.
Before these are discussed, some basic components of the armature winding and terms related
to it are deﬁned.
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FIGURE 4.14 Current reversal in a turn by commutators and brushes.
(a) End a touches brush B1 ; current ﬂows from a to b. (b) The turn is
shorted; turn is in interpolar region. (c) End a touches brush B2 ;
current ﬂows from b to a.

A turn consists of two conductors connected to one end by an end connector.
A coil is formed by connecting several turns in series.
A winding is formed by connecting several coils in series.
The turn, coil, and winding are shown schematically in Fig. 4.15. The beginning of the turn,
or coil, is identiﬁed by the symbol S, and the end of the turn or coil by the symbol F.

FIGURE 4.15

Turn, coil, and winding.
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FIGURE 4.16 Mechanical and electrical degrees. (a) Four-pole dc machine. (b) Flux
density distribution.

Most dc machines, particularly larger ones, have more than two poles, so most of the armature
conductors can be in the region of high air gap ﬂux density. Figure 4.16a shows the stator of a dc
machine with four poles. This calls for an armature winding that will also produce four poles on
the rotor. The air gap ﬂux density distribution due to the stator poles is shown in Fig. 4.16b. Note
that for the four-pole machine, in going around the air gap once (i.e., one mechanical cycle), two
cycles of variation of the ﬂux density distribution are encountered. If we deﬁne
θmd = mechanical degrees or angular measure in space
θed = electrical degrees or angular measure in cycles
then, for a p-pole machine,
θed =

p
θmd
2

ð4:3Þ

The distance between the centers of two adjacent poles is known as pole pitch or pole span.
Obviously,
360md
One pole pitch = 180ed =
p
The two sides of a coil are placed in two slots on the rotor surface. The distance between the
two sides of a coil is called the coil pitch. If the coil pitch is one pole pitch, it is called a full-pitch
coil. If the coil pitch is less than one pole pitch, the coil is known as a short-pitch (or fractionalpitch) coil. Short-pitch coils are desirable in ac machines for various reasons (see Appendix A).
The dc armature winding is mostly made of full-pitch coils.
There are a number of ways in which the coils of the armature windings of a dc machine can
be interconnected. Two kinds of interconnection, lap and wave, are very common. These are
illustrated in Figs. 4.17 and 4.18, respectively.

Lap Winding
Figure 4.17 illustrates an unrolled lap winding of a dc armature, along with the commutator
segments (bars) and stationary brushes. The brushes are located under the ﬁeld poles at
their centers. Consider the coil shown by dark lines with one end connected to the commutator
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Lap winding. (a) Unrolled winding. (b) Equivalent coil representation.

bar numbered 2. The coil is placed in slots 2 and 7 such that the coil sides are placed in similar
positions under adjacent poles. The other end of the coil is connected to the commutator
bar numbered 3. The second coil starts at commutator 3 and ﬁnishes at the next commutator,
numbered 4. In this way all the coils are added in series and the pattern is continued until
the end of the last coil joins the start of the ﬁrst coil. This is called a lap winding, because as the
winding progresses, the coil laps back on itself. It progresses in a continuous loop fashion.
Note that there is one coil between two adjacent commutator bars. Also note that 1=p of the
total coils of the winding are connected in series between two adjacent brushes and the total
voltage induced in these series-connected coils will appear across these two brushes. The
brushes making up the positive set are connected together, as are the brushes in the negative
set. In a four-pole machine, therefore, there are four parallel paths between the positive and
negative terminals of the armature, as shown in Fig. 4.17b.
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In a lap winding, the number of parallel paths (a) is always equal to the number of poles (p), and
also to the number of brushes.

Wave Winding
The layout of a wave-wound armature winding is shown in Fig. 4.18a. The coil arrangement
and the end connections are illustrated by the dark lines shown in Fig. 4.18a for two coils. One
end of the coil starts at commutator bar 2, and the coil sides are placed in slots 7 and 12. The
other end of the coil is connected to commutator bar 13. The second coil starts at this commutator bar and is placed in slots 18 and 2, and ends on commutator bar 3. The coil connections are continued in this fashion. The winding is called a wave winding, because the coils
are laid down in a wave pattern.
Note that between two adjacent commutator bars there are p=2 coils connected in series, as
opposed to a single coil in the lap winding. Between two adjacent brushes there are 1=p of the total
commutator bars. Between two adjacent brushes, therefore, there are ðp=2Þð1=pÞ, or 12, of all the

FIGURE 4.18

Wave winding. (a) Unrolled winding. (b) Equivalent coil representation.
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coils. This indicates that in the wave winding, the coils are arranged in two parallel paths, irrespective of the number of poles, as illustrated in Fig. 4.18b. Note also in Fig. 4.18a that the two
brushes of the same polarity are connected essentially to the same point in the winding, except that
there is a coil between them. However, between the positive and negative brushes, a large number
of coils are connected in series. Although two brush positions are required, one positive and one
negative, in a wave winding (and this minimum number is often used in small machines), in large
machines more brush positions are used in order to decrease the current density in the brushes.
In wave windings, the number of parallel paths (a) is always two and there may be two or more
brush positions.
Also note from Figs. 4.17a and 4.18a that when the coil ends pass the brushes, the current
through the coil reverses. This process is known as commutation, and it happens when the coil
sides are in the interpolar region. During the time when two adjacent commutator bars make
contact with a brush, one coil is shorted by the brush in the lap winding and p=2 coils in
the wave winding. The effects of these short-circuited coils, undergoing commutation, will be
discussed later.
In small dc motors, the armature is machine wound by putting the wire into the slots one
turn at a time. In larger motors, the armature winding is composed of prefabricated coils that
are placed in the slots.
Because many parallel paths can be provided with a lap winding, it is suitable for highcurrent, low-voltage dc machines, whereas wave windings having only two parallel paths are
suitable for high-voltage, low-current dc machines.

4.2.4

ARMATURE VOLTAGE

As the armature rotates in the magnetic ﬁeld produced by the stator poles, voltage is induced
in the armature winding. In this section an expression will be derived for this induced voltage.
We can start by considering the induced voltage in the coils due to change of ﬂux linkage
(Faraday’s law) or by using the concept of “conductor cutting ﬂux.” Both approaches will
provide the same expression for the armature voltage.
The waveform of the voltage induced in a turn is shown in Fig. 4.12b, and because a turn is
made of two conductors, the induced voltage in a turn ab (Fig. 4.12) from Eq. 4.1 is
et = 2BðθÞlωm r

ð4:4Þ

where l is the length of the conductor in the slot of the armature
ωm is the mechanical speed
r is the distance of the conductor from the center of the armature—that is, the radius of
the armature
The average value of the induced voltage in the turn is
et = 2BðθÞlωm r

ð4:5Þ

Let
Φ = flux per pole
A = area per pole =

2πrl
p
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Then
BðθÞ =
From Eqs. 4.5 and 4.6,
et =

Φ
Φp
=
A
2πrl

ð4:6Þ

Φp
ωm
π

ð4:7Þ

The voltages induced in all the turns connected in series for one parallel path across the
positive and negative brushes will contribute to the average terminal voltage Ea . Let
N = total number of turns in the armature winding
a = number of parallel paths
Then
Ea =

N
et
a

ð4:8Þ

From Eqs. 4.7 and 4.8,
Ea =

Np
Φωm
πa

Ea = Ka Φωm

ð4:9Þ

where Ka is known as the machine (or armature) constant and is given by
Np
Ka =
πa
or
Ka =

Zp
2πa

ð4:10Þ

ð4:11Þ

where Z is the total number of conductors in the armature winding. In the MKS system, if Φ is
in webers and ωm in radians per second, then Ea is in volts.
This expression for induced voltage in the armature winding is independent of whether the
machine operates as a generator or a motor. In the case of generator operation, it is known as a
generated voltage, and in motor operation it is known as back emf (electromotive force).

4.2.5

DEVELOPED (OR ELECTROMAGNETIC) TORQUE

There are various methods by which an expression can be derived for the torque developed
in the armature (when the armature winding carries current in the magnetic ﬁeld produced
by the stator poles). However, a simple method is to use the concept of Lorentz force, as
illustrated by Eq. 4.2.
Consider the turn aa0 b0 b shown in Fig. 4.19, whose two conductors aa0 and bb0 are placed
under two adjacent poles. The force on a conductor (placed on the periphery of the armature) is
fc = BðθÞ lic = BðθÞ l

Ia
a

ð4:12Þ
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Torque production in dc machine.

where ic is the current in the conductor of the armature winding
Ia is the armature terminal current
The torque developed by a conductor is
T c = fc r

ð4:13Þ

The average torque developed by a conductor is
T c = BðθÞ l

Ia
r
a

ð4:14Þ

From Eqs. 4.6 and 4.14,
Tc =

ΦpIa
2πa

ð4:15Þ

All the conductors in the armature winding develop torque in the same direction and thus
contribute to the average torque developed by the armature. The total torque developed is
T = 2NT c

ð4:16Þ

From Eqs. 4.15 and 4.16,
T=

NΦp
Ia = Ka ΦIa
πa

ð4:17Þ

In the case of motor action, the electrical power input (Ea Ia ) to the magnetic ﬁeld by the
electrical system must be equal to the mechanical power (Tωm ) developed and withdrawn from
the ﬁeld by the mechanical system. The converse is true for generator action. This is conﬁrmed
from Eqs. 4.9 and 4.17.
Electrical power,

Ea Ia = Ka Φωm Ia = Tωm ,

mechanical power

ð4:17aÞ

EXAMPLE 4.1
A four-pole dc machine has an armature of radius 12:5 cm and an effective length of 25 cm.
The poles cover 75% of the armature periphery. The armature winding consists of 33 coils,
each coil having seven turns. The coils are accommodated in 33 slots. The average ﬂux density
under each pole is 0:75 T.
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1. If the armature is lap-wound,
(a) Determine the armature constant Ka .
(b) Determine the induced armature voltage when the armature rotates at 1000 rpm.
(c) Determine the current in the coil and the electromagnetic torque developed when the
armature current is 400 A.
(d) Determine the power developed by the armature.
2. If the armature is wave-wound, repeat parts (a) to (d) above. The current rating of the coils
remains the same as in the lap-wound armature.
Solution
1. Lap-wound dc machine
(a)

Ka =

Np
Z p
=
πa
2a π

Z = 2 × 33 × 7 = 462,
Ka =

(b)

a=p=4

462 × 4
= 73:53
2×4×π

Pole area, Ap =

2π × 0:125 × 0:25 × 0:75
4

= 36:8 × 103 m2
Φ = Ap × B = 36:8 × 103 × 0:75
= 0:0276 Wb
Ea = Ka Φωm = 73:53 × 0:0276 ×

1000
× 2π
60

= 212:5 V
(c)

Icoil =

Ia
400
=
= 100 A
a
4

T = Ka ΦIa = 73:53 × 0:0276 × 400 = 811:8 N  m
Pa = Ea Ia = 212:5 × 400 = 85:0 kW

(d)
or

= Tωm = 811:8 ×

1000
× 2π = 85:0 kW
60
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2. Wave-wound dc machine
p = 4,
(a)

(b)
(c)

a = 2,

Z = 462

Ka =

462 × 4
= 147:06
2×2×π

ωm =

1000
× 2π = 104:67 rad=sec
60

Ea = 147:06 × 0:0276 × 104:67 = 425 V
Icoil = 100 A
Ia = 2 × 100 = 200 A
T = 147:06 × 0:0276 × 200 = 811:8 N  m

(d)

Pa = 425 × 200 = 85:0 kW

▪

4.2.6 MAGNETIZATION (OR SATURATION) CURVE
OF A DC MACHINE
A dc machine has two distinct circuits, a ﬁeld circuit and an armature circuit. The mmfs
produced by these two circuits are at quadrature—the ﬁeld mmf is along the direct axis and the
armature mmf is along the quadrature axis. A simple schematic representation of the dc
machine is shown in Fig. 4.20.
The ﬂux per pole of the machine will depend on the ampere turns Fp provided by one or more
ﬁeld windings on the poles and the reluctance R of the magnetic path. The magnetic circuit of a
two-pole dc machine is shown in Fig. 4.21a. The ﬂux passes through the pole, air gap, rotor
teeth, rotor core, rotor teeth, air gap, and opposite pole and returns through the yoke of the
stator of the machine. The magnetic equivalent circuit is shown in Fig. 4.21b, where different
sections of the magnetic system in which the ﬂux density can be considered reasonably uniform are represented by separate reluctances.
The magnetic ﬂux Φ that crosses the air gap under each pole depends on the magnetomotive
force Fp (hence the ﬁeld current) of the coils on each pole. At low values of ﬂux Φ, the magnetic

FIGURE 4.20

DC machine representation.
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FIGURE 4.21 Magnetic
circuit. (a) Cross-sectional
view. (b) Equivalent circuit.

material may be considered to have inﬁnite permeability, making the reluctances for magnetic
core sections zero. The magnetic ﬂux in each pole is then
Φ=

2Fp
Fp
=
2R g
Rg

ð4:18Þ

If Fp is increased, ﬂux Φ will increase and saturation will occur in various parts of the magnetic
circuit, particularly in the rotor teeth. The relationship between ﬁeld excitation mmf Fp and
ﬂux Φ in each pole is shown in Fig. 4.22. With no ﬁeld excitation, the ﬂux in the pole is the
residual ﬂux left over from the previous operation. As the ﬁeld excitation is increased, the ﬂux
increases linearly, as long as the reluctance of the iron core is negligible compared with that of
the air gap. Further increase in the ﬁeld excitation will result in saturation of the iron core, and
the ﬂux increase will no longer be linear with the ﬁeld excitation. It is assumed here that the
armature mmf has no effect on the pole ﬂux (d-axis ﬂux), because the armature mmf acts along
the q-axis. We shall reexamine this assumption later on.

FIGURE 4.22

Flux–mmf relation in a dc machine.
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FIGURE 4.23 Magnetization curve.

The induced voltage in the armature winding is proportional to ﬂux times speed (Eq. 4.9).
It is more convenient if the magnetization curve is expressed in terms of armature induced
voltage Ea at a particular speed. This is shown in Fig. 4.23. This curve can be obtained by
performing tests on a dc machine. Figure 4.24 shows the magnetization curve obtained
experimentally by rotating the dc machine at 1000 rpm and measuring the open-circuit
armature terminal voltage as the current in the ﬁeld winding is changed. This magnetization
curve is of great importance, because it represents the saturation level in the magnetic system
of the dc machine for various values of the excitation mmf.

4.2.7

CLASSIFICATION OF DC MACHINES

The ﬁeld circuit and the armature circuit can be interconnected in various ways to provide a
wide variety of performance characteristics—an outstanding advantage of dc machines. Also,
the ﬁeld poles can be excited by two ﬁeld windings, a shunt ﬁeld winding and a series ﬁeld
winding. The shunt winding has a large number of turns and takes only a small current (less
than 5% of the rated armature current). A picture of a shunt winding is shown in Fig. 4.25.
This winding can be connected across the armature (i.e., parallel with it), hence the name
shunt winding. The series winding has fewer turns but carries a large current. It is connected in

FIGURE 4.24

Test result: magnetization curve.

Courtesy of General Electric Canada Inc.
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FIGURE 4.25

Shunt ﬁeld winding.

Courtesy of General Electric Canada Inc.

series with the armature, hence the name series winding. If both shunt and series windings are
present, the series winding is wound on top of the shunt winding, as shown in Fig. 4.26.
The various connections of the ﬁeld circuit and armature circuit are shown in Fig. 4.27. In
the separately excited dc machine (Fig. 4.27a), the ﬁeld winding is excited from a separate
source. In the self-excited dc machine, the ﬁeld winding can be connected in three different
ways. The ﬁeld winding may be connected in series with the armature (Fig. 4.21b), resulting in
a series dc machine; it may be connected across the armature (i.e., in shunt), resulting in a
shunt machine (Fig. 4.27c); or both shunt and series windings may be used (Fig. 4.27d),
resulting in a compound machine. If the shunt winding is connected across the armature, it is
known as short-shunt machine. In an alternative connection, the shunt winding is connected
across the series connection of armature and series winding, and the machine is known as longshunt machine. There is no signiﬁcant difference between these two connections, which are
shown in Fig. 4.27d. In the compound machine, the series winding mmf may aid or oppose
the shunt winding mmf, resulting in different performance characteristics.

FIGURE 4.26 Series winding on top
of shunt winding.
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FIGURE 4.27 Different connections of dc machines. (a) Separately excited dc
machine. (b) Series dc machine. (c) Shunt dc machine. (d) Compound dc machine.

A rheostat is normally included in the circuit of the shunt winding to control the ﬁeld current
and thereby to vary the ﬁeld mmf.
Field excitation may also be provided by permanent magnets. This may be considered as a
form of separately excited machine, the permanent magnet providing the separate but constant
excitation.
In the following sections the operation of the various dc machines, ﬁrst as generators and
then as motors, will be studied.

4.3

DC GENERATORS

The dc machine operating as a generator is driven by a prime mover at a constant speed and the
armature terminals are connected to a load. In many applications of dc generators, knowledge
of the variation of the terminal voltage with load current, known as the external or (terminal)
characteristic, is essential.

4.3.1

SEPARATELY EXCITED DC GENERATOR

As stated in Section 4.2.7, in the separately excited dc generator, the ﬁeld winding is connected
to a separate source of dc power. This source may be another dc generator, a controlled rectiﬁer, or a diode rectiﬁer, or a battery. The steady-state model of the separately excited dc
generator is shown in Fig. 4.28. In this model
Rfw is the resistance of the ﬁeld winding.
Rfc is the resistance of the control rheostat used in the ﬁeld circuit.
Rf = Rfw + Rfc is the total ﬁeld circuit resistance.
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FIGURE 4.28 Steady-state model of a separately
excited dc generator.

Ra is the resistance of the armature circuit, including the effects of the brushes. Sometimes
Ra is shown as the resistance of the armature winding alone; the brush–contact voltage drop
is considered separately and is usually assumed to be about 2 V.
RL is the resistance of the load.
In the steady-state model, the inductances of the ﬁeld winding and armature winding are not
considered.
The deﬁning equations are the following:
V f = R f If

ð4:19Þ

Ea = V t + I a R a

ð4:20Þ

Ea = Ka Φωm

ð4:21Þ

Vt = It RL

ð4:22Þ

Ia = It

ð4:23Þ

From Eq. 4.20,
V t = Ea  R a Ia

ð4:24Þ

Equation 4.20 deﬁnes the terminal or external characteristic of the separately excited dc
generator; the characteristic is shown in Fig. 4.29. As the terminal (i.e., load) current It increases,

FIGURE 4.29 Terminal characteristic of a
separately excited dc generator.
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the terminal voltage Vt decreases linearly (assuming Ea remains constant) because of the voltage
drop across Ra . This voltage drop Ia Ra is small, because the resistance of the armature circuit Ra
is small. A separately excited dc generator maintains an essentially constant terminal voltage.
At high values of the armature current a further voltage drop (ΔVAR ) occurs in the terminal
voltage; that is known as armature reaction (or the demagnetization effect) and causes a
divergence from the linear relationship. This effect can be neglected for armature currents
below the rated current. It will be discussed in the next section.
The load characteristic, deﬁned by Eq. 4.22, is also shown in Fig. 4.29. The point of intersection
between the generator external characteristic and the load characteristic determines the operating point—that is, the operating values of the terminal voltage Vt and the terminal current It .

Armature Reaction (AR)
With no current ﬂowing in the armature, the ﬂux in the machine is established by the mmf
produced by the ﬁeld current, as shown in Fig. 4.30a. However, if the current ﬂows in the
armature circuit, it produces its own mmf (hence ﬂux) acting along the q-axis. Therefore,
the original ﬂux distribution in the machine due to the ﬁeld current is disturbed. The ﬂux
produced by the armature mmf opposes ﬂux in the pole under one half of the pole and aids
under the other half of the pole, as shown in Fig. 4.30b. Consequently, ﬂux density under the
pole increases in one half of the pole and decreases under the other half of the pole. If
the increased ﬂux density causes magnetic saturation, the net effect is a reduction of ﬂux per
pole. This is illustrated in Fig. 4.30c.
To have a better appreciation of the mmf and ﬂux density distribution in a dc machine,
consider the developed diagram of Fig. 4.31a. The armature mmf has a sawtooth waveform as
shown in Fig. 4.31b. For the path shown by the dashed line, the net mmf produced by the
armature current is zero, because it encloses equal numbers of dot and cross currents.
The armature mmf distribution is obtained by moving this dashed path and considering the dot
and cross currents enclosed by the path. The ﬂux density distribution produced by the armature mmf is also shown in Fig. 4.31b by a solid curve. Note that in the interpolar region (i.e.,
near the q-axis), this curve shows a dip. This is due to the large magnetic reluctance in this
region. In Fig. 4.31c the ﬂux density distributions caused by the ﬁeld mmf, the armature mmf,
and their resultant mmf are shown. Note that

▪
▪
▪

Near one tip of a pole, the net ﬂux density shows saturation effects (dashed portion).
The zero ﬂux density region moves from the q-axis when armature current ﬂows.
If saturation occurs, the ﬂux per pole decreases. This demagnetizing effect of armature
current increases as the armature current increases.

At no load (Ia = It = 0) the terminal voltage is the same as the generated voltage (Vt0 = Ea0 ). As the
load current ﬂows, if the ﬂux decreases because of armature reaction, the generated voltage will
decrease (Eq. 4.21). The terminal voltage will further decrease because of the Ia Ra drop (Eq. 4.24).
In Fig. 4.32, the generated voltage for an actual ﬁeld current IfðactualÞ is Ea0 . When the load
current Ia ﬂows, the generated voltage is Ea = Vt + Ia Ra . If Ea < Ea0 , the ﬂux has decreased
(assuming the speed remains unchanged) because of armature reaction, although the actual
ﬁeld current IfðactualÞ in the ﬁeld winding remains unchanged. In Fig. 4.32, the generated voltage
Ea is produced by an effective ﬁeld current IfðeffÞ . The net effect of armature reaction can
therefore be considered as a reduction in the ﬁeld current. The difference between the actual
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FIGURE 4.30

Armature reaction effects.

ﬁeld current and effective ﬁeld current can be considered as armature reaction in equivalent ﬁeld current. Hence,
IfðeffÞ = IfðactualÞ  IfðARÞ

ð4:25Þ

where IfðARÞ is the armature reaction in equivalent ﬁeld current.

Compensating Winding
The armature mmf distorts the ﬂux density distribution and also produces the demagnetizing
effect known as armature reaction. The zero ﬂux density region shifts from the q-axis because
of armature mmf (Fig. 4.31), and this causes poor commutation leading to sparking (Section
4.3.5). Much of the rotor mmf can be neutralized by using a compensating winding, which is
ﬁtted in slots cut on the main pole faces. These pole face windings are so arranged that the mmf
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FIGURE 4.31 MMF and ﬂux
density distribution.

FIGURE 4.32

Effect of armature reaction.
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Courtesy of General Electric Canada Inc.
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FIGURE 4.33 Compensating winding. (a) Developed diagram. (b) Schematic
diagram. (c) Photograph.

produced by currents ﬂowing in these windings opposes the armature mmf. This is shown in
the developed diagram of Fig. 4.33a. The compensating winding is connected in series with the
armature winding so that its mmf is proportional to the armature mmf. Figure 4.33b shows a
schematic diagram and Fig. 4.33c shows the stator of a dc machine having compensating
windings. These pole face windings are expensive, so they are used only in large machines or in
machines that are subjected to abrupt changes of armature current. The dc motors used in steel
rolling mills are large, as well as subjected to rapid changes in speed and current. Such dc
machines are always provided with compensating windings.
EXAMPLE 4.2
A 12 kW, 100 V, 1000 rpm dc shunt generator has armature resistance Ra = 0:1 Ω, shunt ﬁeld
winding resistance Rfw = 80 Ω, and Nf = 1200 turns per pole. The rated ﬁeld current is
1 ampere. The magnetization characteristic at 1000 rpm is shown in Fig. 4.24.
The machine is operated as a separately excited dc generator at 1000 rpm with rated ﬁeld
current.
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(a) Neglect the armature reaction effect. Determine the terminal voltage at full load.
(b) Consider that armature reaction at full load is equivalent to 0.06 ﬁeld amperes.
(i) Determine the full-load terminal voltage.
(ii) Determine the ﬁeld current required to make the terminal voltage Vt = 100 V at fullload condition.
Note: In this book, to avoid confusion, rating data on a dc machine is considered to apply to the
armature, whether the machine is used as a generator or motor.
Solution
In a dc shunt generator, the main ﬁeld winding is the shunt ﬁeld winding. Also, from the data
on the machine,
Rated armature voltage Ea jrated = 100 V
Rated armature power ðor full loadÞ = 12 kW
Rated armature current ðor full loadÞ Ia jrated = 12,000=100 = 120 A
Rated speed = 1000 rpm
Rated field current If jrated = 1 A
Vt = Ea  Ia Ra
= 100  120 × 0:1

(a)

= 88 V
(b)

(i) From Eq. 4.25,

IfðeffÞ = 1  0:06
= 0:94 A

From Fig. 4.24, at this ﬁeld current,
Ea = 98 V
Vt = Ea  Ia Ra
= 98120 × 0:1
= 86 V
Ea = Vt + Ia Ra

(ii)

= 100 + 120 × 0:1
= 112 V
From Fig. 4.24, the effective ﬁeld current required is
IfðeffÞ = 1:4 A
From Eq. 4.25,
IfðactualÞ = 1:4 + 0:06
= 1:46 A

▪
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FIGURE 4.34 Schematic of a shunt or self-excited dc machine.

4.3.2

SHUNT (SELF-EXCITED) GENERATOR

In the shunt or self-excited generator the ﬁeld is connected across the armature so that the
armature voltage can supply the ﬁeld current. Under certain conditions, to be discussed here,
this generator will build up a desired terminal voltage.
The circuit for the shunt generator under no-load conditions is shown in Fig. 4.34. If
the machine is to operate as a self-excited generator, some residual magnetism must exist in the
magnetic circuit of the generator. Figure 4.35 shows the magnetization curve of the dc machine.
Also shown in this ﬁgure is the ﬁeld resistance line, which is a plot of Rf If versus If . A simplistic
explanation of the voltage buildup process in the self-excited dc generator is as follows.
Assume that the ﬁeld circuit is initially disconnected from the armature circuit and the
armature is driven at a certain speed. A small voltage, Ear , will appear across the armature
terminals because of the residual magnetism in the machine. If the switch SW is now closed
(Fig. 4.34) and the ﬁeld circuit is connected to the armature circuit, a current will ﬂow in the
ﬁeld winding. If the mmf of this ﬁeld current aids the residual magnetism, eventually a current
Ifl will ﬂow in the ﬁeld circuit. The buildup of this current will depend on the time constant
of the ﬁeld circuit. With Ifl ﬂowing in the ﬁeld circuit, the generated voltage is Eal —from
the magnetization curve—but the terminal voltage is Vt = Ifl Rf < Eal . The increased armature
voltage Eal will eventually increase the ﬁeld current to the value If2 , which in turn will build

FIGURE 4.35
generator.

Voltage buildup in a self-excited dc
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FIGURE 4.36 Effect of ﬁeld resistance.

up the armature voltage to Ea2 . This process of voltage buildup continues. If the voltage drop
across Ra is neglected (i.e., Ra  Rf ), the voltage builds up to the value given by the crossing
point (P in Fig. 4.35) of the magnetization curve and the ﬁeld resistance line. At this point,
Ea = If Rf = Vt (assume Ra is neglected), and no excess voltage is available to further increase the
ﬁeld current. In the actual case, the changes in If and Ea take place simultaneously and
the voltage buildup follows approximately the magnetization curve, instead of climbing the ﬂight
of stairs.
Figure 4.36 shows the voltage buildup in the self-excited dc generator for various ﬁeld circuit
resistances. At some resistance value Rf3 , the resistance line is almost coincident with the linear
portion of the magnetization curve. This coincidence condition results in an unstable voltage
situation. This resistance is known as the critical ﬁeld circuit resistance. If the resistance is
greater than this value, such as Rf4 , buildup (Vt4 ) will be insigniﬁcant. On the other hand, if the
resistance is smaller than this value, such as Rf1 or Rf2 , the generator will build up higher
voltages (Vt1 ,Vt2 ). To sum up, three conditions are to be satisﬁed for voltage buildup in a selfexcited dc generator:
1. Residual magnetism must be present in the magnetic system.
2. Field winding mmf should aid the residual magnetism.
3. Field circuit resistance should be less than the critical ﬁeld circuit resistance.

EXAMPLE 4.3
The dc machine in Example 4.2 is operated as a self-excited (shunt) generator at no load.
(a) Determine the maximum value of the generated voltage.
(b) Determine the value of the ﬁeld circuit control resistance (Rfc ) required to generate rated
terminal voltage.
(c) Determine the value of the critical ﬁeld circuit resistance.
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Solution
(a) The maximum voltage will be generated at the lowest value of the ﬁeld circuit resistance,
Rfc = 0. Draw a ﬁeld resistance line (Fig. E4.3b) for Rf = Rfw = 80 Ω. The maximum
generated voltage is
Ea = 111 volts
(b)

Vt = Ea  Ia Ra
’ Ea
= 100 V
Draw a ﬁeld resistance line that intersects the magnetization curve at 100 V (Fig. E4.3b).
For this case,
If = 1 A
100
= 100 Ω = Rfw + Rfc
Rf =
1
Rfc = 100  80 = 20 Ω

FIGURE E4.3
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(c) Draw the critical ﬁeld resistance line passing through the linear portion of the magnetization curve (Fig. E4.3b). For If = 0:5, Ea is 85 V.
RfðcritÞ =

85
= 170 Ω
0:5

Rfc = 170  80 = 90 Ω

▪

Voltage–Current Characteristics
The circuit of the self-excited dc generator on load is shown in Fig. 4.37. The equations that
describe the steady-state operation on load are
Ea = Vt + Ia Ra

ð4:25aÞ

Ea = Ka Φωm = function of If

ð4:25bÞ

! magnetization curve ðor open-circuit saturation curveÞ
Vt = If Rf = If ðRfω + Rfc Þ

ð4:25cÞ

V t = IL RL

ð4:25dÞ

Ia = If + IL

ð4:25eÞ

The terminal voltage (Vt ) will change as the load draws current from the machine. This
change in the terminal voltage with current (also known as voltage regulation) is due to the
internal voltage drop Ia Ra (Eq. 4.25a) and the change in the generated voltage caused by
armature reaction (Eq. 4.25b). In ﬁnding the voltage–current characteristics (Vt versus Ia ) we
shall ﬁrst neglect the armature reaction and then subsequently consider its effects.

Without Armature Reaction
The voltage–current characteristic of the self-excited generator can be obtained from the
magnetization curve and the ﬁeld resistance line, as illustrated in Fig. 4.38. Note that
the vertical distance between the magnetization curve and the ﬁeld resistance line represents
the Ia Ra voltage drop. Consider the various points on the ﬁeld resistance line, which also
represents the terminal voltage Vt . For each terminal voltage, such as Vt1 , compute the
armature current Ia1 from the Ia Ra voltage drop, which is the vertical distance between Vt1 and
Ea1 . If this calculation is performed for various terminal voltages, the voltage–current characteristic of the dc generator, shown in Fig. 4.38b, is obtained. Note that (Fig. 4.37) at It = 0,
Ia = If , and therefore the actual no-load voltage, Vt0 , is not the voltage given by the crossing

FIGURE 4.37

Self-excited dc generator with load.
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FIGURE 4.38

Terminal characteristic of a self-excited dc generator.

point P of the magnetization curve and the ﬁeld resistance line, as predicted earlier because of
neglecting Ra . However, for all practical purposes Vt0 = Vp .
A convenient way to construct the voltage–current characteristic from the magnetization
curve and ﬁeld resistance line is to draw a vertical line at point P. This vertical line represents
the Ia Ra drop. In Fig. 4.38, the vertical line pq represents the voltage drop Ia Ra . A line qbn is
drawn parallel to 0p. Therefore pq = ab = mn = Ia1 Ra . The same armature current results in two
terminal voltages, Vt1 and Vt2 . To obtain the value of the maximum armature current that can
be drawn from the dc generator, a line rs is drawn parallel to 0p and tangential to the magnetization curve. This will result in the maximum vertical distance, sk, between the ﬁeld
resistance line and the magnetization curve. Also note that if the machine terminals are shorted
(i.e., RL ! 0), the ﬁeld current is zero and the machine currents (Ia = It = IL = Ea =Ra ) are not
very high. However, before RL is reduced to zero, the armature current may be large enough
(such as the current IaðmaxÞ in Fig. 4.38b) to cause damage to the machine.
From Figs. 4.29 and 4.38b it is apparent that the terminal voltage drops faster with the
armature current in the self-excited generator. The reason is that as the terminal voltage
decreases with load in the self-excited generator, the ﬁeld current also decreases, resulting in
less generated voltage, whereas in the separately excited generator, the ﬁeld current and hence
the generated voltage remain unaffected.

DC Generators

FIGURE 4.39
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Determination of terminal voltage.

With Armature Reaction
When armature current ﬂows, it produces an internal voltage drop Ia Ra . If the armature produces demagnetizing effects on the pole, there will be a further voltage drop in the terminal
voltage. The terminal voltage will therefore drop faster than shown in Fig. 4.38b in the presence
of armature reaction.
In Fig. 4.39, let pq ð= Ia Ra Þ represent the voltage drop for a particular value of the armature
current Ia . If armature reaction is not present, the terminal voltage is Vt1 . Let qr ð=IfðARÞ Þ
represent armature reaction in equivalent ﬁeld current for this value of armature current. A
line rc is drawn parallel to 0p and intersects the magnetization curve at c. The triangle pqr is
drawn as abc such that a is on the ﬁeld resistance line and c is on the magnetization curve.
Therefore, in the presence of armature reaction, the terminal voltage is Vta , which is lower than
Vt1 , where Vt1 is the terminal voltage if armature reaction is not present. Note that Vt = Vta ,
Ea = Vt + Ia Ra = Vta + ab and IfðeffÞ = If  IfðARÞ = If  bc. The terminal voltage corresponding to
any other value of the armature current can be determined by constructing a triangle similar
to pqr, such that pq is proportional to Ia Ra and qr is proportional to IfðARÞ , and ﬁtting this
triangle between the magnetization curve and the ﬁeld resistance line.
EXAMPLE 4.4
The dc machine in Example 4.2 is operated as a self-excited generator.
(a) The no-load terminal voltage is adjusted to 100 V. Determine the full-load terminal
voltage. Neglect armature reaction effects.
(b) Repeat (a), assuming that the effect of armature reaction at full load is equivalent to 0.06
ﬁeld amperes—that is, IfðARÞ = 0:06 A.
(c) Determine the maximum value of the armature current that the generator can supply and
the corresponding value of the terminal voltage. Assume that If(AR) is proportional to Ia .
(d) Determine the short-circuit current of the generator.
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Solution
(a) Draw the ﬁeld resistance line 0p such that it intersects the magnetization curve at 100 V
(Fig. E4.4a).
Ia jFL = 120 A
Ia Ra = 120 × 0:1 = 12 V = pq
0 0

Fit Ia Ra = 12 V = a b between the magnetization curve and the ﬁeld resistance line
(Fig. E4.4).
Vt = 80 V
(b) Construct the triangle pqr with pq = 12 V and qr = 0:06 A, and ﬁt this triangle as abc
between the magnetization curve and the ﬁeld resistance line (Fig. E4.4).
Vt = 75 V
(c) Draw a tangent CR parallel to 0p. Extend the triangle pqr to touch the tangent at R. Draw
AC parallel to pR and construct the triangle pQR = ABC. Note that pQ = AB represents
Ia Ra , QR = BC represents IfðARÞ , and triangle ABC is the largest triangle that will ﬁt
between the magnetization curve and the ﬁeld resistance line.
Ia Ra = AB = 17 V
Ia =

17
= 170 A
0:1

Vt = 53 V

FIGURE E4.4
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(d) With the generator terminals short-circuited, Vt = 0 and so If = 0 (Fig. E4.3a). The generated voltage is due to residual magnetism and
Ea = Er = 6 V
Ia Ra = 6 V
Ia =

6
= 60 A
0:1

Note that because If = 0, the machine operates at a low ﬂux level in the linear region
of the magnetization curve, and so there will be no demagnetizing effect due to armature
reaction. ▪

4.3.3

COMPOUND DC MACHINES

Many practical applications require that the terminal voltage remains constant when load
changes. But when dc machines deliver current, the terminal voltage drops because of Ia Ra
voltage drop and a decrease in pole ﬂuxes caused by armature reaction.
To overcome the effects of Ia Ra drop and decrease of pole ﬂuxes with armature current,
a winding can be mounted on the ﬁeld poles along with the shunt ﬁeld winding. This additional
winding, known as a series winding, is connected in series with the armature winding and carries
the armature current. This series winding may provide additional ampere-turns to increase or
decrease pole ﬂuxes, as desired. A dc machine that has both shunt and series windings is known
as a compound dc machine. A schematic diagram of the compound machine is shown in
Fig. 4.40. Note that in a compound machine the shunt ﬁeld winding is the main ﬁeld winding,
providing the major portion of the mmf in the machine. It has many turns of smaller crosssectional area and carries a lower value of current compared to the armature current. The series
winding has fewer turns, larger cross-sectional area, and carries the armature current. It provides mmf primarily to compensate the voltage drops caused by Ia Ra and armature reaction.
Figure 4.41 shows the two connections for the compound dc machine. In the short-shunt
connection, the shunt ﬁeld winding is connected across the armature, whereas in the longshunt connection, the shunt ﬁeld winding is connected across the series combination of armature and series winding. The equations that govern the steady-state performance are as follows.

FIGURE 4.40

Compound dc machine.
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FIGURE 4.41 Equivalent circuits of compound dc machines. (a) Short shunt. (b)
Long shunt.

Short Shunt
Vt = Ea  Ia Ra  It Rsr

ð4:26Þ

It = Ia  If

ð4:27Þ

where Rsr is the resistance of the series ﬁeld windings.

Long Shunt
Vt = Ea  Ia ðRa + Rsr Þ

ð4:28Þ

It = Ia  If

ð4:29Þ

If =

Vt
Rfω + Rfc

ð4:30Þ

For either connection, assuming magnetic linearity, the generated voltage is
Ea = Ka ðΦsh ± Φsr Þωm
where

ð4:31Þ

Φsh is the ﬂux per pole produced by the mmf of the shunt ﬁeld winding
Φsr is the ﬂux per pole produced by the mmf of the series ﬁeld winding

When these two ﬂuxes aid each other, the machine is called a cumulative compound machine,
and when they oppose each other, the machine is called a differential compound machine.
Note that both shunt ﬁeld mmf and series ﬁeld mmf act on the same magnetic circuit.
Therefore, the total effective mmf per pole is
Feff = Fsh ± Fsr  FAR
Nf IfðeffÞ = Nf If ± Nsr Isr  Nf IfðARÞ
where

Nf is the number of turns per pole of the shunt ﬁeld winding
Nsr is the number of turns per pole of the series ﬁeld winding
FAR is the mmf of the armature reaction

ð4:32Þ
ð4:33Þ
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FIGURE 4.42 VI characteristics of
compound dc generators.

From Eq. 4.33,
IfðeffÞ = If ±

Nsr
Isr  IfðARÞ
Nf

ð4:34Þ

The voltage–current characteristics of the compound dc generator are shown in Fig. 4.42.
With increasing armature current the terminal voltage may rise (overcompounding), decrease
(undercompounding), or remain essentially ﬂat (ﬂat compounding). This depends on the
degree of compounding—that is, the number of turns of the series ﬁeld winding. For differential
compounding (i.e., mmf of the series ﬁeld winding opposed to that of the shunt ﬁeld winding),
the terminal voltage drops very quickly with increasing armature current. In fact, the armature
current remains essentially constant. This current-limiting feature of the differentially compounded dc generator makes it useful as a welding generator.
EXAMPLE 4.5
The dc machine in Example 4.2 is provided with a series winding so that it can operate as a
compound dc machine. The machine is required to provide a terminal voltage of 100 V at no
load as well as at full load (i.e., zero voltage regulation) by cumulatively compounding the
generator. If the shunt ﬁeld winding has 1200 turns per pole, how many series turns per pole
are required to obtain zero voltage regulation? Assume a short-shunt connection, and that
the series winding has a resistance Rsr = 0:01 Ω.
Solution
Vt jNL = 100 V
From Example 4.3(b), Rf = 100 Ω. Now, from Fig. 4.41a,
Ia = If + It
120 = If + It

ðE:4:5aÞ
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Also, from Fig. 4.41a,
If Rf = It Rsr + Vt
If =

Vt + It Rsr
Rf

If =

100 × It × 0:01
100

ðE:4:5bÞ

From Eqs. E4.5a and E4.5b,
If = 1:01 A
It = 118:99 A
From Fig. 4.41a,
Ea = Vt + It Rsr + Ia Ra
= 100 + 118:99 × 0:01 + 120 × 0:1
= 113:2 V
From the magnetization curve (Example 4.2 and Fig. 4.24), the shunt ﬁeld current required
to generate Ea = 113:2 V is 1:45 A (= IfðeffÞ ).
From Eq. 4.34,
Nsr
IfðeffÞ = If +
It  IfðARÞ
Nf
1:45 = 1:01 +

Nsr
× 118:99  0:06
1200

Nsr = 5:04 turns per pole

4.3.4

▪

SERIES GENERATOR

The circuit diagram of a series generator is shown in Fig. 4.43. The series ﬁeld winding provides the ﬂux in the machine when the armature current ﬂows through it. Note that the ﬁeld

FIGURE 4.43

Equivalent circuit of a dc series generator.
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FIGURE 4.44 Magnetization curve (Ea versus Ia )
and Ia ðRa + Rsr Þ versus Ia .

circuit is not complete unless a load is connected to the machine. The equations governing the
steady-state operation are
Ea = Vt + Ia ðRa + Rsr Þ
It = Ia

ð4:35Þ
ð4:36Þ

The magnetization curve Ea versus Ia (Fig. 4.44) for the series machine can be obtained by
separately exciting the series ﬁeld. To obtain the terminal voltage–current characteristic
(i.e., Vt versus It ), draw a straight line (Fig. 4.44) having the slope Ra + Rsr . This straight line
represents the voltage drop across Ra and Rsr . As shown in Fig. 4.44, the vertical distance
between the magnetization curve and this straight line is the terminal voltage for a particular value of Ia . (If the effect of armature reaction is considered, the terminal voltage will
be less, as shown in Fig. 4.44 by dashed lines, where ab represents armature reaction in
equivalent armature current.) The terminal voltages for various values of the terminal
current can thus be obtained from Fig. 4.44. These voltages are plotted in Fig. 4.45. If the
load is a resistance of value RL , the load characteristic, Vt ð= RL It Þ versus It , is a straight line
with slope RL . The operating point for this load is the point of intersection (point p in Fig.
4.45) of the magnetization curve and the load characteristic. Note that if RL is too large, the
terminal voltage will be very small—that is, the series generator will not build up any
appreciable voltage.

FIGURE 4.45 External characteristic (Vt versus It ) of a
series generator.
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4.3.5

INTERPOLES OR COMMUTATOR POLES

The purpose of commutators and brushes in a dc machine is to reverse the current in a conductor when it goes from one pole to the next. This is illustrated in Fig. 4.46a. When the
conductor x is under the north pole, it carries a dot current, but after passing through the brush
it comes under the south pole (conductor y) and thus carries the cross current. In the developed
diagram shown in Fig. 4.46b, the position of a coil (or turn) undergoing commutation is shown.
When the coil passes the brush, its current changes direction. Figure 4.46c shows a linear
change of current in the coil. This is an ideal situation, providing a smooth transfer of current.
However, current commutation in a dc machine is not linear, for two reasons.
Coil inductance. The coil (Fig. 4.46b) undergoing commutation has inductance, which will
delay current change.

FIGURE 4.46 Current communication in dc machine.
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Reactance voltage. The coil undergoing commutation is in the interpolar region, as can be
seen in Fig. 4.46b. The armature winding mmf acts along the q-axis and therefore produces
ﬂux in the interpolar region. Consequently, when the coil moves in this region, a voltage,
called a reactance voltage, is induced in the coil. This reactance voltage delays current
change in the coil.
The actual current through a coil undergoing commutation is shown in Fig. 4.46d. When the
coil is about to leave the brushes, the current reversal is not complete. Therefore, the current
has to jump to its full value almost instantaneously, and this will cause sparking.
To improve commutation, a small pole, called an interpole or commutation pole, is created.
Its winding carries the armature current in such a direction that its ﬂux opposes the q-axis
ﬂux (Fig. 4.46e) produced by armature current ﬂowing in the armature winding. As a result,
the net ﬂux in the interpolar region is almost zero. If current in the armature winding
reverses, the current in the interpole also reverses and hence these ﬂuxes always oppose, as
shown in Fig. 4.46f.
Recall that the compensating winding on the pole face also provides ﬂux in the q-axis.
However, it cannot completely remove ﬂuxes from the interpolar region. Similarly, interpoles
cannot completely overcome the demagnetizing effects of armature reaction on the main poles.
Consequently, both pole face compensating windings and interpoles are essential for improved
performance of a dc machine. In almost all modern dc machines of large size, both interpoles
and compensating windings are used. Figure 4.33c shows the smaller interpoles (in between
the larger main poles) and the pole face compensating windings in a large dc machine.

4.4

DC MOTORS

The dc machine can operate both as a generator and as a motor. This is illustrated in Fig. 4.47.
When it operates as a generator, the input to the machine is mechanical power, and the output
is electrical power. A prime mover rotates the armature of the dc machine, and dc power is
generated in the machine. The prime mover can be a gas turbine, a diesel engine, or an electrical motor. When the dc machine operates as a motor, the input to the machine is electrical
power, and the output is mechanical power. If the armature is connected to a dc supply, the
motor will develop mechanical torque and power. In fact, the dc machine is used more as
a motor than as a generator. DC motors can provide a wide range of accurate speed and torque
control.
In both modes of operation (generator and motor) the armature winding rotates in the
magnetic ﬁeld and carries current. Therefore, the same basic equations 4.9 and 4.17 hold good
for both generator and motor action.

FIGURE 4.47

Reversibility of a dc machine. (a) Generator. (b) Motor.
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4.4.1

SHUNT MOTOR

A schematic diagram of a shunt dc motor is shown in Fig. 4.48. The armature circuit and the
shunt ﬁeld circuit are connected across a dc source of ﬁxed voltage Vt . An external ﬁeld rheostat
(Rfc ) is used in the ﬁeld circuit to control the speed of the motor. The motor takes power from
the dc source, and therefore the current It ﬂows into the machine from the positive terminal of
the dc source. As both ﬁeld circuit and armature circuit are connected to a dc source of ﬁxed
voltage, the connections for separate and shunt excitation are the same. The behavior of the
ﬁeld circuit is independent of the armature circuit.
The governing equations for steady-state operation of the dc motor are as follows:
Vt = Ia Ra + Ea

ð4:35aÞ

It = Ia + If

ð4:36aÞ

Ea = Ka Φωm

ð4:37Þ

= Vt  Ia Ra

ð4:38Þ

The armature current Ia and the motor speed ωm depend on the mechanical load connected
to the motor shaft.

Power Flow and Efﬁciency

The power ﬂow in a dc machine is shown in Fig. 4.49. The various losses in the machine are
identiﬁed and their magnitudes as percentages of input power are shown. A short-shunt
compound dc machine is considered as an example (Fig. 4.49a).
With the machine operating as a generator (Fig. 4.49b), the input power is the mechanical
power derived from a prime mover. Part of this input power is lost as rotational losses required
to rotate the machine against windage and friction (rotor core loss is also included in the
rotational loss). The rest of the power is converted into electrical power Ea Ia . Part of this
developed power is lost in Ra (which includes brush contact loss), part is lost in
Rf ð= Rfc + Rfw Þ, and part is lost in Rsr . The remaining power is available as the output electrical
power. Various powers and losses in a motoring operation are shown in Fig. 4.49c.
The percentage losses depend on the size of the dc machine. The range of percentage losses
shown in Fig. 4.49 is for dc machines in the range 1 to 100 kW or 1 to 100 hp. Smaller
machines have a larger percentage of losses, whereas larger machines have a smaller percentage of losses.

FIGURE 4.48

Shunt dc motor equivalent circuit.
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Power losses in a dc machine.

The efﬁciency of the machine is
Eff =

Poutput
Pinput

EXAMPLE 4.6
The dc machine (12 kW, 100 V, 1000 rpm) of Example 4.2 is connected to a 100 V dc supply
and is operated as a dc shunt motor. At no-load condition, the motor runs at 1000 rpm, and the
armature takes 6 amperes.
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(a) Find the value of the resistance of the shunt ﬁeld control rheostat (Rfc ).
(b) Find the rotational losses at 1000 rpm.
(c) Find the speed, electromagnetic torque, and efﬁciency of the motor when rated current
ﬂows in the armature.
(i) Consider that the air gap ﬂux remains the same as that at no load.
(ii) Consider that the air gap ﬂux is reduced by 5% when rated current ﬂows in the
armature because of armature reaction.
(d) Find the starting torque if the starting armature current is limited to 150% of its rated
value.
(i) Neglect armature reaction.
(ii) Consider armature reaction, IfðARÞ = 0:16 A.
Solution
(a) No load, Ia = 6 A.
Ea = Vt  Ia Ra
= 100  6 × 0:1
= 99:4 V
From the magnetization curve (Fig. 4.24), generating Ea = 99:4 V at 1000 rpm requires
If = 0:99 A.
Vt
100
Rf = Rfc + Rfw =
=
= 101 Ω
If
0:99
Rfc = 101  Rfw
= 101  80
= 21 Ω
(b) At no load, the electromagnetic power developed is lost as rotational power.
Protational = Ea Ia = 99:4 × 6 = 596:4 W
(c) The motor is loaded and Ia = Ia jrated = 120 A (Example 4.2).
(i) No armature reaction—that is, ΦNL = ΦFL .
Ea jNL = 99:4 V
Ea jFL = Vt  Ia Ra = 100  120 × 0:1 = 88 V
Ea jFL
Ka ΦFL ωFL
ωFL
=
=
Ea jNL Ka ΦNL ωNL
ωNL
ωFL =

Ea jFL
88
ωNL =
× 1000 = 885:31 rpm
Ea jNL
99:4

DC Motors
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885:31
× 2π = 92:71 rad=sec
60

T =

Ea Ia
88 × 120
= 113:9 N  m
=
ωm
92:71

Pout = Ea Ia  Protational
= 10,560  596:4
= 9963:6 W
Pin = Vt It = Vt ðIa + If Þ
= 100ð120 + 0:99Þ
= 12,099 W
Eff =

Pout
9963:6
=
× 100% = 82:35%
Pin
12,099

(ii) With armature reaction, ΦFL = 0:95ΦNL .
Ea jFL
Ka ΦFL ωFL
=
Ea jNL Ka ΦNL ωNL
88
ωFL
= 0:95
ωNL
99:4
ωFL =

88
1
×
× 1000 = 931:91 rpm
99:4 0:95

Note that the speed increases if ﬂux decreases, because of armature reaction.
ωm =
T=
Eff =

931:91
× 2π = 97:59 rad=sec
60
88 × 120
= 108:21 N  m
97:59
9963:6
× 100% = 82:35%, assuming rotational losses do
12; 099
not change with speed

(d) T = Ka ΦIa .
(i) If armature reaction is neglected, the ﬂux condition under load can be obtained from
the no-load condition.

166

chapter 4 DC Machines

Ea jNL = 99:4 V = Ka Φωm = Ka Φ

1000
× 2π
60

Ka Φ = 0:949 V=rad=sec
Ia = 1:5 × 120 = 180 A
Tstart = 0:949 × 180 = 170:82 N  m
(ii) If = 0:99 A. When Ia = 180 A
IfðeffÞ = If  IfðARÞ = 0:99  0:16 = 0:83 A
From the magnetization curve (Fig. 4.24), the corresponding generated voltage is
Ea = 93:5 V ð= Ka Φωm Þ at 1000 rpm
Ka Φ =

93:5
93:5
= 0:893 V=rad=sec
=
ωm
1000 × 2π=60

Tstart = 0:893 × 180 = 160:71 N  m

▪

EXAMPLE 4.7
The dc machine of Example 4.2 runs at 1000 rpm at no load (Ia = 6 A, Example 4.6) and at
932 rpm at full load (Ia = 120 A, Example 4.6) when operated as a shunt motor.
(a) Determine the armature reaction effect at full load in ampere-turns of the shunt ﬁeld
winding.
(b) How many series ﬁeld turns per pole should be added to make this machine into a
cumulatively compound motor (short-shunt) whose speed will be 800 rpm at full load?
Neglect the resistance of the series ﬁeld winding.
(c) If the series ﬁeld winding is connected for differential compounding, determine the speed
of the motor at full load.
Solution
(a) From Example 4.6,
If = 0:99 A
At full load,
Ea = 100  120 × 0:1 = 88 V at 932 rpm
The effective ﬁeld current ðIfðeffÞ Þ at full load can be obtained from the magnetization
curve (Fig. 4.24) of the machine, if we ﬁrst ﬁnd Ea at 1000 rpm.
Ea j1000 =

1000
× 88 = 94:42 V
932

DC Motors
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From the magnetization curve, for Ea = 94:42 V at 1000 rpm,
IfðeffÞ = 0:86 A = If  IfðARÞ
IfðARÞ = If  0:86 = 0:99  0:86
= 0:13 A
The corresponding ampere-turns = Nf IfðARÞ
= 1200 × 0:13
= 159 At=pole
(b) Ea = 88 V at 800 rpm.
Ea j1000 =

1000
× 88 = 110 V
800

From the magnetization curve for Ea = 110 V at 1000 rpm,
Nsv
IfðeffÞ = 1:32 = If +
ðIa + If Þ  IfðARÞ
Nf
1:32 = 0:99 +

Nsr
ð120 + 0:99Þ  0:13
1200

Nsv = 4:56 turns=pole
(c) For differential compounding,
IfðeffÞ = 0:99 

4:56 × 120:99
 0:13
1200

= 0:99  0:46  0:13
= 0:4 A
From the magnetization curve, at 1000 rpm and If = 0:4 A, Ea = 65 V. But Ea = 88 V at
full load (parts a and b). If the operating speed is n rpm,
65 = KΦ1200
88 = KΦn
or
n=

88
× 1000 = 1343:9 rpm
65

▪

Torque–Speed Characteristics
In many applications dc motors are used to drive mechanical loads. Some applications require
that the speed remain constant as the mechanical load applied to the motor changes. On the
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FIGURE 4.50

Separately excited dc motor.

other hand, some applications require that the speed be controlled over a wide range. An
engineer who wishes to use a dc motor for a particular application must therefore know the
relation between torque and speed of the machine. In this section the torque–speed characteristics of the various dc motors are discussed.
Consider the separately excited dc motor shown in Fig. 4.50. The voltage, current, speed, and
torque are related as follows:
Ea = Ka Φωm = Vt  Ia Ra
T = Ka ΦIa

ð4:39Þ
ð4:40Þ

From Eq. 4.39, the speed is
Vt  Ia Ra
Ka Φ

ð4:41Þ

Vt
Ra

T
Ka Φ ðKa ΦÞ2

ð4:42Þ

ωm =
From Eqs. 4.40 and 4.41,
ωm =

If the terminal voltage Vt and machine ﬂux Φ are kept constant, the torque–speed characteristic
is as shown in Fig. 4.51. The drop in speed as the applied torque increases is small, providing a
good speed regulation. In an actual machine, the ﬂux Φ will decrease because of armature
reaction as T or Ia increases, and as a result the speed drop will be less than that shown in
Fig. 4.51. The armature reaction therefore improves the speed regulation in a dc motor.

FIGURE 4.51 Torque–speed characteristics of a
separately excited dc motor.
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Equation 4.42 suggests that speed control in a dc machine can be achieved by the following
methods:
1. Armature voltage control ðVt Þ.
2. Field control ðΦÞ.
3. Armature resistance control ðRa Þ.
In fact, speed in a dc machine increases as Vt increases and decreases as Φ or Ra increases. The
characteristic features of these different methods of speed control of a dc machine will be
discussed further.

Armature Voltage Control
In this method of speed control the armature circuit resistance (Ra ) remains unchanged, the
ﬁeld current If is kept constant (normally at its rated value), and the armature terminal voltage
(Vt ) is varied to change the speed. If armature reaction is neglected, from Eq. 4.42,
ωm = K1 Vt  K2 T
where

ð4:43Þ

K1 = 1=Ka Φ
K2 = Ra =ðKa ΦÞ2

For a constant load torque, such as that applied by an elevator or hoist crane load, the speed
will change linearly with Vt as shown in Fig. 4.52a. If the terminal voltage is kept constant and
the load torque is varied, the speed can be adjusted by Vt as shown in Fig. 4.52b.
In an actual application, when speed is changed by changing the terminal voltage, the
armature current is kept constant (needs a closed-loop operation). From Eq. 4.39, if Ia is
constant,
E a ∝ Vt
∝ ωm
Therefore, as Vt increases, the speed increases linearly (Fig. 4.52c). From Eq. 4.40, if Ia remains
constant, so does the torque (Fig. 4.52c). The input power from the source (P = Vt Ia ) also
changes linearly with speed (Fig. 4.52c). If Ra is neglected, the values of Vt , Ea , and P are zero at
zero speed and change linearly with speed (Fig. 4.52d).
The armature voltage control scheme provides a smooth variation of speed control from zero
to the base speed. The base speed is deﬁned as the speed obtained at rated terminal voltage.
This method of speed control is, however, expensive, because it requires a variable dc supply
for the armature circuit.

Field Control
In this method the armature circuit resistance Ra and the terminal voltage Vt remain ﬁxed and
the speed is controlled by varying the current (If ) of the ﬁeld circuit. This is normally achieved
by using a ﬁeld circuit rheostat (Rfc ) as shown in Fig. 4.53a.

170

chapter 4 DC Machines

FIGURE 4.52 Armature voltage control of a dc motor. (a) Variable speed.
(b) Adjustable speed. (c) Operation under constant torque. (d) Operation with Ra = 0.

If magnetic linearity is assumed, the ﬂux in the machine (Φ) will be proportional to the ﬁeld
current (If ). Therefore,
ð4:44Þ
Ka Φ = Kf If
From Eqs. 4.42 and 4.44,
ωm =

Vt
Ra

T
Kf If ðKf If Þ2

ð4:45Þ

For the no-load condition, T  0. From Eq. 4.45,
Vt
ωm 
Kf If
The speed varies inversely with the ﬁeld current as shown in Fig. 4.53b. Note that if the ﬁeld
circuit breaks (i.e., If ! 0), the speed can become dangerously high.
For a particular value of If , from Eq. 4.45,
where

ωm = K3  K4 T
Vt
K3 =
represents no-load speed
Kf If
K4 =

Ra
ðKf If Þ2

ð4:46Þ

DC Motors

FIGURE 4.53
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Field control.

At a particular value of If , the speed remains essentially constant at a particular level as
the torque increases. The level of speed can be adjusted by If as shown in Fig. 4.53c. Thus,
like armature voltage control, ﬁeld control can also provide variable speed as well as adjustable
speed operation.
Speed control from zero to a base speed is usually obtained by armature voltage control (Vt ).
Speed control beyond the base speed is obtained by decreasing the ﬁeld current, called ﬁeld
weakening. At the base speed, the armature terminal voltage is at its rated value. If armature
current is not to exceed its rated value (heating limit), speed control beyond the base speed is
restricted to constant power, known as constant-power operation.
P = Vt Ia , constant
 Ea I a
Tωm = Ea Ia
T=

Ea Ia constant

ωm
ωm
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The torque, therefore, decreases with speed in the ﬁeld weakening region. The features of
armature voltage control (constant-torque operation) and ﬁeld control (constant-power operation) are shown in Fig. 4.53d.
Field control is simple to implement and is less expensive, because the control is at the low
power level of the ﬁeld circuit. However, because of large inductance in the ﬁeld circuit, change
of ﬁeld current will be slow, which will result in a sluggish response for the speed.

Armature Resistance Control
In this method, the armature terminal voltage Vt and the ﬁeld current If (hence Φ) are kept
constant at their rated values. The speed is controlled by changing resistance in the armature
circuit. An armature circuit rheostat Rae , as shown in Fig. 4.54a, is used for this purpose.
From Eq. 4.42,
Vt
Ra + Rae

ωm =
T
ð4:47Þ
Ka Φ
ðKa ΦÞ2
If Vt and Φ remain unchanged,
where

ωm = K5  K6 T
Vt
K5 =
represents no-load speed
Ka Φ
K6 =

Ra + Rae
ðKa ΦÞ2

FIGURE 4.54

Armature resistance control.

ð4:48Þ
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The speed–torque characteristics for various values of the external armature circuit resistance are shown in Fig. 4.54b. The value of Rae can be adjusted to obtain various speeds such
that armature current Ia (hence torque T = Ka ΦIa ) remains constant. Figure 4.54b shows the
various values of Rae required to operate at a particular value of torque, T*. The speed resistance curve for a constant-torque operation is shown in Fig. 4.54c. The speed can be varied
from zero to a base speed at constant torque, as shown in Fig. 4.54d, by changing the external
resistance Rae .
Armature resistance control is simple to implement. However, this method is less efﬁcient
because of losses in Rae . Many transit system vehicles are still controlled by this method. The
resistance Rae should be designed to carry the armature current. It is therefore more expensive
than the rheostat (Rfc ) used in the ﬁeld control method.

EXAMPLE 4.8
A variable-speed drive system uses a dc motor that is supplied from a variable-voltage source.
The torque and power proﬁles are shown in Fig. 4.53d. The drive speed is varied from 0 to
1500 rpm (base speed) by varying the terminal voltage from 0 to 500 V with the ﬁeld current
maintained constant.
(a) Determine the motor armature current if the torque is held constant at 300 N  m up to the
base speed.
(b) The speed beyond the base speed is obtained by ﬁeld weakening while the armature
voltage is held constant at 500 V. Determine the torque available at a speed of 3000 rpm if
the armature current is held constant at the value obtained in part (a).
Neglect all losses.
Solution
Nb = 1500 rpm,

(a)

Ka Φ =

Ia =

500
= 3:1831
1500 × 2π=60
T
300
=
= 94:2477 A
Ka Φ 3:1831

n = 3000 rpm,

(b)

Ka Φ =

Vt = 500 V ’ Ea

Vt = Ea = 500 V

500
= 1:5916
3000 × 2π=60

T = 1:5916 × 94:2477 = 150 N  m
or

T=

P
500 × 94:2477
=
= 150 N  m
ωm
3000 × 2π=60

▪
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4.4.2

SERIES MOTOR

A schematic diagram of a series motor is shown in Fig. 4.55a. An external resistance Rae is
shown in series with the armature. This resistance can be used to control the speed of the
series motor. The basic machine equations 4.9 and 4.17 hold good for series dc motors, where
Φ is produced by the armature current ﬂowing through the series ﬁeld winding of turns Nsr .
If magnetic linearity is assumed,
ð4:49Þ
Ka Φ = Ksr Ia
From Eqs. 4.9, 4.17, and 4.49,
Ea = Ksr Ia ωm
T = Ksr Ia2

ð4:50Þ
ð4:51Þ

Equation 4.51 shows that a series motor will develop unidirectional torque for both dc and ac
currents. Also, from Fig. 4.55a,
ð4:52Þ
Ea = Vt  Ia ðRa + Rae + Rsr Þ
From Eqs. 4.50 and 4.52,
ωm =

Vt
Ra + Rsr + Rae

Ksr Ia
Ksr

ð4:53Þ

From Eqs. 4.51 and 4.53,
Vt
Ra + Rsr + Rae
ωm = pﬃﬃﬃﬃ pﬃﬃﬃﬃ 
Ksr
K sr T

ð4:54Þ

The torque–speed characteristics for various values of Rae are shown in Fig. 4.55b. For a particular
value of Rae , the speed is almost inversely proportional to the square root of the torque. A high
torque is obtained at low speed and a low torque is obtained at high speed—a characteristic
known as the series motor characteristic. Series motors are therefore used where large starting
torques are required, as in subway cars, automobile starters, hoists, cranes, and blenders.
The torque–speed characteristics of the various dc motors are shown in Fig. 4.56. The series
motor provides a variable speed characteristic over a wide range.

FIGURE 4.55

Series motor.
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FIGURE 4.56 Torque–speed characteristics of
different dc motors.

EXAMPLE 4.9
A 220 V, 7 hp series motor is mechanically coupled to a fan and draws 25 amps and runs at
300 rpm when connected to a 220 V supply with no external resistance connected to the
armature circuit (i.e., Rae = 0). The torque required by the fan is proportional to the square of
the speed. Ra = 0:6 Ω and Rsr = 0:4 Ω. Neglect armature reaction and rotational loss.
(a) Determine the power delivered to the fan and the torque developed by the machine.
(b) The speed is to be reduced to 200 rpm by inserting a resistance ðRae Þ in the armature
circuit. Determine the value of this resistance and the power delivered to the fan.
Solution
(a) From Fig. 4.55a

Ea = Vt  Ia ðRa + Rsr + Rae Þ
= 220  25ð0:6 + 0:4 + 0Þ
= 195 V
P = Ea I a
= 195 × 25
= 4880 W
=
T=
=

4880
hp = 6:54 hp
746
Ea Ia
ωm
4880
300 × 2π=60

= 155:2 N  m
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(b)

T = Ksr Ia2
155:2 = Ksr 252
Ksr = 0:248


200 2
Tj200 rpm =
× 155:2
300
= 68:98 N  m
From Eq. 4.54
200
200
0:6 + 0:4 + Rae
× 2π = pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 
0:248
60
0:248 68:98
Rae = 7 Ω
P = Tωm = 68:98 ×

200
× 2π = 1444W ! 1:94 hp
60

or
68:98 = 0:248Ia2
Ia = 16:68 amps
Ea = Ksr Ia ωm
= 0:248 × 16:68 ×

200
× 2π
60

= 86:57 V
Ea = Vt  Ia ðRa + Rsr + Rae Þ
86:57 = 220  16:68ð0:6 + 0:4 + Rae Þ
Rae = 7 Ω
P = Ea Ia = 86:57 × 16:68
= 1444 W ! 1:94 hp

4.4.3

▪

STARTER

If a dc motor is directly connected to a dc power supply, the starting current will be dangerously high. From Fig. 4.57a,
Vt  Ea
ð4:55Þ
Ia =
Ra

DC Motors

The back emf Ea ð= Ka Φωm Þ is zero at start. Therefore,
Vt
Ia jstart =
Ra

177

ð4:56Þ

Since Ra is small, the starting current is very large. The starting current can be limited to a
safe value by the following methods:
1. Insert an external resistance, Rae (Fig. 4.57b), at start.
2. Use a low dc terminal voltage ðVt Þ at start. This, of course, requires a variable-voltage
supply.
With an external resistance in the armature circuit, the armature current as the motor speeds
up is
Vt  Ea
ð4:57Þ
Ia =
Ra + Rae
The back emf Ea increases as the speed increases. Therefore, the external resistance Rae can
be gradually taken out as the motor speeds up without the current exceeding a certain limit.

FIGURE 4.57

Development of a dc motor starter.
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This is done using a starter, shown in Fig. 4.57c. At start, the handle is moved to position 1. All
the resistances, R1 , R2 , R3 , and R4 , appear in series with the armature and thereby limit the
starting current. As the motor speeds up, the handle is moved to positions 2, 3, 4, and ﬁnally 5.
At position 5 all the resistances in the starter are taken out of the armature circuit. The handle
will be held in position 5 by the electromagnet, which is excited by the ﬁeld current If .

EXAMPLE 4.10
A 10 kW, 100 V, 1000 rpm dc machine has Ra = 0:1 Ω and is connected to a 100 V dc supply.
(a) Determine the starting current if no starting resistance is used in the armature circuit.
(b) Determine the value of the starting resistance if the starting current is limited to twice the
rated current.
(c) This dc machine is to be run as a motor, using a starter box. Determine the values of
resistances required in the starter box such that the armature current Ia is constrained
within 100 to 200% of its rated value (i.e., 1 to 2 pu) during start-up.
Solution
(a)

Ia jrated =

10000
= 100 A
100

Ia jstart =

Vt
100
= 1000 A = 10Ia jrated = 10 pu
=
Ra
0:1

(b)

200 =

100
0:1 + Rae

Rae = 0:4 Ω
(c) An arrangement of the resistances in the starter box is shown in Fig. E4.10a, where Rae1 ,
Rae2 , . . . represent total resistances of the box for positions 1, 2, . . ., respectively. The
handle will be moved to a new position when Ia decreases to 100 A (rated armature
current). The variation of current Ia and speed n with time is shown in Fig. E4.10b.
Rae1 . From part (b)
Rae1 = 0:4 Ω
= total resistance in starter box
Rae2 . At any speed.
Vt = Ea
"
"
fixed

increases
with
speed

+ Ia ðRa þ Rae Þ
"
decreases
with
speed

DC Motors

FIGURE E4.10

At t = t
2 (i.e., before the handle is moved to position 2),
Ia = 100 A
and
Ea2 = Vt  Ia ðRa + Rae1 Þ
= 100  100ð0:1 + 0:4Þ
= 50 V
At t = t2+ (i.e., after the handle is moved to position 2),
Vt  Ea2
Ia = 200 A =
Ra + Rae2
or
200 =

100  50
0:1 + Rae2

Rae2 = 0:15 Ω
Rae3 . At t = t
3 , Ia = 100 A.
Ea3 = 100  100ð0:1 + 0:15Þ
= 100  25
= 75 V
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At t = t3+,
Ia = 200 A =

100  75
0:1 + Rae3

Rae3 = 0:025 Ω
Rae4 . At t = t
4 , Ia = 100 A.
Ea4 = 100  100ð0:1 + 0:025Þ
= 87:5 V
At t = t4+,
Ia = 200 =

100  87:5
0:1 + Rae4

Rae4 = 0:0375 Ω
The negative value of Rae4 indicates that it is not required—that is, Rae4 = 0. At T = t4+
(i.e., after the handle is moved to position 4), the armature current without any resistance
in the box will not exceed 200 A. In fact, the value of Ia when the handle is moved to
position 4 at t = t4 is
Ia =

100  87:5
= 125 A
0:1

Therefore, three resistances in the starter box are required. Their values are
R1 = Rae1  Rae2 = 0:4  0:15 = 0:25 Ω
R2 = Rae2  Rae3 = 0:15  0:025 = 0:125 Ω
R3 = Rae3  Rae4 = 0:025  0 = 0:025 Ω

4.5

▪

SPEED CONTROL

There are numerous applications where control of speed is required, as in rolling mills, cranes,
hoists, elevators, machine tools, and transit system and locomotive drives. DC motors are
extensively used in many of these applications. Control of the speed of dc motors below and
above the base (or rated) speed can easily be achieved. Besides, the methods of control are
simpler and less expensive than those applicable to ac motors. The technology of speed control
of dc motors has evolved considerably over the past quarter-century. In the classical method, a
Ward–Leonard system with rotating machines is used for speed control of dc motors. Recently,
solid-state converters have been used for this purpose. In this section, various methods of speed
control of dc motors are discussed.

4.5.1

WARD–LEONARD SYSTEM

This system was introduced in the 1890s. The system, shown in Fig. 4.58a, uses a motor–
generator (M–G) set to control the speed of the dc drive motor. The motor of the M–G set

Speed Control
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Ward–Leonard system.

(which is usually an ac motor) runs at a constant speed. By varying the generator ﬁeld current
Ifg , the generator voltage Vt is changed, which in turn changes the speed of the dc drive motor.
The system is operated in two control modes.

Vt Control
In the armature voltage control mode, the motor current Ifm is kept constant at its rated value.
The generator ﬁeld current Ifg is changed such that Vt changes from zero to its rated value. The
speed will change from zero to the base speed. The torque can be maintained constant during
operation in this range of speed, as shown in Fig. 4.58b.

If Control

The ﬁeld current control mode is used to obtain speed above the base speed. In this mode, the
armature voltage Vt remains constant and the motor ﬁeld current Ifm is decreased (ﬁeld
weakening) to obtain higher speeds. The armature current can be kept constant, thereby
operating the motor in a constant-horsepower mode. The torque obviously decreases as speed
increases, as shown in Fig. 4.58b.

4.5.2

SOLID-STATE CONTROL

In recent years, solid-state converters have been used as a replacement for rotating motor–
generator sets to control the speed of dc motors. Figure 4.59 shows the block diagram of a
solid-state converter system. The converters used are controlled rectiﬁers or choppers, which
are discussed in Chapter 10.

Controlled Rectiﬁers
If the supply is ac, controlled rectiﬁers can be used to convert a ﬁxed ac supply voltage into a
variable-voltage dc supply. The operation of the phase-controlled rectiﬁers is described in
Chapter 10.
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FIGURE 4.59 Block diagram of solidstate control of dc motors.

If all the switching devices in the converter are controlled devices, such as silicon-controlled
rectiﬁers (SCRs), the converter is called a full converter. If some devices are SCRs and some are
diodes, the converter is called a semiconverter. In Fig. 4.60, the ﬁring angle α of the SCRs
determines the average value ðVt Þ of the output voltage vt . The control voltage Vc changes the
ﬁring angle α and therefore changes Vt . The relationship between the average output voltage Vt
and the ﬁring angle α is as follows.
Single-phase input. Assume that the dc current ia is continuous. For a full converter
(from Eq. 10.3)
pﬃﬃﬃ
2 2Vp
cos α
ð4:58Þ
Vt =
π
For a semiconverter (from Eq. 10.5),
pﬃﬃﬃ
2Vp
Vt =
ð1 + cos αÞ
π
Three-phase input. For a full converter (from Eq. 10.10),
pﬃﬃﬃ
3 6Vp
cos α
Vt =
π

ð4:59Þ

ð4:60Þ

FIGURE 4.60 Speed control of dc motors
by controlled rectiﬁers.

Speed Control

FIGURE 4.61
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Controlled-rectiﬁer characteristics.

For a semiconverter (from Eq. 10.10a),
pﬃﬃﬃ
3 6Vp
ð1 + cos αÞ
Vt =
2π

ð4:61Þ

where Vp is the rms value of the ac supply phase voltage. The variation of the motor terminal
voltage Vt as a function of the ﬁring angle α is shown in Fig. 4.61 for both semiconverter and
full-converter systems. If the Ia Ra drop is neglected ðVt ’ Ea Þ, the curves in Fig. 4.61 also
show the variation of Ea (hence speed) with the ﬁring angle.
Although instantaneous values of voltage vt and current ia are not constant, but change with
time, in terms of average values the basic dc machine equations still hold good.
Vt = Ea + Ia Ra

ð4:61aÞ

Ea = Ka Φωm

ð4:61bÞ

T = Ka ΦIa

ð4:61cÞ

EXAMPLE 4.11
The speed of a 10 hp, 220 V, 1200 rpm separately excited dc motor is controlled by a singlephase full converter as shown in Fig. 4.60 (or Fig. 10.21a). The rated armature current is 40 A.
The armature resistance is Ra = 0:25 Ω and armature inductance is La = 10 mH. The ac supply
voltage is 265 V. The motor voltage constant is Ka Φ = 0:18 V=rpm. Assume that motor current
is continuous and ripple-free.
For a ﬁring angle α = 30 and rated motor current, determine the
(a) Speed of the motor.
(b) Motor torque.
(c) Power to the motor.
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Solution
(a) From Eq. 4.58, the average terminal voltage is
pﬃﬃﬃ
2 2 × 265
cos 30
Vt =
π
= 206:6 V
The back emf is
Ea = Vt  Ia Ra
= 206:6  40 × 0:25
= 196:6 V
Hence, the speed in rpm is
N=

196:6
= 1092:2 rpm
0:18

Ka Φ = 0:18 V=rpm

(b)

=

0:18 × 60
V  sec=rad
2π

= 1:72 V  sec=rad
T = 1:72 × 40
= 68:75 N  m
(c) The power to the motor is
P = ðia Þ2rms Ra + Ea Ia
Since ia is ripple-free (i.e., constant),
ðia Þrms = ðia Þaverage = Ia
P = Ia2 Ra + Ea Ia
= Vt Ia
= 206:6 × 40
= 8274 W

▪

EXAMPLE 4.12
The speed of a 125 hp, 600 V, 1800 rpm, separately excited dc motor is controlled by a 3φ
(three-phase) full converter as shown in Fig. 4.60 (or Fig. 10.27a). The converter is operated
from a 3φ, 480 V, 60 Hz supply. The rated armature current of the motor is 165 A. The motor
parameters are Ra = 0:0874 Ω, La = 6:5 mH, and Ka Φ = 0:33 V=rpm. The converter and ac
supply are considered to be ideal.
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(a) Find no-load speeds at ﬁring angles α = 0 and α = 30 . Assume that at no load, the
armature current is 10% of the rated current and is continuous.
(b) Find the ﬁring angle to obtain the rated speed of 1800 rpm at rated motor current.
(c) Compute the speed regulation for the ﬁring angle obtained in part (b).
Solution
(a) No-load condition. The supply phase voltage is
480
Vp = pﬃﬃﬃ = 277 V
3
From Eq. 4.60, the motor terminal voltage is
pﬃﬃﬃ
3 6 × 277
cos α = 648 cos α
Vt =
π
For α = 0 ,
Vt = 648 V
Ea = Vt  Ia Ra
= 648  ð16:5 × 0:0874Þ
= 646:6 V
No-load speed is
N0 =

Ea
646:6
=
= 1959 rpm
Ka Φ
0:33

For α = 30 ,
Vt = 648 cos 30 = 561:2 V
Ea = 561:2  ð16:5 × 0:0874Þ = 559:8 V
The no-load speed is
N0 =

559:8
= 1696 rpm
0:33

(b) Full-load condition. The motor back emf Ea at 1800 rpm is
Ea = 0:33 × 1800 = 594 V
The motor terminal voltage at rated current is
Vt = 594 + ð165 × 0:0874Þ
= 608:4 V
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Therefore,
648 cos α = 608 V
cos α =

608:4
= 0:94
648

α = 20:1
(c) Speed regulation. At full load, the motor current is 165 A and the speed is 1800 rpm. If the
load is thrown off, keeping the ﬁring angle the same at α = 20:1 , the motor current
decreases to 16:5 A. Therefore,
Ea = 608:4  ð16:5 × 0:0874Þ
= 606:96 V
and the no-load speed is
N0 =

606:96
= 1839:3 rpm
0:33

The speed regulation is
1839:3  1800
× 100% = 2:18%
1800

▪

Choppers
A solid-state chopper converts a ﬁxed-voltage dc supply into a variable-voltage dc supply. A
schematic diagram of a chopper is shown in Fig. 4.62a. The chopper is a high-speed on–off
switch, as illustrated in Fig. 4.62b. The switch S can be a conventional thyristor (i.e., SCR), a
gate turn-off (GTO) thyristor, or a power transistor. The operation of choppers is described in
detail in Chapter 10.
When the switching device in the chopper (Fig. 4.62b) is on, vt = V (supply voltage) and
motor current ia increases. When it is off, motor current ia decays through the diode (D),
making vt = 0. The waveforms of voltage vt and current ia are shown in Fig. 4.62c. The output
voltage vt is a chopped voltage derived from the input voltage V. The average output voltage Vt ,
which determines the speed of the dc motor, is
Vt =

ton
V
T

= αV
where

ton is the on time of the chopper
T is the chopping period
α is the duty ratio of the chopper

ð4:62Þ
ð4:63Þ
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FIGURE 4.62 Chopper circuit
and its operation.

From Eq. 4.63, it is obvious that the motor terminal voltage varies linearly with the duty ratio of
the chopper.
EXAMPLE 4.13
The speed of a separately excited dc motor is controlled by a chopper as shown in Fig. 4.62a. The
dc supply voltage is 120 V, the armature circuit resistance Ra = 0:5 Ω, the armature circuit
inductance La = 20 mH, and the motor constant is Ka Φ = 0:05 V=rpm. The motor drives a
constant-torque load requiring an average armature current of 20 A. Assume that motor current
is continuous.
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Determine the
(a) Range of speed control.
(b) Range of the duty cycle α.
Solution
Minimum speed is zero, at which Ea = 0. Therefore, from Eq. 4.61a,
Vt = Ia Ra = 20 × 0:5 = 10 V
From Eq. 4.63,
10 = 120α
α=

1
12

Maximum speed corresponds to α = 1, at which Vt = V = 120 V. Therefore,
Ea = Vt  Ia Ra
= 120  ð20 × 0:5Þ
= 110 V
From Eq. 4.61b,
N=

Ea
110
=
= 2200 rpm
Ka Φ 0:05

(a) The range of speed is 0 < N < 2200 rpm.
1
< α < 1.
(b) The range of the duty cycle is 12

4.5.3

▪

CLOSED-LOOP OPERATION

DC motors are extensively used in many drives where speed control is desired. In many
applications where a constant speed is required, open-loop operation of dc motors may not be
satisfactory. In open-loop operation, if load torque changes, the speed will change, too. In a
closed-loop system, the speed can be maintained constant by adjusting the motor terminal
voltage as the load torque changes. The basic block diagram of a closed-loop speed control
system is shown in Fig. 4.63. If an additional load torque is applied, the motor speed
momentarily decreases and the speed error εN increases, which increases the control signal Vc .
The control signal increases the converter output voltage (the control signal decreases the ﬁring
angle if the converter is a phase-controlled rectiﬁer, or increases the duty ratio if the converter
is a chopper). An increase in the motor armature voltage develops more torque to restore the
speed of the motor. The system thus passes through a transient period until the developed
torque matches the applied load torque.

Speed Control
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FIGURE 4.63 Closed-loop speed
control system.

There are other advantages of closed-loop operation, such as greater accuracy, improved
dynamic response, and stability of operation. In a closed-loop system the drive characteristics can also be made to operate at constant torque or constant horsepower over a certain
speed range, a requirement in traction systems. Circuit protection can also be provided
in a closed-loop system. In fact, most industrial drive systems operate as closed-loop
feedback systems.
In a dc motor, the armature resistance ðRa Þ and inductance ðLa Þ are small. The time constant
ðτ 1 = La =Ra Þ of the armature circuit is also small. Consequently, a small change in the armature
terminal voltage may result in a quick and large change in the armature current, which may
damage the solid-state devices used in the converter. An inner current loop can be provided so
that the motor current can be clamped to a speciﬁed value.1 A block diagram of such a system is
shown in Fig. 4.64. The output of the speed controller represents a torque command. Because
torque is proportional to armature current, the output of the speed controller also represents
the current command I*
a , which is then compared with the actual current Ia . A limit on the
output of the speed controller will therefore clamp the value of the motor current Ia .
The speed controller and current controller can have proportional (P) or proportional–
integral (PI) control.1 The selection depends on the requirement of drive performance.

FIGURE 4.64

1

Closed-loop speed control with inner current loop.

P. C. Sen, Thyristor DC Drives, Wiley-Interscience, New York, 1981.
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PERMANENT MAGNET DC (PMDC) MOTORS

In permanent magnet dc (PMDC) motors, the stator wound poles of a conventional dc motor
are replaced by permanent magnets. The rotor has a conventional dc armature, with commutator segments and brushes. Unlike the salient-pole ﬁeld structure of the conventional dc
motor (Fig. 4.7), permanent magnet motors have a relatively smooth stator structure, as shown
in Fig. 4.65. The outer shell is made of magnetic material and the permanent magnets, which
are radially magnetized, are mounted on the inner periphery of the outer shell.
PMDC motors have several advantages. Because of the absence of the ﬁeld windings, copper
loss is absent, and this increases efﬁciency. No space is required for ﬁeld windings; consequently,
these motors are smaller than corresponding wound pole motors and, in some cases, cheaper as
well. Although permanent magnet materials tend to be more expensive, the reduction in the size
of the motor reduces the cost of other materials, which compensates, at least in part, for the extra
magnet cost. PMDC motors have a deﬁnite cost advantage in the smaller size range.
The PMDC motors have some disadvantages. There is a risk of demagnetization, which may
be caused by excessive armature current. Demagnetization may also be caused by excessive
heating, which can occur if the motor is overloaded over a prolonged period. The magnetic
ﬁeld is always present, even when the motor is not being used. The enclosure of the motor
should be carefully designed so that no foreign matter is attracted that would be harmful to the
motor. In addition, permanent magnets cannot normally produce the high ﬂux density of a
wound pole motor. However, with the development of high-ﬂux-density rare earth magnets,
PMDC motors are becoming viable alternatives to dc shunt motors.
The speed of a PMDC motor cannot be controlled by ﬁeld ﬂux, and thus speed control must
be achieved by changing the armature voltage. These motors are therefore used only where
motor speeds below base speed are required. They do not offer the ﬂexibility of operation
beyond the base speed.
PMDC motors are being produced in the millions each year and are being used in many
applications, ranging from fractional horsepower to several horsepower. They are used
extensively in automobiles—to operate windshield wipers and washers, to raise and lower
windows, to operate pumps, to drive blowers for heaters and air conditioners, and so on. They

FIGURE 4.65 Cross-sectional view of a PMDC motor.
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are often employed in equipment that is supplied from battery sources. PMDC motors up to
200 hp have been developed for industrial applications.
The types of permanent magnet materials used for PMDC motors include alnicos, ferrites,
and rare earth materials (samarium-cobalt and neodymium-iron-boron). Alnicos are used in
low-current, high-voltage applications because of low coercivity and high ﬂux density. Ferrites
are used in cost-sensitive applications, such as in air conditioners, compressors, and refrigerators. For size-sensitive applications rare earth materials are used—for example, in the
automobile industry. Large industrial PMDC motors use rare earth materials. Servo industrial
drives requiring high performance and high torque/inertia ratios use rare earth materials.
Neodymium-iron-boron is cheaper than samarium-cobalt. However, the latter can stand higher
temperatures than the former.
Most of the dc motors likely to be used in the future are PMDC motors.

4.7

PRINTED CIRCUIT BOARD (PCB) MOTORS

Courtesy of PMI Motion Technologies

The printed circuit board (or disk armature) motor, using permanent magnets, has a conﬁguration radically different from that of the conventional dc motor. Figure 4.66 shows the construction
of such a motor. The rotor has no iron and is formed of a disk of nonconducting, nonmagnetic
material. The entire armature winding and the commutator are printed in copper on both sides of
the disk. The brushes are placed around its inner periphery. The disk armature is placed between
two sets of permanent magnets mounted on ferromagnetic end plates. This conﬁguration

FIGURE 4.66

PCB motor assembly.
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provides axial ﬂux through the armature. The radial current ﬂowing through the disk armature
interacts with the axial ﬂux to produce torque that rotates the rotor, as in any dc motor.
This type of motor has several advantages:
Because of its low rotor inertia, it has a high torque/inertia ratio and thus can provide rapid
acceleration and deceleration. The motor can accelerate from 0 to 4000 rpm in 10
milliseconds.
The armature inductance is low, because there is no iron in the rotor. Because of the low
inductance, there is little arcing, which leads to longer brush life and high-speed capability.
Low armature inductance makes the armature time constant low. Consequently, the armature current can build up very quickly (in less than 1 millisecond), which implies that full
torque is available almost instantly, a key to quick motion response and accurate tracking.
The motor has no cogging torque, because the rotor is nonmagnetic.
These motors are particularly suitable for applications requiring high performance characteristics. Examples are high-speed tape readers, XY recorders, point-to-point tool positioners, robots, and other servo drives. Typical sizes of these motors are in the fractional
horsepower ranges. However, integral horsepower sizes are also available.

PROBLEMS
4.1

Two dc machines of the following rating are required:
DC machine 1: 120 V, 1500 rpm, four poles
DC machine 2: 240 V, 1500 rpm, four poles
Coils are available that are rated at 4 volts and 5 amperes. For the same number of coils to be
used for both machines, determine the
(a) Type of armature winding for each machine.

4.2

(b)

Number of coils required for each machine.

(c)

kW rating of each machine.

A four-pole dc machine has a wave winding of 300 turns. The ﬂux per pole is 0:025 Wb. The dc
machine rotates at 1000 rpm.
(a) Determine the generated voltage.
(b)

4.3

Determine the kW rating if the rated current through the turn is 25 A.

A dc machine (6 kW, 120 V, 1200 rpm) has the following magnetization characteristics at
1200 rpm.

If
Ea

(A)
(V)

0.0
5

0.1
20

0.2
40

0.3
60

0.4
79

0.5
93

0.6
102

0.8
114

1.0
120

1.2
125

The machine parameters are Ra = 0:2 Ω, Rfw = 100 Ω. The machine is driven at 1200 rpm and is
separately excited. The ﬁeld current is adjusted at If = 0:8 A. A load resistance RL = 2 Ω is connected to the armature terminals. Neglect armature reaction effect.
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(a) Determine the quantity Ka Φ for the machine.
(b)

Determine Ea and Ia .

(c)

Determine torque T and load power PL .

4.4

Repeat Problem 4.3 if the speed is 800 rpm.

4.5

The dc generator in Problem 4.3 rotates at 1500 rpm, and it delivers rated current at rated terminal voltage. The ﬁeld winding is connected to a 120 V supply.
(a) Determine the value of the ﬁeld current.
(b)

4.6

Determine the value of Rfc required.

The dc machine in Problem 4.3 has a ﬁeld control resistance whose value can be changed from
0 to 150 Ω. The machine is driven at 1200 rpm. The machine is separately excited, and the ﬁeld
winding is supplied from a 120 V supply.
(a)

Determine the maximum and minimum values of the no-load terminal voltage.

(b)

The ﬁeld control resistance ðRfc Þ is adjusted to provide a no-load terminal voltage of 120 V.
Determine the value of Rfc . Determine the terminal voltage at full load for no armature
reaction and also if IfðARÞ = 0:1 A.

4.7

Repeat Problem 4.6 if the speed is 1500 rpm.

4.8

The dc machine in Problem 4.3 is separately excited. The machine is driven at 1200 rpm and
operates as a generator. The rotational loss is 400 W at 1200 rpm, and the rotational loss is
proportional to speed.
(a) For a ﬁeld current of 1:0 A, with the generator delivering rated current, determine the terminal voltage, the output power, and the efﬁciency.
(b)

4.9

Repeat part (a) if the generator is driven at 1500 rpm.

The dc machine in Problem 4.6 is self-excited.
(a) Determine the maximum and minimum values of the no-load terminal voltage.
(b)

Rfc is adjusted to provide a no-load terminal voltage of 120 V. Determine the value of Rfc .

(i) Assume no armature reaction. Determine the terminal voltage at rated armature current. Determine the maximum current the armature can deliver. What is the terminal
voltage for this situation?

(ii) Assume that IfðARÞ = 0:1 A at Ia = 50 A and consider armature reaction proportional to
armature current. Repeat part (i).
4.10

A dc machine (10 kW, 250 V, 1000 rpm) has Ra = 0:2 Ω and Rfw = 133 Ω. The machine is selfexcited and is driven at 1000 rpm. The data for the magnetization curve are

If
Ea

(A)
(V)

0
10

0.1
40

0.2
80

0.3
120

0.4
150

0.5
170

0.75
200

1.0
220

1.5
245

2.0
263

(a) Determine the generated voltage with no ﬁeld current.
(b)

Determine the critical ﬁeld circuit resistance.

(c)

Determine the value of the ﬁeld control resistance ðRfc Þ if the no-load terminal voltage is 250 V.
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(d)

Determine the value of the no-load generated voltage if the generator is driven at 800 rpm
and Rfc = 0.

(e)

Determine the speed at which the generator is to be driven such that no-load voltage is 200 V
with Rfc = 0.

The self-excited dc machine in Problem 4.10 delivers rated load when driven at 1000 rpm. The
rotational loss is 500 watts.
(a) Determine the generated voltage.

4.12

(b)

Determine the developed torque.

(c)

Determine current in the ﬁeld circuit. Neglect the armature reaction effect.

(d)

Determine the efﬁciency.

A dc shunt machine (24 kW, 240 V, 1000 rpm) has Ra = 0:12 Ω, Nf = 600 turns/pole. The machine
is operated as a separately excited dc generator and is driven at 1000 rpm. When If = 1:8 A, the
no-load terminal voltage is 240 V. When the generator delivers full-load current, the terminal
voltage drops to 225 V.
(a)

4.13

Determine the generated voltage and developed torque when the generator delivers full load.

(b)

Determine the voltage drop due to armature reaction.

(c)

The full-load terminal voltage can be made the same as the no-load terminal voltage by
increasing the ﬁeld current to 2:2 A or by using series winding on each pole. Determine the
number of turns per pole of the series winding required if If is kept at 1:8 A.

A dc shunt generator (20 kW, 200 V, 1800 rpm) has Ra = 0:1 Ω, Rfw = 150 Ω. Assume that Ea = Vt
at no load. Data for the magnetization curve at 1800 rpm are

If
Ea
1.

(A)
(V)

0.0
5

0.125
33.5

0.25
67

0.5
134

0.625
160

0.75
175

0.875
190

1.0
200

1.25
214

1.5
223

The machine is self-excited.

(a) Determine the maximum generated voltage.
(b) At full-load condition, Vt = Vt (rated), Ia = Ia (rated), If = 1:25 A. Determine the value of
the ﬁeld control resistance ðRfc Þ.

(c) Determine the electromagnetic power and torque developed at full-load condition.
(d) Determine the armature reaction effect in equivalent ﬁeld amperes ðIfðARÞ Þ at full load.
(e) Determine the maximum value of the armature current assuming that IfðARÞ is proportional to Ia .
2.

The shunt generator is now connected as a long shunt compound generator.

(a) Show the generator connection.
(b) Determine the number of turns per pole of the series ﬁeld winding required to make the noload and full-load terminal voltage Vt = 200 V. Rsr = 0:04 Ω and Nf = 1200 turns/pole.

4.14

The dc generator in Problem 4.13 has a series ﬁeld winding of 3 turns per pole and Rsr = 0:03 Ω.
Determine the terminal voltage for following connections of the dc generator, if the armature
delivers rated current and Rfc = 0. Assume no armature reaction.
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(a) Shunt-excited generator, with the series ﬁeld winding not used.

4.15

(b)

Long-shunt cumulative compound generator.

(c)

Long-shunt differential compound generator.

A dc series machine (9:25 kW, 185 V, 1500 rpm) has Ra + Rsr = 0:3 Ω. The data for the magnetization curve are as follows:
Ia ðaÞ
Ea ðvÞ

0
10

10
50

20
106

30
156

40
184

50
200

60
208

Determine the terminal voltage at
(a) Ia = 20 A:
(b)

Ia = 40 A:

(c)

Ia = 60 A:

if the dc series machine operates as a generator.
4.16

A separately excited dc motor has the following nameplate data: 100 hp, 440 V, 2000 rpm.
(a) Determine the rated torque.
(b)

4.17

4.18

Determine the current at rated output if the efﬁciency of the motor is 90% at rated output.

A 240 V separately exited dc motor has an armature resistance of Ra = 0:06 Ω. When it is connected to a 240 V supply, it draws 90 A from the supply and rotates at 1200 rpm.
(a)

Find the torque developed by the motor at this operating condition.

(b)

If the torque developed is 280 N  m for the same excitation and same supply voltage, then
ﬁnd the speed and armature current.

A 25 kW, 120 V separately excited dc machine has an armature resistance of Ra = 0:025 Ω. When
operated with a constant ﬁeld current and constant speed of 2500 rpm, the open circuit armature
voltage is 120 V.
(a) If the dc machine is connected to a 125 V supply, determine

(i) Whether the dc machine is operating as a generator, or a motor.
(ii) The armature current.
(iii) The supply power.
(iv) The developed power.
(v) The developed torque.
(b)
4.19

Repeat (a) if the dc machine is connected to a 115 V supply.

The dc machine of Problem 4.13 is operated at If = 1:0 A. The terminal voltage of the dc machine
is 220 V, and the developed torque is 100 N  m. Determine the speed of the dc machine when it
operates
(a) As a motor.
(b)

4.20

As a generator.

The dc machine in Problem 4.13 is operated as a dc shunt motor. Determine the minimum and
maximum no-load speeds if Rfc is varied from 0 to 200 Ω.
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Repeat Problem 4.20 for the full-load condition if Rfc = 0 Ω.
(a) Assume no armature reaction.
(b)

4.22

Assume a 10% reduction of ﬂux at full load.

The dc shunt machine in Problem 4.13 is provided with a series ﬁeld winding of Nsr = 5 turns/pole
and Rs = 0:05 Ω. It is connected as a long-shunt compound machine. If Rfc = 50 Ω, and the
machine is operated as a cumulative compound motor
(a) Determine its no-load speed.
(b)

Determine its full-load speed. Assume no armature reaction.

4.23

Repeat Problem 4.22 if the dc motor is connected as a differentially compounded motor.

4.24

The compound dc machine in Problem 4.22 is operated as a series motor by not using the shunt
ﬁeld winding. Determine the speed and torque at
(a) 50% rated current.
(b)

4.25

100% rated current.

A dc machine is connected across a 240-volt line. It rotates at 1200 rpm and is generating
230 volts. The armature current is 40 amps.
(a) Is the machine functioning as a generator, or as a motor?
(b)

Determine the resistance of the armature circuit.

(c)

Determine power loss in the armature circuit resistance and the electromagnetic power.

(d)

Determine the electromagnetic torque in newton-meters.

(e)

If the load is thrown off, what will the generated voltage and the rpm of the machine be,
assuming

(i) No armature reaction.
(ii) 10% reduction of ﬂux due to armature reaction at 40 amps armature current.
4.26

A 240 V dc shunt motor has an armature resistance of 0:05 Ω. When the motor is connected to its
supply, the armature current is 20 A, the ﬁeld current is 12 A, and the speed is 1200 rpm.
Now, a load is applied to the shaft, and the armature current increases to 300 A and the speed
drops to 1150 rpm.
Determine, for the loaded condition,
(a) Rotational loss.
(b) Field circuit loss.
(c)

Efﬁciency at the loaded condition.

4.27

A 500 V dc shunt motor has an armature resistance of Ra = 0:25 Ω and ﬁeld circuit resistance
of Rf = 240 Ω. The motor drives a mechanical load, which requires a torque proportional
to speed. When the motor-load system is connected to a 500 V supply, it takes 100 A and rotates
at 1100 rpm.
The speed is to be reduced to 900 rpm by inserting a resistance in series with the armature.
The ﬁeld current is kept the same.
Determine the value of the added series resistance.

4.28

A 500 V dc shunt motor has an armature circuit resistance of Ra = 0:2 Ω and a ﬁeld circuit
resistance of Rf = 250 Ω. The motor is connected to a mechanical load whose torque is
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independent of speed. When the motor is connected to a 500 V supply, the armature current is
40 A and the speed is 1600 rpm.
Determine the speed of the system if a resistance of 0:5 Ω is inserted in series with the armature.
4.29

The dc shunt machine in Problem 4.13 is used as a motor to drive a load that requires a constant
power of 15:36 kW. The motor is connected to a 300 V dc supply.
(a) Determine the speed range possible with a ﬁeld rheostat of 200 Ω.
(b)

Determine the efﬁciency at the lowest and highest speeds. For this part, assume a constant
rotational loss of 300 W over the speed range.

4.30

A permanent magnet dc motor drives a mechanical load requiring a constant torque of 25 N  m.
The motor produces 10 N  m with an armature current of 10 A. The resistance of the armature
circuit is 0:2 Ω. A 200 V dc supply is applied to the armature terminals. Determine the speed of the
motor.

4.31

A dc shunt motor drives an elevator load that requires a constant torque of 300 N  m. The motor
is connected to a 600 V dc supply and the motor rotates at 1500 rpm. The armature resistance is
0:5 Ω.
(a) Determine the armature current.
(b)

4.32

A dc shunt motor (50 hp, 250 V) is connected to a 230 V supply and delivers power to a load
drawing an armature current of 200 amperes and running at a speed of 1200 rpm. Ra = 0:2 Ω.
(a)

4.33

If the shunt ﬁeld ﬂux is reduced by 10%, determine the armature current and the speed of the
motor.

Determine the value of the generated voltage at this load condition.

(b)

Determine the value of the load torque. The rotational losses are 500 watts.

(c)

Determine the efﬁciency of the motor if the ﬁeld circuit resistance is 115 Ω.

A dc shunt machine (23 kW, 230 V, 1500 rpm) has Ra = 0:1 Ω.
1.

The dc machine is connected to a 230 V supply. It runs at 1500 rpm at no-load and 1480 rpm
at full-load armature current.

(a) Determine the generated voltage at full load.
(b) Determine the percentage reduction of ﬂux in the machine due to armature reaction at
full-load condition.
2.

The dc machine now operates as a separately excited generator and the ﬁeld current is kept
the same as in part 1. It delivers full load at rated voltage.

(a) Determine the generated voltage at full load.
(b) Determine the speed at which the machine is driven.
(c) Determine the terminal voltage if the load is thrown off.
4.34

A dc shunt machine (10 kW, 250 V, 1200 rpm) has Ra = 0:25 Ω. The machine is connected to a
250 V dc supply, draws rated armature current, and rotates at 1200 rpm.
(a) Determine the generated voltage, the electromagnetic power developed, and the torque
developed.
(b)

The mechanical load on the motor shaft is thrown off, and the motor draws 4 A armature
current.
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(i) Determine the rotational loss.
(ii) Determine speed, assuming no armature reaction.
(iii) Determine speed, assuming 10% change in ﬂux due to armature reaction, for a change
of armature current from rated value to 4 A.
4.35

A 240 V, 2 hp, 1200 rpm dc shunt motor drives a load whose torque varies directly as the speed.
The armature resistance of the motor is 0:75 Ω. With If = 1 A, the motor draws a line current of
7 A and rotates at 1200 rpm. Assume magnetic linearity and neglect armature reaction effect.
(a) The ﬁeld current is now reduced to 0:7 A. Determine the operating speed of the motor.
(b)

Determine the line current, mechanical power developed, and efﬁciency for the operating,
condition of part (a). Neglect rotational losses.

4.36

Repeat Problem 4.35 if the load torque is constant. Determine the torque.

4.37

A 125 V, 5 kW, 1800 rpm dc shunt motor requires only 5 volts to send full-load current through
the armature when the armature is held stationary.
(a) Determine the armature current if full-line voltage is impressed across the armature at
starting.

4.38

(b)

Determine the value of the external resistance needed in series with the armature to limit the
starting current to 1.5 times the full-load current.

(c)

The motor is coupled to a mechanical load by a belt. Determine the generated voltage at fullload condition (Vt = 125 V, n = 1800 rpm, Ia = IaðratedÞ ). If the belt breaks, determine the
speed of the motor. Neglect rotational losses and assume 10% reduction of ﬂux due to
armature reaction at full load.

A dc motor is mechanically connected to a constant-torque load. When the armature is connected
to a 120 V dc supply, it draws an armature current of value 8 A and runs at 1800 rpm. The
armature resistance is Ra = 0:08 Ω. Accidentally, the ﬁeld circuit breaks and the ﬂux drops to the
residual ﬂux, which is only 5% of the original ﬂux.
(a) Determine the value of the armature current immediately after the ﬁeld circuit breaks (i.e.,
before the speed has had time to change from 1800 rpm).
(b)

4.39

Determine the theoretical ﬁnal speed of the motor after the ﬁeld circuit breaks.

A 600 V dc series motor has armature and ﬁeld winding resistance of 0:5 Ω. When connected to a
600 V supply, it operates at 500 rpm and takes 75 A. If the load torque is reduced to half,
determine
(a) The armature current.
(b)

The speed at which it will operate.

Assume that the ﬂux is proportional to current and neglect armature reaction.
4.40

A 240 V dc series motor has an armature and ﬁeld resistance of 0:5 Ω. The motor develops a
torque of 16 N  m with a current of 22 A. The motor is connected to a mechanical system that
requires a constant torque of 24 N  m.
Determine the speed at which the motor will drive the load.

4.41

At standstill, a dc series motor draws 5 amperes and develops 5 N  m torque when connected to a
5 V dc supply. The series motor is mechanically coupled to a load. It draws 10 amperes when
connected to a 120 V dc supply and drives the load at 300 rpm. Assume magnetic linearity.
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(a) Determine the torque developed by the motor.
(b)
4.42

Determine the value of the external resistance required to be connected series with the
motor.

A dc series motor (230 V, 12 hp, 1200 rpm) is connected to a 230 V supply, draws a current of
40 amperes, and rotates at 1200 rpm. Ra = 0:25 Ω and Rsr = 0:1 Ω. Assume magnetic linearity.
(a) Determine the power and torque developed by the motor.
(b)

Determine the speed, torque, and power if the motor draws 20 amperes.

4.43

A 50 hp, 200 V, 1800 rpm shunt motor requires a starter box. During the start, the armature
current is constrained within the range 200 to 400 A. The armature circuit resistance is 0:15 Ω.
Determine the required number of resistors and the value of each resistor in the starter box.

4.44

The Ward–Leonard speed control system shown in Fig. 4.58a uses two identical dc machines of
rating 250 V, 5 kW, 1200 rpm. The armature resistance of each machine is 0:5 ohms. The generator is driven at a constant speed of 1200 rpm. The magnetization characteristic of each
machine at 1200 rpm is as follows:

If
Ea

(A)
(V)

0.0
5

0.1
60

0.2
120

0.3
160

0.4
190

0.5
212

0.6
230

0.7
242

0.8
250

1.0
262

1.2
270

1.4
273

Neglect the effect of armature reaction.
(a) If the motor ﬁeld current Ifm is kept constant at 0:8 A, determine the maximum and minimum values of the generator ﬁeld current, Ifg , required for the motor to operate in a speed
range of 200 to 1200 rpm at full-load armature current.
(b)

The generator ﬁeld current is kept at 1:0 amps and the motor ﬁeld current is reduced to
0:2 amp. Determine the speed of the motor at full-load armature current.

4.45

Repeat Example 4.11 if a single-phase semiconverter (Fig. 4.60 or Fig. 10.24a) is used to control
the speed of the dc motor.

4.46

Repeat Example 4.12 if a three-phase semiconverter is used to control the speed of the dc motor.

4.47

A dc series motor drives an elevator load that requires a constant torque of 200 N  m. The dc
supply voltage is 400 V and the combined resistance of the armature and series ﬁeld winding is
0:75 Ω. Neglect rotational losses and armature reaction effect.
(a) The speed of the elevator is controlled by a solid-state chopper. At 50% duty cycle (i.e.,
α = 0:5) of the chopper, the motor current is 40 amps. Determine the speed and the horsepower output of the motor and the efﬁciency of the system.
(b)

The elevator is controlled by inserting resistance in series with the armature of the series
motor. For the speed of part (a), determine the values of the series resistance, horsepower
output of the motor, and efﬁciency of the system.

chapter ﬁve
INDUCTION (ASYNCHRONOUS)
MACHINES
The induction machine is the most rugged and the most widely used machine in industry. Like
the dc machine discussed in the preceding chapter, the induction machine has a stator and
a rotor mounted on bearings and separated from the stator by an air gap. However, in
the induction machine both stator winding and rotor winding carry alternating currents. The
alternating current (ac) is supplied to the stator winding directly and to the rotor winding by
induction—hence the name induction machine.
The induction machine can operate both as a motor and as a generator. However, it is seldom
used as a generator supplying electrical power to a load. The performance characteristics as a
generator are not satisfactory for most applications. The induction machine is extensively used
as a motor in many applications.
The induction motor is used in various sizes. Small single-phase induction motors (in fractional horsepower rating; see Chapter 7) are used in many household appliances, such as
blenders, lawn mowers, juice mixers, washing machines, refrigerators, and stereo turntables.
Large three-phase induction motors (in tens or hundreds of horsepower) are used in pumps,
fans, compressors, paper mills, textile mills, and so forth.
The linear version of the induction machine has been developed primarily for use in transportation systems.
The induction machine is undoubtedly a very useful electrical machine. Single-phase
induction motors are discussed in Chapter 7. Two-phase induction motors are used primarily
as servomotors in a control system. These motors are discussed in Chapter 8. Three-phase
induction motors are the most important ones, and are most widely used in industry. In this
chapter, the operation, characteristic features, and steady-state performance of the three-phase
induction machine are studied in detail.

5.1

CONSTRUCTIONAL FEATURES

Unlike dc machines, induction machines have a uniform air gap. A pictorial view of the threephase induction machine is shown in Fig. 5.1a. The stator is composed of laminations of highgrade sheet steel. A three-phase winding is put in slots cut on the inner surface of the stator
frame as shown in Fig. 5.1b. The rotor also consists of laminated ferromagnetic material, with
slots cut on the outer surface. The rotor winding may be either of two types, the squirrel-cage type
or the wound-rotor type. The squirrel-cage winding consists of aluminum or copper bars
embedded in the rotor slots and shorted at both ends by aluminum or copper end rings as shown
in Fig. 5.2a. The wound-rotor winding has the same form as the stator winding. The terminals of
the rotor winding are connected to three slip rings, as shown in Fig. 5.2b. Using stationary
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FIGURE 5.1 Three-phase induction machine. (a) Induction machine with enclosure.
(b) Stator with three-phase winding.

FIGURE 5.2 Rotor of an induction machine. (a) Squirrel-cage rotor. (b) Wound-rotor type.

brushes pressing against the slip rings, the rotor terminals can be connected to an external
circuit. In fact, an external three-phase resistor can thus be connected for the purpose of speed
control of the induction motor, as shown in Fig. 5.39 and discussed in Section 5.13.6. It is
obvious that the squirrel-cage induction machine is simpler, more economical, and more rugged
than the wound-rotor induction machine.
The three-phase winding on the stator and on the rotor (in the wound-rotor type) is a distributed winding. Such windings make better use of iron and copper and also improve the mmf
waveform and smooth out the torque developed by the machine. The winding of each phase is
distributed over several slots. When current ﬂows through a distributed winding, it produces an
essentially sinusoidal space distribution of mmf. The properties of a distributed winding are
discussed in Appendix A.
Figure 5.3a shows a cross-sectional view of a three-phase squirrel-cage induction machine.
The three-phase stator winding, which in practice would be a distributed winding, is represented by three concentrated coils for simplicity. The axes of these coils are 120 electrical
degrees apart. Coil aa0 represents all the distributed coils assigned to the phase-a winding for
one pair of poles. Similarly, coil bb0 represents the phase-b distributed winding, and coil cc0
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FIGURE 5.3 Three-phase squirrel-cage induction machine. (a) Cross-sectional
view. (b) Y-connected stator winding. (c) Δ-connected stator winding.

represents the phase-c distributed winding. The ends of these phase windings can be connected
in a wye (Fig. 5.3b) or a delta (Fig. 5.3c) to form the three-phase connection. As shown in the
next section, if balanced three-phase currents ﬂow through these three-phase distributed
windings, a rotating magnetic ﬁeld of constant amplitude and speed will be produced in the air
gap and will induce current in the rotor circuit to produce torque.

5.2

ROTATING MAGNETIC FIELD

In this section we study the magnetic ﬁeld produced by currents ﬂowing in the polyphase
windings of an ac machine. In Fig. 5.4a the three-phase windings, represented by aa0 , bb0 , and cc0 ,
are displaced from each other by 120 electrical degrees in space around the inner circumference
of the stator. A two-pole machine is considered. The concentrated coils represent the
actual distributed windings. When a current ﬂows through a phase coil, it produces a sinusoidally distributed mmf wave centered on the axis of the coil representing the phase winding. If
an alternating current ﬂows through the coil, it produces a pulsating mmf wave, whose amplitude and direction depend on the instantaneous value of the current ﬂowing through the
winding. Figure 5.4b illustrates the mmf distribution in space at various instants due to an
alternating current ﬂow in coil aa0 . Each phase winding will produce similar sinusoidally
distributed mmf waves, but displaced by 120 electrical degrees in space from each other.
Let us now consider a balanced three-phase current ﬂowing through the three-phase
windings. The currents are
ia = Im cos ωt

ð5:1Þ

ib = Im cosðωt − 120 Þ

ð5:2Þ

ic = Im cosðωt + 120 Þ

ð5:3Þ

These instantaneous currents are shown in Fig. 5.4c. The reference directions, when positivephase currents ﬂow through the windings, are shown by dots and crosses in the coil sides in
Fig. 5.4a. When these currents ﬂow through the respective phase windings, each produces a
sinusoidally distributed mmf wave in space, pulsating along its axis and having a peak located

Rotating Magnetic Field

FIGURE 5.4
mmf.
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Pulsating

along the axis. Each mmf wave can be represented by a space vector along the axis of its phase
with magnitude proportional to the instantaneous value of the current. The resultant mmf
wave is the net effect of the three component mmf waves, which can be computed either
graphically or analytically.

5.2.1

GRAPHICAL METHOD

Let us consider situations at several instants of time and ﬁnd out the magnitude and direction
of the resultant mmf wave. From Fig. 5.4c, at instant t = t0 , the currents in the phase windings
are as follows:
ia = I m

flowing in phase winding a

ð5:4Þ

ib =−

Im
2

flowing in phase winding b

ð5:5Þ

ic =−

Im
2

flowing in phase winding c

ð5:6Þ
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The current directions in the representative coils are shown in Fig. 5.5a by dots and crosses.
Because the current in the phase-a winding is at its maximum, its mmf has its maximum value
and is represented by a vector Fa = Fmax along the axis of phase a, as shown in Fig. 5.5a.
The mmfs of phases b and c are shown by vectors Fa and Fc , respectively, each having magnitude
Fmax =2 and shown in the negative direction along their respective axes. The resultant of the three
vectors is a vector F = 32Fmax acting in the positive direction along the phase-a axis. Therefore, at
this instant, the resultant mmf wave is a sinusoidally distributed wave, which is the same as that
due to phase-a mmf alone, but with 32 the amplitude of the phase-a mmf wave. The component
mmf waves and the resultant mmf wave at this instant (t = t0 ) are shown in Fig. 5.5b.
At a later instant of time t1 (Fig. 5.4c), the currents and mmfs are as follows:
ia = 0,
pﬃﬃﬃ
3
ib =
Im ,
2
pﬃﬃﬃ
3
ic =
Im ,
2

FIGURE 5.5

Fa = 0
pﬃﬃﬃ
3
Fb =
Fmax
2
pﬃﬃﬃ
3
Fmax
Fc =
2

Rotating magnetic ﬁeld by graphical method: mmfs at various instants.

ð5:7Þ
ð5:8Þ
ð5:9Þ

Rotating Magnetic Field
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The current directions, component mmf vectors, and resultant mmf vector are shown in
Fig. 5.5c. Note that the resultant mmf vector F has the same amplitude 32Fmax at t = t1 as it had
at t = t0 , but it has rotated counterclockwise by 90 (electrical degrees) in space.
Currents at other instants t = t2 and t = t3 are also considered, and their effects on the
resultant mmf vector are shown in Figs. 5.5d and 5.5e, respectively. It is obvious that
as time passes, the resultant mmf wave retains its sinusoidal distribution in space with constant amplitude, but moves around the air gap. In one cycle of the current variation,
the resultant mmf wave comes back to the position of Fig. 5.5a. Therefore, the resultant mmf
wave makes one revolution per cycle of the current variation in a two-pole machine. In a p-pole
machine, one cycle of variation of the current will make the mmf wave rotate by 2=p revolutions. The revolutions per minute n (rpm) of the traveling wave in a p-pole machine for a
frequency f cycles per second for the currents are
n=

2
120f
f 60 =
p
p

ð5:10Þ

It can be shown that if ia ﬂows through the phase-a winding but ib ﬂows through the phase-c
winding and ic ﬂows through the phase-b winding, the traveling mmf wave will rotate in the
clockwise direction. Thus, a reversal of the phase sequence of the currents in the windings
makes the rotating mmf rotate in the opposite direction.

5.2.2

ANALYTICAL METHOD

Again we shall consider a two-pole machine with three phase windings on the stator. An
analytical expression will be obtained for the resultant mmf wave at any point in the air gap,
deﬁned by an angle θ. The origin of the angle θ can be chosen to be the axis of phase a, as shown
in Fig. 5.6a. At any instant of time, all three phases contribute to the air gap mmf along the path
deﬁned by θ. The mmf along θ is
FðθÞ = Fa ðθÞ + Fb ðθÞ + Fc ðθÞ

FIGURE 5.6

Motion of the resultant mmf.

ð5:11Þ
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At any instant of time, each phase winding produces a sinusoidally distributed mmf wave with
its peak along the axis of the phase winding and amplitude proportional to the instantaneous
value of the phase current. The contribution from phase a along θ is
Fa ðθÞ = Nia cos θ
where

ð5:12Þ

N is the effective number of turns in phase a
ia is the current in phase a

Because the phase axes are shifted from each other by 120 electrical degrees, the contributions
from phases b and c are, respectively,
Fb ðθÞ = Nib cosðθ − 120 Þ

ð5:13Þ

Fc ðθÞ = Nic cosðθ + 120 Þ

ð5:14Þ

FðθÞ = Nia cos θ + Nib cosðθ − 120 Þ + Nic cosðθ + 120 Þ

ð5:15Þ

The resultant mmf at point θ is

The currents ia , ib , and ic are functions of time and are deﬁned by Eqs. 5.1, 5.2, and 5.3,
and thus
Fðθ, tÞ = NIm cos ωt cos θ
+ NIm cosðωt − 120 Þ cosðθ − 120 Þ
+ NIm cosðωt + 120 Þ cosðθ + 120 Þ

ð5:16Þ

Using the trigonometric identity
cos A cos B = 12 cosðA − BÞ + 12 cosðA + BÞ

ð5:17Þ

each term on the right-hand side of Eq. 5.16 can be expressed as the sum of two cosine
functions, one involving the difference and the other the sum of the two angles. Therefore,
Fðθ, tÞ = 12 NIm cosðωt − θÞ + 12 NIm cosðωt + θÞ
+ 12 NIm cosðωt − θÞ + 12 NIm cosðωt + θ − 240 Þ
+ 12 NIm cosðωt − θÞ + 12 NIm cosðωt + θ + 240 Þ
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ} |ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Forward-rotating
Backward-rotating
components

=

3
2

NIm cosðωt − θÞ

ð5:18Þ

components

ð5:19Þ

Induced Voltages
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The expression of Eq. 5.19 represents the resultant mmf wave in the air gap. This represents
an mmf rotating at the constant angular velocity ω ð=2πf Þ. At any instant of time, say t1 ,
the wave is distributed sinusoidally around the air gap (Fig. 5.6b) with the positive peak
acting along θ = ωt1 . At a later instant, say t2 , the positive peak of the sinusoidally distributed
wave is along θ = ωt2 ; that is, the wave has moved by ωðt2 − t1 Þ around the air gap.
The angular velocity of the rotating mmf wave is ω = 2πf radians per second and its rpm for a
p-pole machine is given by Eq. 5.10.
It can be shown in general that an m-phase distributed winding excited by balanced m-phase
currents will produce a sinusoidally distributed rotating ﬁeld of constant amplitude when the
phase windings are wound 2π=m electrical degrees apart in space. Note that a rotating magnetic ﬁeld is produced without physically rotating any magnet. All that is necessary is to pass a
polyphase current (ac) through the polyphase windings of the machine.

5.3

INDUCED VOLTAGES

In the preceding section it was shown that when balanced polyphase currents ﬂow through a
polyphase distributed winding, a sinusoidally distributed magnetic ﬁeld rotates in the air gap of
the machine. This effect can be visualized as one produced by a pair of magnets, for a two-pole
machine, rotating in the air gap, the magnetic ﬁeld (i.e., ﬂux density) being sinusoidally distributed with the peak along the center of the magnetic poles. The result is illustrated in
Fig. 5.7. The rotating ﬁeld will induce voltages in the phase coils aa0 , bb0 , and cc0 . Expressions
for the induced voltages can be obtained by using Faraday’s laws of induction.
The ﬂux density distribution in the air gap can be expressed as
BðθÞ = Bmax cos θ
The air gap ﬂux per pole, Φp , is

Z
Φp =

π=2
−π=2

BðθÞlr dθ = 2Bmax lr

where l is the axial length of the stator
r is the radius of the stator at the air gap

FIGURE 5.7

Air gap ﬂux density distribution.

ð5:20Þ

ð5:21Þ
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Let us consider that the phase coils are full-pitch coils of N turns (the coil sides of each phase
are 180 electrical degrees apart as shown in Fig. 5.7). It is obvious that as the rotating ﬁeld
moves (or the magnetic poles rotate) the ﬂux linkage of a coil will vary. The ﬂux linkage for coil
aa0 will be maximum (=NΦp ) at ωt = 0 (Fig. 5.7a) and zero at ωt = 90 . The ﬂux linkage λa ðωtÞ
will vary as the cosine of the angle ωt. Hence,
λa ðωtÞ = NΦp cos ωt

ð5:22Þ

Therefore, the voltage induced in phase coil aa0 is obtained from Faraday’s law as
ea = −

dλa
= ωNΦp sin ωt
dt

= Emax sin ωt

ð5:23Þ
ð5:23aÞ

The voltages induced in the other phase coils are also sinusoidal, but phase-shifted from each
other by 120 electrical degrees. Thus,
eb = Emax sinðωt − 120 Þ

ð5:24Þ

ec = Emax sinðωt + 120 Þ

ð5:25Þ

From Eq. 5.23, the rms value of the induced voltage is
ωNΦp
2πf
Erms = pﬃﬃﬃ = pﬃﬃﬃ NΦp
2
2
= 4:44fNΦp

ð5:26Þ

where f is the frequency in hertz. Equation 5.26 has the same form as that for the induced
voltage in transformers (Eq. 1.40). However, Φp in Eq. 5.26 represents the ﬂux per pole of the
machine.
Equation 5.26 shows the rms voltage per phase. The N is the total number of series turns per
phase, with the turns forming a concentrated full-pitch winding. In an actual ac machine,
each phase winding is distributed in a number of slots (see Appendix A) for better use of the
iron and copper and to improve the waveform. For such a distributed winding, the emfs
induced in various coils placed in different slots are not in time phase, and therefore the phasor
sum of the emfs is less than their numerical sum when they are connected in series for the
phase winding. A reduction factor KW , called the winding factor, must therefore be applied. For
most three-phase machine windings, KW is about 0.85 to 0.95. Therefore, for a distributed
phase winding, the rms voltage per phase is
Erms = 4:44fNph Φp KW
where Nph is the number of turns in series per phase.

ð5:27Þ
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5.4

POLYPHASE INDUCTION MACHINE

We shall now consider the various modes of operation of a polyphase induction machine. We
shall ﬁrst consider the standstill behavior of the machine, and then study its behavior in the
running condition.

5.4.1

STANDSTILL OPERATION

Let us consider a three-phase wound-rotor induction machine with the rotor circuit left opencircuited. If the three-phase stator windings are connected to a three-phase supply, a rotating
magnetic ﬁeld will be produced in the air gap. The ﬁeld rotates at synchronous speed ns given
by Eq. 5.10. This rotating ﬁeld induces voltages in both stator and rotor windings at the same
frequency f1 . The magnitudes of these voltages, from Eq. 5.27, are
E1 = 4:44f1 N1 Φp KW1

ð5:28Þ

E2 = 4:44f1 N2 Φp KW2

ð5:29Þ

E1
N1 KW1
=
E2
N2 KW2

ð5:30Þ

Therefore,

The winding factors KW1 and KW2 for the stator and rotor windings are normally the same.
Thus,
E1 N1
’
= turns ratio
E2 N2

5.4.2

ð5:31Þ

PHASE SHIFTER

Notice that the rotor can be held in such a position that the axes of the corresponding phase
windings in the stator and the rotor make an angle β (Fig. 5.8a). In such a case, the induced

FIGURE 5.8 Induction
machine as phase shifter.
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voltage in the rotor winding will be phase-shifted from that of the stator winding by the angle β
(Figs. 5.8b and 5.8c). Thus, a stationary wound-rotor induction machine can be used as a phase
shifter. By turning the rotor mechanically, a phase shift range of 360 can be achieved.

5.4.3

INDUCTION REGULATOR

The stationary polyphase induction machine can also be used as a source of variable polyphase
voltage if it is connected as an induction regulator as shown in Fig. 5.9a. The phasor diagram is
shown in Fig. 5.9b to illustrate the principle. As the rotor is rotated through 360 , the output
voltage Vo follows a circular locus of variable magnitude. If the induced voltages E1 and E2 are
of the same magnitude (i.e., identical stator and rotor windings), the output voltage may be
adjusted from zero to twice the supply voltage.
The induction regulator has the following advantages over a variable autotransformer:

▪
▪

A continuous stepless variation of the output voltage is possible.
No sliding electrical connections are necessary.

However, the induction regulator suffers from the disadvantages of higher leakage inductances, higher magnetizing current, and higher costs.

5.4.4

RUNNING OPERATION

If the stator windings are connected to a three-phase supply and the rotor circuit is closed, the
induced voltages in the rotor windings produce rotor currents that interact with the air gap
ﬁeld to produce torque. The rotor, if free to do so, will then start rotating. According to Lenz’s
law, the rotor rotates in the direction of the rotating ﬁeld such that the relative speed between
the rotating ﬁeld and the rotor winding decreases. The rotor will eventually reach a steady-state
speed n that is less than the synchronous speed ns at which the stator rotating ﬁeld rotates in
the air gap. It is obvious that at n = ns there will be no induced voltage and current in the rotor
circuit, and hence no torque.
The difference between the rotor speed n and the synchronous speed ns of the rotating ﬁeld is
called the slip s and is deﬁned as
s=

FIGURE 5.9 Induction regulator.

ns − n
ns

ð5:32Þ
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If you were sitting on the rotor, you would ﬁnd that the rotor was slipping behind the rotating
ﬁeld by the slip rpm = ns − n = sns . The frequency f2 of the induced voltage and current in the
rotor circuit will correspond to this slip rpm, because this is the relative speed between
the rotating ﬁeld and the rotor winding. Thus, from Eq. 5.10,
f2 =
=

p
ðns − nÞ
120
p
sns
120

= sf1

ð5:33Þ

This rotor circuit frequency f2 is also called slip frequency. The voltage induced in the rotor
circuit at slip s is
E2s = 4:44f2 N2 Φp KW2
= 4:44sf1 N2 Φp KW2
= sE2

ð5:34Þ

where E2 is the induced voltage in the rotor circuit at standstill—that is, at the stator frequency f1 .
The induced currents in the three-phase rotor windings also produce a rotating ﬁeld. Its
speed (rpm) n2 with respect to the rotor is
120f2
p
120sf1
=
p

n2 =

= sns

ð5:35Þ

Because the rotor itself is rotating at n rpm, the induced rotor ﬁeld rotates in the air gap at
speed n + n2 = ð1 − sÞns + sns = ns rpm. Therefore, both the stator ﬁeld and the induced rotor
ﬁeld rotate in the air gap at the same synchronous speed ns . The stator magnetic ﬁeld and the
rotor magnetic ﬁeld are therefore stationary with respect to each other. The interaction
between these two ﬁelds can be considered to produce the torque. As the magnetic ﬁelds tend to
align, the stator magnetic ﬁeld can be visualized as dragging the rotor magnetic ﬁeld.
EXAMPLE 5.1
A 3φ, 460 V, 100 hp, 60 Hz, four-pole induction machine delivers rated output power at a slip of
0.05. Determine the
(a) Synchronous speed and motor speed.
(b) Speed of the rotating air gap ﬁeld.
(c) Frequency of the rotor circuit.
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(d) Slip rpm.
(e) Speed of the rotor ﬁeld relative to the
(i) rotor structure.
(ii) stator structure.
(f)

(iii) stator rotating ﬁeld.
Rotor induced voltage at the operating speed, if the stator-to-rotor turns ratio is 1:0.5.

Solution
(a)

ns =

120f
120 × 60
=
= 1800 rpm
p
4

n = ð1 − sÞns = ð1 − 0:05Þ1800 = 1710 rpm
(b)

1800 rpm (same as synchronous speed)

(c)

f2 = sf1 = 0:05 × 60 = 3 Hz

(d)
(e)

(f)

slip
(i)
(ii)
(iii)

rpm = sns = 0:05 × 1800 = 90 rpm
90 rpm
1800 rpm
0 rpm

Assume that the induced voltage in the stator winding is the same as the applied voltage.
Now,
E2s = sE2
=s

N2
E1
N1

460 V
= 0:05 × 0:5 × pﬃﬃﬃ
3
= 6:64 V=phase ▪

5.5

THREE MODES OF OPERATION

The induction machine can be operated in three modes: motoring, generating, and plugging.
To illustrate these three modes of operation, consider an induction machine mechanically
coupled to a dc machine, as shown in Fig. 5.10a.

5.5.1

MOTORING

If the stator terminals are connected to a three-phase supply, the rotor will rotate in the
direction of the stator rotating magnetic ﬁeld. This is the natural (or motoring) mode of

Three Modes of Operation
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FIGURE 5.10 Three modes of
operation of an induction machine.

operation of the induction machine. The steady-state speed n is less than the synchronous
speed ns , as shown in Fig. 5.10b.

5.5.2

GENERATING

The dc motor can be adjusted so that the speed of the system is higher than the synchronous
speed and the system rotates in the same direction as the stator rotating ﬁeld as shown in
Fig. 5.10c. The induction machine will produce a generating torque—that is, a torque acting
opposite to the rotation of the rotor (or acting opposite to the stator rotating magnetic ﬁeld).
The generating mode of operation is utilized in some drive applications to provide regenerative
braking. For example, suppose an induction machine is fed from a variable-frequency supply to
control the speed of a drive system. To stop the drive system, the frequency of the supply
is gradually reduced. In the process, the instantaneous speed of the drive system is higher
than the instantaneous synchronous speed because of the inertia of the drive system. As a
result, the generating action of the induction machine will cause the power ﬂow to reverse and
the kinetic energy of the drive system will be fed back to the supply. The process is known as
regenerative braking.
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5.5.3

PLUGGING

If the dc motor of Fig. 5.10a is adjusted so that the system rotates in a direction opposite to the
stator rotating magnetic ﬁeld (Fig. 5.10d), the torque will be in the direction of the rotating ﬁeld
but will oppose the motion of the rotor. This torque is a braking torque.
This mode of operation is sometimes utilized in drive applications where the drive system is
required to stop very quickly. Suppose an induction motor is running at a steady-state speed. If
its terminal phase sequence is changed suddenly, the stator rotating ﬁeld will rotate opposite to
the rotation of the rotor, producing the plugging operation. The motor will come to zero speed
rapidly and will accelerate in the opposite direction, unless the supply is disconnected at
zero speed.
The three modes of operation and the typical torque proﬁle of the induction machine in the
various speed ranges are illustrated in Fig. 5.10e.

5.6

INVERTED INDUCTION MACHINE

In a wound-rotor induction machine the three-phase supply can be connected to the rotor
windings through the slip rings and the stator terminals can be shorted, as shown in Fig. 5.11.
A rotor-fed induction machine is also known as an inverted induction machine. The threephase rotor current will produce a rotating ﬁeld in the air gap, which will rotate at the synchronous speed with respect to the rotor. If the rotor is held stationary, this rotating ﬁeld will
also rotate in the air gap at the synchronous speed. Voltage and current will be induced in the
stator windings and a torque will be developed. If the rotor is allowed to move, it will rotate,
according to Lenz’s law, opposite to the rotation of the rotating ﬁeld so that the induced voltage
in the stator winding is decreased. At a particular speed, therefore, the frequency of the stator
circuit will correspond to the slip rpm.

5.7

EQUIVALENT CIRCUIT MODEL

The preceding sections have provided an appreciation of the physical behavior of the induction
machine. We now proceed to develop an equivalent circuit model that can be used to study and
predict the performance of the induction machine with reasonable accuracy. In this section, a
steady-state per-phase equivalent circuit will be derived.

FIGURE 5.11

Inverted wound-rotor induction machine.
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FIGURE 5.12 Three-phase wound-rotor induction motor.

For convenience, consider a three-phase wound-rotor induction machine as shown in
Fig. 5.12. In the case of a squirrel-cage rotor, the rotor circuit can be represented by an
equivalent three-phase rotor winding. If currents ﬂow in both stator and rotor windings,
rotating magnetic ﬁelds will be produced in the air gap. Because they rotate at the same speed
in the air gap, they will produce a resultant air gap ﬁeld rotating at the synchronous speed. This
resultant air gap ﬁeld will induce voltages in both stator windings (at the supply frequency f1 )
and rotor windings (at slip frequency f2 ). It appears that the equivalent circuit may assume a
form identical to that of a transformer.

5.7.1

STATOR WINDING

The stator winding can be represented as shown in Fig. 5.13a, where
V1 = per-phase terminal voltage
R1 = per-phase stator winding resistance
L1 = per-phase stator leakage inductance
E1 = per-phase induced voltage in the stator winding
Lm = per-phase stator magnetizing inductance
Rc = per-phase stator core loss resistance
Note that there is no difference in form between this equivalent circuit and that of the transformer primary winding. The difference lies only in the magnitude of the parameters. For
example, the excitation current Iφ is considerably larger in the induction machine because of
the air gap. In induction machines it is as high as 30 to 50 percent of the rated current,
depending on the motor size, whereas it is only 1 to 5 percent in transformers. Moreover, the
leakage reactance X1 is larger because of the air gap, and also because the stator and rotor
windings are distributed along the periphery of the air gap rather than concentrated on a core,
as in the transformer.

5.7.2

ROTOR CIRCUIT

The rotor equivalent circuit at slip s is shown in Fig. 5.13b, where
E2 = per-phase induced voltage in rotor at standstill (i.e., at stator frequency f1)
R2 = per-phase rotor circuit resistance
L2 = per-phase rotor leakage inductance
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FIGURE 5.13

Development of the induction machine equivalent circuit.

Note that this circuit is at frequency f2 . The rotor current I2 is
I2 =

sE2
R2 + jsX2

ð5:36Þ

The power involved in the rotor circuit is
P2 = I22 R2

ð5:37Þ

which represents the rotor copper loss per phase.
Equation 5.36 can be rewritten as
I2 =

E2
ðR2 =sÞ + jX2

ð5:38Þ
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Equation 5.38 suggests the rotor equivalent circuit of Fig. 5.13c. Although the magnitude and
phase angle of I2 are the same in Eqs. 5.36 and 5.38, there is a signiﬁcant difference between
these two equations and the circuits (Figs. 5.13b and 5.13c) they represent. The current I2 in
Eq. 5.36 is at slip frequency f2 , whereas I2 in Eq. 5.38 is at line frequency f1 . In Eq. 5.36 the rotor
leakage reactance sX2 varies with speed but resistance R2 remains ﬁxed, whereas in Eq. 5.38
the resistance R2 =s varies with speed but the leakage reactance X2 remains unaltered. The perphase power associated with the equivalent circuit of Fig. 5.13c is
P = I22

R2
P2
=
s
s

ð5:39Þ

Because induction machines are operated at low slips (typical values of slip s are 0.01 to 0.05),
the power associated with Fig. 5.13c is considerably larger. Note that the equivalent circuit of
Fig. 5.13c is at the stator frequency, and therefore this is the rotor equivalent circuit as seen
from the stator. The power in Eq. 5.39 therefore represents the power that crosses the air gap
and thus includes the rotor copper loss as well as the mechanical power developed. Equation
5.39 can be rewritten as
P = Pag = I22 R2 +
= I22

R2
ð1 − sÞ
s

R2
s

ð5:40Þ
ð5:40aÞ

The corresponding equivalent circuit is shown in Fig. 5.13d. The speed-dependent resistance
R2 ð1 − sÞ=s represents the mechanical power developed by the induction machine.
R2
ð1 − sÞ
s
= ð1 − sÞPag

Pmech = I22

=

1−s
P2
s

ð5:41Þ
ð5:42Þ

and
P2 = I22 R2 = sPag

ð5:43Þ

Pag : P2: pmech = 1: s:1 − s

ð5:44Þ

Thus,

Equation 5.44 indicates that of the total power input to the rotor (i.e., power crossing the air
gap, Pag ), a fraction s is dissipated in the resistance of the rotor circuit (known as rotor copper
loss), and the fraction 1 − s is converted into mechanical power. Therefore, for efﬁcient
operation of the induction machine, it should operate at a low slip so that more of the air gap
power is converted into mechanical power. Part of the mechanical power will be lost to
overcome the windage and friction. The remainder of the mechanical power will be available
as output shaft power.
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5.7.3

COMPLETE EQUIVALENT CIRCUIT

The stator equivalent circuit, Fig. 5.13a, and the rotor equivalent circuit of Fig. 5.13c or 5.13d
are at the same line frequency f1 and therefore can be joined together. However, E1 and E2 may
be different if the turns in the stator winding and the rotor winding are different. If the turns
ratio (a = N1 =N2 ) is considered, the equivalent circuit of the induction machine is that shown in
Fig. 5.13e. Note that the form of the equivalent circuit is identical to that of a two-winding
transformer, as expected.

EXAMPLE 5.2
A 3φ, 15 hp, 460 V, four-pole, 60 Hz, 1728 rpm induction motor delivers full output power to a
load connected to its shaft. The windage and friction loss of the motor is 750 W. Determine the
(a) Mechanical power developed.
(b) Air gap power.
(c) Rotor copper loss.
Solution
(a)

Full-load shaft power =15 × 746 = 11,190 W
Mechanical power developed = shaft power + windage and friction loss
= 11,190 + 750 = 11,940 W

(b)

(c)

Synchronous speed

ns =

Slip

s=

Air gap power

Pag =

Rotor copper loss

120 × 60
= 1800 rpm
4
1800 − 1728
= 0:04
1800
11,940
= 12,437:5 W
1 − 0:04

P2 = 0:04 × 12,437:5
= 497:5 W

5.7.4

▪

VARIOUS EQUIVALENT CIRCUIT CONFIGURATIONS

The equivalent circuit shown in Fig. 5.13e is not convenient for predicting the performance
of the induction machine. As a result, several simpliﬁed versions have been proposed in various
textbooks on electric machines. There is no general agreement on how to treat the shunt
branch (i.e., Rc and Xm ), particularly the resistance Rc representing the core loss in
the machine. Some of the commonly used versions of the equivalent circuit are discussed here.
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FIGURE 5.14
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Approximate equivalent circuit.

Approximate Equivalent Circuit
If the voltage drop across R1 and X1 is small and the terminal voltage V1 does not appreciably
differ from the induced voltage E1 , the magnetizing branch (i.e., Rc and Xm ) can be moved to
the machine terminals as shown in Fig. 5.14a. This approximation of the equivalent circuit will
considerably simplify computation, because the excitation current (Iφ ) and the load component
(I20 ) of the machine current can be directly computed from the terminal voltage V1 by dividing it
by the corresponding impedances.
Note that if the induction machine is connected to a supply of ﬁxed voltage and frequency, the
stator core loss is ﬁxed. At no load, the machine will operate close to synchronous speed.
Therefore, the rotor frequency f2 is very small and hence rotor core loss is very small. At a lower
speed, f2 increases and so does the rotor core loss. The total core losses thus increase as the speed
falls. On the other hand, at no load, friction and windage losses are maximum, and as speed falls,
these losses decrease. Therefore, if a machine operates from a constant-voltage and constantfrequency source, the sum of core losses and friction and windage losses remains essentially
constant at all operating speeds. These losses can thus be lumped together and termed the
constant rotational losses of the induction machine. If the core loss is lumped with the windage
and friction loss, Rc can be removed from the equivalent circuit, as shown in Fig. 5.14b.

IEEE-Recommended Equivalent Circuit
In the induction machine, because of its air gap, the exciting current Iφ is high—of the order
of 30 to 50 percent of the full-load current. The leakage reactance X1 is also high. The IEEE
recommends that in such a situation, the magnetizing reactance Xm not be moved to the
machine terminals (as is done in Fig. 5.14b) but be retained at its appropriate place, as shown
in Fig. 5.15. The resistance Rc is, however, omitted, and the core loss is lumped with the

FIGURE 5.15
circuit.

IEEE-recommended equivalent
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FIGURE 5.16

Thevenin equivalent circuit.

windage and friction losses. This equivalent circuit (Fig. 5.15) is to be preferred for situations
in which the induced voltage E1 differs appreciably from the terminal voltage V1 .

5.7.5

THEVENIN EQUIVALENT CIRCUIT

In order to simplify computations, V1 , R1 , X1 , and Xm can be replaced by the Thevenin
equivalent circuit values Vth , Rth , and Xth , as shown in Fig. 5.16, where
Vth =

Xm
½R21

+ ðX1 + Xm Þ2 1=2

V1

ð5:45Þ

If R21  ðX1 + Xm Þ2 , as is usually the case,
Vth 

Xm
X1 + Xm

ð5:45aÞ
ð5:45bÞ

= Kth V1
The Thevenin impedance is
Zth =

jXm ðR1 + jX1 Þ
R1 + jðX1 + Xm Þ

= Rth + jXth
If R21  ðX1 + Xm Þ2 ,

Rth ’

Xm
X1 + Xm

2
R1
= Kth

2
R1

ð5:46Þ
ð5:46aÞ

and since X1  Xm ,
Xth ’ X1

ð5:47Þ
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5.8 NO-LOAD TEST, BLOCKED-ROTOR TEST,
AND EQUIVALENT CIRCUIT PARAMETERS
The parameters of the equivalent circuit, Rc , Xm , R1 , X1 , X2 , and R2 , can be determined from the
results of a no-load test, a blocked-rotor test, and measurement of the dc resistance of the stator
winding. The no-load test on an induction machine, like the open-circuit test on a transformer,
gives information about exciting current and rotational losses. This test is performed by
applying balanced polyphase voltages to the stator windings at the rated frequency. The rotor is
kept uncoupled from any mechanical load. The small power loss in the machine at no load is
due to the core loss and the friction and windage loss. The total rotational loss at the rated
voltage and frequency under load is usually considered to be constant and equal to its value at
no load.
The blocked-rotor test on an induction machine, like the short-circuit test on a transformer, gives information about leakage impedances. In this test the rotor is blocked so
that the motor cannot rotate, and balanced polyphase voltages are applied to the stator
terminals. The blocked-rotor test should be performed under the same conditions of rotor
current and frequency that will prevail in the normal operating conditions. For example,
if the performance characteristics in the normal running condition (i.e., low-slip region)
are required, the blocked-rotor test should be performed at a reduced voltage and rated
current. The frequency also should be reduced because the rotor effective resistance and
leakage inductance at the reduced frequency (corresponding to lower values of slip) may
differ appreciably from their values at the rated frequency. This will be particularly true
for double-cage or deep-bar rotors, as discussed in Section 5.11, and also for high-power
motors.
The IEEE recommends a frequency of 25 percent of the rated frequency for the blockedrotor test. The leakage reactances at the rated frequency can then be obtained by considering
that the reactance is proportional to frequency. However, for normal motors of less than 20-hp
rating, the effects of frequency are negligible, and the blocked-rotor test can be performed
directly at the rated frequency.
The determination of the equivalent circuit parameters from the results of the no-load and
blocked-rotor tests is illustrated by the following example.

EXAMPLE 5.3
The following test results are obtained from a 3φ, 60 hp, 2200 V, six-pole, 60 Hz squirrel-cage
induction motor.
1. No-load test:
Supply frequency = 60 Hz
Line voltage = 2200 V
Line current = 4:5 A
Input power = 1600 W
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2. Blocked-rotor test:
Frequency = 15 Hz
Line voltage = 270 V
Line current = 25 A
Input power = 9000 W
3. Average dc resistance per stator phase:
R1 = 2:8 Ω
(a) Determine the no-load rotational loss.
(b) Determine the parameters of the IEEE-recommended equivalent circuit of Fig. 5.15.
(c) Determine the parameters (Vth , Rth , Xth ) for the Thevenin equivalent circuit of
Fig. 5.16.
Solution
(a)

From the no-load test, the no-load power is
PNL = 1600 W
The no-load rotational loss is
PRot = PNL − 3I12 R1
= 1600 − 3 × 4:52 × 2:8
= 1429:9 W

(b)

IEEE-recommended equivalent circuit. For the no-load condition, R02 =s is very high.
Therefore, in the equivalent circuit of Fig. 5.15, the magnetizing reactance Xm is shunted
by a very high resistive branch representing the rotor circuit. The reactance of this
parallel combination is almost the same as Xm . Therefore, the total reactance XNL ,
measured at no load at the stator terminals, is essentially X1 + Xm . The equivalent circuit
at no load is shown in Fig. E5.3a.
2200
V1 = pﬃﬃﬃ = 1270:2 V=phase
3
The no-load impedance is
ZNL =

V1
1270:2
=
= 282:27 Ω
I1
4:5
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FIGURE E5.3

The no-load resistance is
RNL =

PNL
1600
=
= 26:34 Ω
3I12
3 × 4:52

The no-load reactance is
XNL = ðZ2NL − R2NL Þ1=2
= ð282:272 − 26:342 Þ1=2
= 281:0 Ω
Thus, X1 + Xm = XNL = 281:0 Ω.
For the blocked-rotor test the slip is 1. In the equivalent circuit of Fig. 5.15,
the magnetizing reactance Xm is shunted by the low-impedance branch jX20 + R02 .
Because jXm j  jR02 + jX20 j, the impedance Xm can be neglected and the equivalent circuit
for the blocked-rotor test reduces to the form shown in Fig. E5.3b. From the blockedrotor test, the blocked-rotor resistance is
RBL =
=

PBL
3I12
9000
3 × 252

= 4:8 Ω
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Therefore, R02 = RBL − R1 = 4:8 − 2:8 = 2 Ω. The blocked-rotor impedance at 15 Hz is
ZBL =

V1
270
= pﬃﬃﬃ
= 6:24 Ω
I1
3 × 25

The blocked-rotor reactance at 15 Hz is
XBL = ð6:242 − 4:82 Þ1=2
= 3:98 Ω
Its value at 60 Hz is
XBL = 3:98 ×

60
= 15:92 Ω
15

XBL = X1 + X20
Hence,
X1 = X20 =

15:92
= 7:96 Ω
2

ðat 60 HzÞ

The magnetizing reactance is therefore
Xm = 281:0 − 7:96 = 273:04 Ω
Comments: The rotor equivalent resistance R02 plays an important role in the performance of the induction machine. A more accurate determination of R02 is recommended
by the IEEE as follows: The blocked resistance RBL is the sum of R1 and an equivalent
resistance, say R, which is the resistance of R02 + jX20 in parallel with Xm as shown in
Fig. E5.3c; therefore,
R=

2
Xm

R022 + ðX20 + Xm Þ2

R02

If X20 + Xm  R02 , as is usually the case,

R’
or
R02

Xm
X20 + Xm



2

X20 + Xm
=
Xm

R02

2
R

Now R = RBL  R1 = 4:8  2:8 = 2 Ω. So,


7:96 + 273:04 2
0
× 2 = 2:12 Ω
R2 =
273:04
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From Eq. 5.45,
Vth ’

273:04
V1
7:96 + 273:04

= 0:97V1
From Eq. 5.46a,
Rth ’ 0:972 R1 = 0:972 × 2:8 = 2:63 Ω
From Eq. 5.47,

▪

Xth ’ X1 = 7:96 Ω

5.9

PERFORMANCE CHARACTERISTICS

The equivalent circuits derived in the preceding section can be used to predict the performance
characteristics of the induction machine. The important performance characteristics in the
steady state are the efﬁciency, power factor, current, starting torque, maximum (or pull-out)
torque, and so forth.
The mechanical torque developed Tmech per phase is given by
Pmech = Tmech ωmech = I22

R2
ð1 − sÞ
s

ð5:48Þ

where
ωmech =

2πn
60

ð5:48aÞ

The mechanical speed ωmech is related to the synchronous speed by
ωmech = ð1 − sÞωsyn

ð5:49Þ

nsyn
2πð1 − sÞ
=
60
and
ωsyn =

120f
4πf1
× 2π =
p
p60

ð5:50Þ

From Eqs. 5.48, 5.49, and 5.40a,
Tmech ωsyn = I22

R2
= Pag
s

ð5:51Þ
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Tmech =

1
Pag
ωsyn

ð5:52Þ

=

1 2 R2
I
ωsyn 2 s

ð5:52aÞ

=

1 0 2 R02
I
ωsyn 2 s

ð5:53Þ

From the equivalent circuit of Fig. 5.16 and Eq. 5.53,
Tmech =

2
Vth
1
R02
2
2
ωsyn ðRth + R02 =sÞ + ðXth + X20 Þ s

ð5:54Þ

Note that if the approximate equivalent circuits (Fig. 5.14) are used to determine I20 , in
Eq. 5.54, Vth , Rth , and Xth should be replaced by V1 , R1 , and X1 , respectively. The prediction of
performance based on the approximate equivalent circuit (Fig. 5.14) may differ by 5 percent
from those based on the equivalent circuit of Fig. 5.15 or 5.16.
For a three-phase machine, Eq. 5.54 should be multiplied by 3 to obtain the total torque
developed by the machine. The torque–speed characteristic is shown in Fig. 5.17. At low values
of slip,
Rth +

R02
 Xth + X20
s

and

R02
 Rth
s

and thus
Tmech 

2
1 Vth
s
ωsyn R02

ð5:55Þ

FIGURE 5.17 Torque–speed proﬁle at
different voltages.
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The linear torque–speed relationship is evident in Fig. 5.17 near the synchronous speed. Note
that if the approximate equivalent circuits (Fig. 5.14) are used, in Eq. 5.55, Vth should be
replaced by V1 . At larger values of slip,
Rth +
and
Tmech 

R02
 Xth + X20
s

2
Vth
1
R02
ωsyn ðXth + X20 Þ2 s

ð5:56Þ

The torque varies almost inversely with slip near s = 1, as seen from Fig. 5.17.
Equation 5.54 also indicates that at a particular speed (i.e., a ﬁxed value of s) the torque
varies as the square of the supply voltage Vth (hence V1 ). Figure 5.17 shows the T − n proﬁle at
various supply voltages. This aspect will be discussed further in a later section on speed control
of induction machines by changing the stator voltage.
An expression for maximum torque can be obtained by setting dT=ds = 0. Differentiating
Eq. 5.54 with respect to slip s and equating the result to zero gives the following condition
for maximum torque:
R02
= ½R2th + ðXth + X20 Þ2 1=2
sTmax

ð5:57Þ

This expression can also be derived from the fact that the condition for maximum torque
corresponds to the condition for maximum air gap power (Eq. 5.52). This occurs, by the
familiar impedance-matching principle in circuit theory, when the impedance of R02 =s equals in
magnitude the impedance between it and the supply voltage V1 (Fig. 5.16) as shown in Eq. 5.57.
The slip sTmax at maximum torque Tmax is
sTmax =

R02
½R2th + ðXth + X20 Þ2 1=2

ð5:58Þ

The maximum torque per phase from Eqs. 5.54 and 5.58 is
Tmax =

2
Vth
1
2ωsyn Rth + ½R2 + ðXth + X 0 Þ2 1=2
2
th

ð5:59Þ

Equation 5.59 shows that the maximum torque developed by the induction machine is
independent of the rotor circuit resistance. However, from Eq. 5.58 it is evident that the value
of the rotor circuit resistance R2 determines the speed at which this maximum torque will
occur. The torque–speed characteristics for various values of R2 are shown in Fig. 5.18. In a
wound-rotor induction motor, external resistance is added to the rotor circuit to make the
maximum torque occur at standstill so that high starting torque can be obtained. As the motor
speeds up, the external resistance is gradually decreased and ﬁnally taken out completely.
Some induction motors are, in fact, designed so that maximum torque is available at start—
that is, at zero speed.
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FIGURE 5.18
varying R2 .

Torque–speed characteristics for

If the stator resistance R1 is small (hence, Rth is negligibly small), from Eqs. 5.58 and 5.59,
sTmax ’

R02
Xth + X20

ð5:60Þ

Tmax ’

2
Vth
1
2ωsyn Xth + X20

ð5:61Þ

Equation 5.61 indicates that the maximum torque developed by an induction machine is
inversely proportional to the sum of the leakage reactances.
From Eq. 5.54, the ratio of the maximum developed torque to the torque developed at any
speed is
Tmax
ðRth + R02 =sÞ2 + ðXth + X20 Þ2
s
=
2
2
0
0
T
ðRth + R2 =sTmax Þ + ðXth + X2 Þ sTmax

ð5:62Þ

If R1 (hence Rth ) is negligibly small,
Tmax
ðR02 =sÞ2 + ðXth + X20 Þ2
s
’
2
2 s
0
0
T
ðR2 =sTmax Þ + ðXth + X2 Þ Tmax

ð5:63Þ

From Eqs. 5.60 and 5.63,
Tmax ðR02 =sÞ2 + ðR02 =sTmax Þ2
s
=
×
2
0
T
sTmax
2ðR2 =sTmax Þ
=

s2Tmax + s2
2sTmax s

ð5:64Þ

Equation 5.64 shows the relationship between torque at any speed and the maximum torque in
terms of their slip values.
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Stator Current
From Fig. 5.15, the input impedance is

Z1 = R1 + jX1 + Xm==

R02
+ jX20
s



= R1 + jX1 + Xm ==Z02
= R1 + jX1 +

jXm ðR02 =s + jX20 Þ
R02 =s + jðXm + X20 Þ

= jZ1 j ﬀθ1

ð5:65Þ
ð5:65aÞ
ð5:65bÞ

The stator current is
I1 =

V1
= Iφ + I02
Z1

ð5:65cÞ

At synchronous speed (i.e., s = 0), R02 =s is inﬁnite, so I20 = 0. The stator current I1 is the exciting
current Iφ . At larger values of slip Z02 ð=R02 =s + jX20 Þ is low and therefore I20 (and hence I1 ) is large.
In fact, the typical starting current (i.e., at s = 1) is ﬁve to eight times the rated current. The
typical stator current variation with speed is shown in Fig. 5.19.

Input Power Factor
The supply power factor is given by
PF = cos θ1
where θ1 is the phase angle of the stator current I1 . This phase angle θ1 is the same as the
impedance angle of the equivalent circuit of Fig. 5.15. The typical power factor variation with
speed is shown in Fig. 5.20.

FIGURE 5.19

Stator current as a function of speed.
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FIGURE 5.20

Power factor as a function of speed.

Efﬁciency
In order to determine the efﬁciency of the induction machine as a power converter, the various
losses in the machine are ﬁrst identiﬁed. These losses are illustrated in the power ﬂow diagram
of Fig. 5.21. For a 3φ machine, the power input to the stator is
Pin = 3 V1 I1 cos θ1

ð5:66Þ

The power loss in the stator windings is
P1 = 3I12 R1

ð5:67Þ

where R1 is the ac resistance (including skin effect) of each phase winding at the operating
temperature and frequency.
Power is also lost as hysteresis and eddy current loss in the magnetic material of the
stator core.
The remaining power, Pag , crosses the air gap. Part of it is lost in the resistance of the rotor
circuit.
P2 = 3I22 R2

ð5:68Þ

where R2 is the ac resistance of the rotor winding. If it is a wound-rotor machine, R2 also
includes any external resistance connected to the rotor circuit through slip rings.

FIGURE 5.21 Power ﬂow in an
induction motor.
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Power is also lost in the rotor core. Because the core losses are dependent on the frequency f2
of the rotor, these may be negligible at normal operating speeds, where f2 is very low.
The remaining power is converted into mechanical form. Part of this is lost as windage and
friction losses, which are dependent on speed. The rest is the mechanical output power Pout ,
which is the useful power output from the machine.
The efﬁciency of the induction motor is
Eff =

Pout
Pin

ð5:69Þ

The efﬁciency is highly dependent on slip. If all losses are neglected except those in the
resistance of the rotor circuit,
Pag = Pin
P2 = sPag
Pout = Pmech = Pag ð1 − sÞ
and the ideal efﬁciency is
Eff ðidealÞ =

Pout
=1−s
Pin

ð5:70Þ

Sometimes Eff ðidealÞ is also called the internal efﬁciency, as it represents the ratio of the
power output to the air gap power. The ideal efﬁciency as a function of speed is shown in
Fig. 5.22. It indicates that an induction machine must operate near its synchronous speed if
high efﬁciency is desired. This is why the slip is very low for normal operation of the induction
machine.
If other losses are included, the actual efﬁciency is lower than the ideal efﬁciency of Eq. 5.70,
as shown in Fig. 5.22. The full-load efﬁciency of a large induction motor may be as high as
95 percent.

FIGURE 5.22

Efﬁciency as a function of speed.
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5.10 POWER FLOW IN THREE MODES OF OPERATION
It was pointed out in Section 5.5 that the induction machine can be operated in three modes:
motoring, generating, and plugging. The power ﬂow in the machine will depend on the mode
of operation. However, the equations derived in Section 5.9 for various power relationships
hold good for all modes of operation. If the appropriate sign of the slip s is used in these
expressions, the sign of the power will indicate the actual power ﬂow. For example, in the
generating mode, the slip is negative. Therefore, from Eq. 5.40a the air gap power Pag is negative (note that the copper loss P2 in the rotor circuit is always positive). This implies that the
actual power ﬂow across the air gap in the generating mode is from rotor to stator.
The power ﬂow diagram in the three modes of operation is shown in Fig. 5.23. The core
losses and the friction and windage losses are all lumped together as a constant rotational loss.
In the motoring mode, slip s is positive. The air gap power Pag (Eq. 5.40a) and the developed
mechanical power Pmech (Eq. 5.42) are positive, as shown in Fig. 5.23a.
In the generating mode s is negative, and therefore both Pag and Pmech are negative, as shown
in Fig. 5.23b. In terms of the equivalent circuit of Fig. 5.13e the resistance ½ð1 − sÞ=sR2 is
negative, which indicates that this resistance represents a source of energy.
In the plugging mode, s is greater than one, and therefore Pag is positive but Pmech is negative,
as shown in Fig. 5.23c. In this mode the rotor rotates opposite to the rotating ﬁeld and therefore
mechanical energy must be put into the system. Power therefore ﬂows from both sides, and as a
result the loss in the rotor circuit, P2 , is enormously increased. In terms of the equivalent circuit
of Fig. 5.13e, the resistance ½ð1 − sÞ=sR2 is negative and represents a source of energy.
Example 5.7 will further illustrate the power ﬂow in the three modes of operation of an
induction machine.

FIGURE 5.23 Power ﬂow for various
modes of operation of an induction machine.
(a) Motoring mode, 0 < s < 1. (b) Generating
mode, s < 0. (c) Plugging mode, s > 1.
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EXAMPLE 5.4
A three-phase, 460 V, 1740 rpm, 60 Hz, four-pole wound-rotor induction motor has the following parameters per phase:
R1 = 0:25 ohms,
X1 = X20 = 0:5 ohms,

R02 = 0:2 ohms
Xm = 30 ohms

The rotational losses are 1700 watts. With the rotor terminals short-circuited, ﬁnd
(a)

(i) Starting current when started direct on full voltage.
(ii) Starting torque.

(b)

(i) Full-load slip.
(ii) Full-load current.
(iii) Ratio of starting current to full-load current.
(iv) Full-load power factor.
(v) Full-load torque.

(c)

(vi) Internal efﬁciency and motor efﬁciency at full load.
(i) Slip at which maximum torque is developed.

(ii) Maximum torque developed.
(d) How much external resistance per phase should be connected in the rotor circuit so that
maximum torque occurs at start?
Solution
460
V1 = pﬃﬃﬃ = 265:6 volts=phase
3

(a)

(i) At start s = 1. The input impedance is
Z1 = 0:25 + j0:5 +

j30ð0:2 + j0:5Þ
0:2 + j30:5

= 1:08=66 Ω
Ist =
(ii)

ωsyn =

265:6
= 245:9=−66 A
1:08=66
1800
× 2π = 188:5 rad=sec
60

Vth =

265:6ðj30:0Þ
 261:3 V
ð0:25 þ j30:5Þ

Zth =

j30ð0:25 þ j0:5Þ
= 0:55=63:9
0:25 þ j30:5

= 0:24 þ j0:49
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Rth = 0:24 Ω
Xth = 0:49 ’ X1
Tst =

Pag
I0 2 R0 =s
= 2 2
ωsyn
ωsyn

=

3
261:32
0:2
×
188:5 ð0:24 þ 0:2Þ2 þ ð0:49 þ 0:5Þ2
1

=

3
0:2
× ð241:2Þ2 ×
188:5
1

s = 185:2 N  m
(b)

(i)
(ii)

s=

1800 − 1740
= 0:0333
1800

0

R2
0:2
=
= 6:01 Ω
s
0:0333
Z1 = ð0:25 þ j0:5Þ þ

ðj30Þð6:01 þ j0:5Þ
6:01 þ j30:5

= 0:25 þ j0:5 þ 5:598 þ j1:596
= 6:2123=19:7 Ω
IFL =

265:6
6:2123=19:7

= 42:754=− 19:7
(iii)

(iv)
(v)

Ist
245:9
=
= 5:75
IFL
42:754
PF = cosð19:7 Þ = 0:94 ðlaggingÞ
T=
=

3
ð261:3Þ2
× 6:01
188:5 ð0:24 + 6:01Þ2 + ð0:49 + 0:5Þ2
3
× 41:292 × 6:01
188:5

= 163:11 N  m
(vi) Air gap power:
Pag = Tωsyn = 163:11 × 188:5 = 30,746:2 W
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Rotor copper loss:
P2 = sPag = 0:0333 × 30,746:2 = 1023:9 W
Pmech = ð1 − 0:0333Þ30,746:2 = 29,722:3 W
Pout = Pmech − Prot = 29,722:3 − 1700 = 28,022:3 W
Pinput = 3V1 I1 cos θ
= 3 × 265:6 × 42:754 × 0:94 = 32,022:4 W
Eff motor =

28,022:3
× 100 = 87:5%
32,022:4

Eff internal = ð1 − sÞ = 1 − 0:0333 = 0:967 ! 96:7%
(c)

(i) From Eq. 5.58,
sTmax =

0:2
2 1=2

2

½0:24 + ð0:49 + 0:5Þ 

=

0:2
= 0:1963
1:0187

(ii) From Eq. 5.59,

2
3
2
3
261:3
4
5
Tmax =
2 × 188:5 0:24 + ½0:242 + ð0:49 + 0:5Þ2 1=2
= 431:68 N  m

Tmax 431:68
= 2:65
=
TFL
163:11

(d)

sTmax =

R02 + R0ext
½0:242 + ð0:49 + 0:5Þ2 1=2

=

R02 + R0ext
1:0186

R0ext = 1:0186 − 0:2 = 0:8186 Ω=phase
Note that for parts (a) and (b), it is not necessary to use Thevenin’s equivalent circuit.
Calculation can be based on the equivalent circuit of Fig. 5.15 as follows:
Z1 = R1 + jX1 + Re + jXe
= 0:25 + j0:5 + 5:598 + j1:596
3 2
T=
I Re
ωsyn 1
=

3
× 42:7542 × 5:598
188:5

= 163 N  m

▪
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EXAMPLE 5.5
A three-phase, 460 V, 60 Hz, six-pole wound-rotor induction motor drives a constant load of
100 N  m at a speed of 1140 rpm when the rotor terminals are short-circuited. It is required to
reduce the speed of the motor to 1000 rpm by inserting resistances in the rotor circuit.
Determine the value of the resistance if the rotor winding resistance per phase is 0.2 ohms.
Neglect rotational losses. The stator-to-rotor turns ratio is unity.

Solution
The synchronous speed is
ns =

120 × 60
= 1200 rpm
6

Slip at 1140 rpm:
s1 =

1200 − 1140
= 0:05
1200

s2 =

1200 − 1000
= 0:167
1200

Slip at 1000 rpm:

From the equivalent circuits, it is obvious that if the value of R02 =s remains the same, the
rotor current I2 and the stator current I1 will remain the same, and the machine will develop
the same torque (Eq. 5.54). Also, if the rotational losses are neglected, the developed torque is
the same as the load torque. Therefore, for unity turns ratio,
R2 R2 + Rext
=
s1
s2
0:2
0:2 + Rext
=
0:167
0:05
Rext = 0:468 Ω=phase

▪

EXAMPLE 5.6
The rotor current at start of a three-phase, 460 volt, 1710 rpm, 60 Hz, four-pole, squirrel-cage
induction motor is six times the rotor current at full load.
(a) Determine the starting torque as percent of full-load torque.
(b) Determine the slip and speed at which the motor develops maximum torque.
(c) Determine the maximum torque developed by the motor as percent of full-load torque.
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Solution
Note that the equivalent circuit parameters are not given. Therefore, the equivalent circuit
parameters cannot be used directly for computation.
(a) The synchronous speed is
120 × 60
= 1800 rpm
ns =
4
The full-load slip is
sFL =

1800 − 1710
= 0:05
1800

From Eq. 5.52a,
T=
Thus,

I22 R2 I22 R2
∝
ωsyn
s

2

Tst  I2ðstÞ 
=
sFL
TFL
I2ðFLÞ 
Tst = 62 × 0:05 × TFL = 1:8TFL
= 180% TFL

(b)

From Eq. 5.64,
Tst
2sTmax
=
Tmax 1 + s2Tmax
TFL
2sTmax sFL
=
Tmax s2Tmax + s2FL
From these two expressions,
s2Tmax + s2FL
Tst
=
TFL sFL + sFL × s2Tmax
1:8 =

s2Tmax + 0:0025
0:05 + 0:05 × s2Tmax

s2Tmax + 0:0025 = 0:09 + 0:09s2Tmax
1=2

0:0875
sTmax =
= 0:31
0:91
Speed at maximum torque = ð1 − 0:31Þ × 1800
= 1242 rpm
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(c)

From Eq. 5.64,



 1 + s2Tmax 
Tst

Tmax = 
2sTmax 
=

1 + 0:312
× 1:8TFL
2 × 0:31

= 3:18TFL = 318% TFL

▪

EXAMPLE 5.7
A three-phase source of variable frequency is required for an experiment. The frequencychanger system is as shown in Fig. E5.7. The induction machine is a three-phase, six-pole,
wound-rotor type whose stator terminals are connected to a three-phase, 460 volt, 60 Hz
supply. The variable-frequency output is obtained from the rotor terminals. The frequency is to
be controlled over the range 15120 Hz.
(a) Determine the speed in rpm of the system to give 15 Hz and 120 Hz.
(b) If the open-circuit rotor voltage is 240 volts when the rotor is at standstill, determine the
rotor voltage available on open circuit with 15 Hz and 120 Hz.
(c) If all the losses in the machine are neglected, what fraction of the output power is supplied
by the ac supply, and what fraction is supplied by the dc machine at 15 Hz and 120 Hz?
Solution
(a)

For f2 = 15 Hz, the slip is
s= ±

f2
15
1
=±
=±
f1
60
4

The synchronous speed is
ns =

120 × 60
= 1200 rpm
6

FIGURE E5.7

Induction machine as phase shifter.
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The speed of the system for f2 = 15 Hz is


1
n = ð1 ± sÞns = 1 ±
× 1200
4
= 900 and 1500 rpm
For f2 = 120 Hz,
s= ±

120
= ± 2:0
60

n = ð1 ± 2:0Þ1200
= −1200 and 3600 rpm
sE2 = s × 240

(b)

For f2 = 15 Hz, sE2 = 60 V
For f2 = 120 Hz, sE2 = 480 V
(c)

Power from the supply:
Pac = Pag =

P2
s

Power from the shaft:
Pdc = −ð1 − sÞPag = −

ð1 − sÞ
× P2
s

For f2 = 15 Hz,
Pac =

P2
P2
,
= +4P2 , −4P2
+ð1=4Þ −ð1=4Þ

Pdc =

−½1 − ð1=4Þ
−½1 + ð1=4Þ
P2 ,
P2
+ ð1=4Þ
−ð1=4Þ

= −3P2 , + 5P2
For f2 = 120 Hz,
Pac =

P2
P2
,
= 0:5P2 , −0:5P2
2:0 − 2:0

Pdc =

−ð1 − 2:0Þ
−ð1 + 2:0Þ
P2 ,
P2
+ 2:0
− 2:0

= 0:5P2 , 1:5P2
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The results are summarized in the following table:

f 2 ðHzÞ
15
120

rpm
900
1500
−1200
3600

Mode of
Operation of
Induction
Machine
Motor
Generator
Plugging
Generator

Slip

sE2 ðVÞ

Stator
Input, Pac

Shaft
Input, Pdc

Rotor
Output

+(1/4)
−ð1=4Þ
+2.0
−2:0

60
60
480
480

4P2
−4P2
0.5P2
−0.5P2

− 3P2
5P2
0:5P2
1:5P2

P2
P2
P2
P2

For practical reasons, high-speed operation should be avoided. The speed range is
therefore 900 to −1200 rpm for the varying output frequency in the range 15 to 120 Hz.
The speed 900 rpm implies that the dc machine rotates in the same direction as the
rotating ﬁeld, whereas −1200 rpm implies that the dc machine rotates opposite to
the rotating ﬁeld. ▪

5.11 EFFECTS OF ROTOR RESISTANCE
In a conventional squirrel-cage motor at full load, the slip and the current are low, but the power
factor and the efﬁciency are high. However, at start, the torque and power factor are low, but the
current is high. If the load requires a high starting torque (Fig. 5.24), the motor will accelerate
slowly. This will make a large current ﬂow for a longer time, thereby creating a heating problem.
The resistances in the rotor circuit greatly inﬂuence the performance of an induction motor.
A low rotor resistance is required for normal operation, when running, so that the slip is low
and the efﬁciency high. However, a higher rotor resistance is required for starting so that the
starting torque and power factor are high and the starting current is low. An induction motor
with a ﬁxed rotor circuit resistance therefore requires a compromise design of the rotor for
starting and running conditions. Various types of induction motors are available in which the
rotor circuit resistance is changed or can change with speed to suit the particular application.

FIGURE 5.24

Loads with different torque requirements.
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WOUND-ROTOR MOTORS

In wound-rotor induction motors external resistances can be connected to the rotor winding
through slip rings (Fig. 5.39a). Equation 5.58 shows that the slip at which maximum torque
occurs is directly proportional to the rotor circuit resistance.
sTmax ∝ ðRw2 + Rext Þ

ð5:71Þ

where Rw2 is the per-phase rotor winding resistance
Rext is the per-phase resistance connected externally to the rotor winding
The external resistance Rext can be chosen to make the maximum torque occur at standstill
ðsTmax Þ = 1 if high starting torque is desired. This external resistance can be decreased as the
motor speeds up, making maximum torque available over the whole accelerating range, as
shown in Fig. 5.25. Equation 5.59 indicates that the maximum torque remains the same, as it is
independent of the rotor circuit resistance.
Note that most of the rotor I2 R loss is dissipated in the external resistances. Thus, the rotor
heating is lower during the starting and acceleration period than it would be if the resistances
were incorporated in the rotor windings. The external resistance is eventually cut out so that
under running conditions the rotor resistance is only the rotor winding resistance, which is
designed to be low to make the rotor operate at high efﬁciency and low full-load slip.
Apart from high starting torque requirements, the external resistance can also be used for
varying the running speed. This will be discussed in Section 5.13.6.
The disadvantage of the wound-rotor induction machine is its higher cost than the squirrelcage motor.

5.11.2

DEEP-BAR SQUIRREL-CAGE MOTORS

The rotor frequency changes with speed. At standstill, the rotor frequency equals the supply
frequency. As the motor speeds up, the rotor frequency decreases to a low value. At full-load
running condition, the rotor frequency is in the range of 1 to 3 Hz with a 60 Hz supply
connected to the stator terminals. This fact can be utilized to change the rotor resistance

FIGURE 5.25 Maximum torque obtained by varying
rotor resistance throughout the speed range.
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automatically. The rotor bars can be properly shaped and arranged so that their effective
resistance at supply frequency (say 60 Hz) is several times the resistance at full-load rotor
frequency (1 to 3 Hz). This change in the resistance of the rotor bars is due to what is commonly known as the skin effect.
Figure 5.26a shows a squirrel-cage rotor with deep and narrow bars. The slot leakage ﬂuxes
produced by the current in the bar are also shown in the ﬁgure. All the leakage ﬂux lines will
close paths below the slot. It is obvious that the leakage inductance of the bottom layer is
higher than that of the top layer because the bottom layer is linked with more leakage ﬂux. The
current in the high-reactance bottom layer will be less than the current in the low-reactance
upper layer; that is, the rotor current will be pushed to the top of the bars. The result will be an
increase in the effective resistance of the bar. Because this nonuniform current distribution
depends on the reactance, it is more pronounced at high frequency (i.e., when the motor is at
standstill) than at low frequency (i.e., when the motor is running at full speed). The deep rotor
bars may be designed so that the effective rotor resistance at standstill is several times its
effective resistance at rated speed. At full speed, the rotor frequency is very low (13 Hz), the
rotor current is almost uniformly distributed over the cross section of the rotor bar, and
the rotor ac effective resistance, Rac , is almost the same as the dc resistance, Rdc . A typical
variation of the ratio Rac =Rdc with rotor frequency is shown in Fig. 5.26b.

FIGURE 5.26 Deep-bar rotor and
characteristics.
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The rotor bars can take other shapes, such as broader at the base than at the top of the slot,
as shown in Fig. 5.26c. This shape will further increase the ratio Rac =Rdc with frequency.
With proper design of the rotor bars, a ﬂat-topped torque–speed characteristic, as shown in
Fig. 5.26d, can be obtained.

5.11.3

DOUBLE-CAGE ROTORS

Low starting current and high starting torque may also be obtained by building a double-cage
rotor. In this type of rotor construction, the squirrel-cage windings consist of two layers of bars
(as shown in Fig. 5.27a), each layer short-circuited by end rings. The outer cage bars have a
smaller cross-sectional area than the inner bars and are made of relatively higher-resistivity
material. Thus, the resistance of the outer cage is greater than the resistance of the inner cage.
The leakage inductance of the inner cage is increased by narrowing the slots above it. At
standstill most of the rotor current ﬂows through the upper cage, thereby increasing the
effective resistance of the rotor circuit. At low rotor frequencies, corresponding to low slips
(such as at full-load running condition), reactance is negligible, the lower-cage bars share the
current with the outer bars, and the rotor resistance approaches that of two cages in parallel.
Because both cages carry current under normal running conditions, the rating of the motor is
somewhat increased.
In both double-cage and deep-bar rotors, the effective resistance and leakage inductance vary
with the rotor frequency. The equivalent circuit of a double-cage rotor can be represented by
the circuit shown in Fig. 5.27b, where
L02 = per-phase leakage inductance of the upper-cage bars
R02 = per-phase resistance of the upper-cage bars
L002 = per-phase leakage inductance of the lower-cage bars
R002 = per-phase resistance of the lower-cage bars

It should be recognized that the values of these parameters depend on the rotor frequency.
Both double-cage and deep-bar cage rotors can be designed to provide the good starting
characteristics resulting from higher rotor resistance and, concurrently, the good running characteristics resulting from low rotor resistance. The rotor design in these cases is based on a

FIGURE 5.27

Double-cage rotor bars and the equivalent circuit.
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compromise between starting and running performance. However, these motors are not as ﬂexible
as the wound-rotor machine with external rotor resistance. In fact, when starting requirements are
very severe, the wound-rotor motor should be used.

5.12 CLASSES OF SQUIRREL-CAGE MOTORS
Industrial needs are diverse. To meet the various starting and running requirements of a variety
of industrial applications, several standard designs of squirrel-cage motors are available from
manufacturers’ stock. The torque–speed characteristics of the most common designs, readily
available and standardized in accordance with the criteria established by the National Electrical Manufacturers’ Association (NEMA), are shown in Fig. 5.28. The most signiﬁcant design
variable in these motors is the effective resistance of the rotor cage circuits.

Class A Motors
Class A motors are characterized by normal starting torque, high starting current, and low
operating slip. The motors have low rotor circuit resistance and therefore operate efﬁciently
with a low slip (0:005 < s < 0:015) at full load. These machines are suitable for applications
where the load torque is low at start (such as fan or pump loads) so that full speed is achieved
rapidly, thereby eliminating the problem of overheating during starting. In larger machines,
low-voltage starting is required to limit the starting current.

Class B Motors
Class B motors are characterized by normal starting torque, low starting current, and low
operating slip. The starting torque is almost the same as that in class A motors, but the starting
current is about 75 percent of that for class A. The starting current is reduced by designing for
relatively high leakage reactance by using either deep-bar rotors or double-cage rotors. The
high leakage reactance lowers the maximum torque. The full-load slip and efﬁciency are as
good as those of class A motors.

FIGURE 5.28 Torque–speed characteristics for different classes of
induction motors.
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Motors of this class are good general-purpose motors and have a wide variety of industrial
applications. They are particularly suitable for constant-speed drives, where the demand
for starting torque is not severe. Examples are drives for fans, pumps, blowers, and motor–
generator sets.

Class C Motors
Class C motors are characterized by high starting torque and low starting current. A doublecage rotor is used with higher rotor resistance than is found in class B motors. The full-load slip
is somewhat higher and the efﬁciency lower than for class A and class B motors. Class C motors
are suitable for driving compressors, conveyors, crushers, and so forth.

Class D Motors
Class D motors are characterized by high starting torque, low starting current, and high
operating slip. The rotor cage bars are made of high-resistance material such as brass instead
of copper. The torque–speed characteristic is similar to that of a wound-rotor motor with some
external resistance connected to the rotor circuit. The maximum torque occurs at a slip of 0.5
or higher. The full-load operating slip is high (8 to 15 percent), and therefore the running
efﬁciency is low. The high losses in the rotor circuit require that the machine be large (and
hence expensive) for a given power. These motors are suitable for driving intermittent loads
requiring rapid acceleration and high-impact loads such as punch presses or shears. In the case
of impact loads, a ﬂywheel is ﬁtted to the system. As the motor speed falls appreciably with load
impact, the ﬂywheel delivers some of its kinetic energy during the impact.

5.13

SPEED CONTROL

An induction motor is essentially a constant-speed motor when connected to a constant-voltage
and constant-frequency power supply. The operating speed is very close to the synchronous
speed. If the load torque increases, the speed drops by a very small amount. It is therefore
suitable for use in substantially constant-speed drive systems. Many industrial applications,
however, require several speeds or a continuously adjustable range of speeds. Traditionally, dc
motors have been used in such adjustable-speed drive systems. However, dc motors are
expensive, require frequent maintenance of commutators and brushes, and are prohibitive in
hazardous atmospheres. Squirrel-cage induction motors, on the other hand, are cheap and
rugged have no commutators, and are suitable for high-speed applications. The availability of
solid-state controllers, although more complex than those used for dc motors, has made it
possible to use induction motors in variable-speed drive systems.
In this section various methods for controlling the speed of an induction motor are
discussed.

5.13.1

POLE CHANGING

Because the operating speed is close to the synchronous speed, the speed of an induction motor
can be changed by changing the number of poles of the machine (Eq. 5.10). This can be done
by changing the coil connections of the stator winding. Normally, poles are changed in
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the ratio 2 to 1. This method provides two synchronous speeds. If two independent sets of
polyphase windings are used, each arranged for pole changing, four synchronous speeds can be
obtained for the induction motor.
Squirrel-cage motors are invariably used in this scheme, because the rotor can operate with
any number of stator poles. It is obvious, however, that the speed can be changed only in
discrete steps, and that the elaborate stator winding makes the motor expensive.

5.13.2

LINE VOLTAGE CONTROL

Recall that the torque developed in an induction motor is proportional to the square of the
terminal voltage. A set of T−n characteristics with various terminal voltages is shown in Fig. 5.29.
If the rotor drives a fan load, the speed can be varied over the range n1 to n2 by changing the
line voltage. Note that the class D motor will allow speed variation over a wider speed range.
The terminal voltage V1 can be varied by using a three-phase autotransformer or a solid-state
voltage controller, as shown in Fig. 5.30. The auto-transformer provides a sinusoidal voltage for
the induction motor, whereas the motor terminal voltage with a solid-state controller is nonsinusoidal. Speed control with a solid-state controller is commonly used with small squirrelcage motors driving fan loads. In large power applications, an input ﬁlter is required; otherwise, large harmonic currents will ﬂow in the supply line.
The thyristor voltage controller shown in Fig. 5.30b is simple to understand, but complicated
to analyze. The operation of the voltage controller is discussed in Chapter 10. The command
signal for a particular set speed ﬁres the thyristors at a particular ﬁring angle (α) to provide a
particular terminal voltage for the motor. If the speed command signal is changed, the ﬁring
angle (α) of the thyristors changes, which results in a new terminal voltage and thus a new
operating speed.
Open-loop operation is not satisfactory if precise speed control is desired for a particular
application. In such a case, closed-loop operation is needed. Figure 5.30c shows a simple block
diagram of a drive system with closed-loop operation. If the motor speed falls because of any
disturbance, such as supply voltage ﬂuctuation, the difference between the set speed and the

FIGURE 5.29

Torque–speed characteristics for various terminal voltages.
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FIGURE 5.30 Starting and speed control. (a) Autotransformer voltage controller. (b) Solid-state voltage controller.
(c) Closed-loop operation of voltage
controller.

motor speed increases. This changes the ﬁring angle of the thyristors to increase the terminal
voltage, which in turn develops more torque. The increased torque tends to restore the speed to
the value prior to the disturbance.
Note that for this method of speed control the slip increases at lower speeds (Fig. 5.29),
making the operation inefﬁcient. However, for fans, or similar centrifugal loads in which torque
varies approximately as the square of the speed, the power decreases signiﬁcantly with decrease
in speed. Therefore, although the power lost in the rotor circuit (=sPag ) may be a signiﬁcant
portion of the air gap power, the air gap power itself is small, and therefore the rotor will not
overheat. The voltage controller circuits are simple and, although inefﬁcient, are suitable for fan,
pump, and similar centrifugal drives.
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5.13.3

LINE FREQUENCY CONTROL

The synchronous speed and hence the motor speed can be varied by changing the frequency
of the supply. Application of this speed control method requires a frequency changer. Figure 5.31
shows a block diagram of an open-loop speed control system in which the supply frequency of
the induction motor can be varied. The operation of the controlled rectiﬁer (ac to dc) and the
inverter (dc to ac) is described in Chapter 10.
From Eq. 5.27, the motor ﬂux is
Φp ∝

E
f

ð5:72Þ

If the voltage drop across R1 and X1 (Fig. 5.15) is small compared to the terminal voltage V1 —
that is, V1  E1 —then
Φp ∝

V
f

ð5:73Þ

To avoid high saturation in the magnetic system, the terminal voltage of the motor must be
varied in proportion to the frequency. This type of control is known as constant volts per hertz.
At low frequencies, the voltage drop across R1 and X1 (Fig. 5.15) is comparable to the terminal
voltage V1 , and therefore Eq. 5.73 is no longer valid. To maintain the same air gap ﬂux density,
the ratio V=f is increased for lower frequencies. The required variation of the supply voltage
with frequency is shown in Fig. 5.32. In Fig. 5.31 the machine voltage will change if the input
voltage to the inverter Vi is changed; Vi can be changed by changing the ﬁring angle of the
controlled rectiﬁer. If the output voltage of the inverter can be changed in the inverter itself

FIGURE 5.31 Open-loop speed
control of an induction motor
by input voltage and frequency
control.
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FIGURE 5.32 Required variation in voltage with change in frequency
to maintain constant air gap ﬂux density.

(as in pulse-width-modulated inverters), the controlled rectiﬁer can be replaced by a simple
diode rectiﬁer circuit, which will make Vi constant.
The torque–speed characteristics for variable-frequency operation are shown in Fig. 5.33. At
the base frequency fbase the machine terminal voltage is the maximum that can be obtained
from the inverter. Below this frequency, the air gap ﬂux is maintained constant by changing V1
with f1 ; hence, the same maximum torques are available. Beyond fbase , since V1 cannot be
further increased with frequency, the air gap ﬂux decreases, and so does the maximum
available torque. This corresponds to the ﬁeld-weakening control scheme used with dc motors.
Constant-horsepower operation is possible in the ﬁeld-weakening region.
In Fig. 5.33 the torque–speed characteristic of a load is superimposed on the motor torque–
speed characteristic. Note that the operating speeds n1    n8 are close to the corresponding
synchronous speeds. In this method of speed control, therefore, the operating slip is low and
efﬁciency is high.
The inverter in Fig. 5.31 is known as a voltage source inverter. The motor line-to-line terminal voltage is a quasi-square wave of 120 width. However, because of motor inductance, the
motor current is essentially sinusoidal. A current source inverter (see Chapter 10) can be used

FIGURE 5.33 Torque–speed characteristics of an induction motor with
variable-voltage, variable-frequency
control.
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FIGURE 5.34 Induction motor drive system with a current source inverter and the
corresponding characteristics.

to control the speed of an induction motor. The open-loop block diagram of a drive system
using a current source inverter is shown in Fig. 5.34. The magnitude of the current is regulated
by providing a current loop around the rectiﬁer as shown in Fig. 5.34a. The ﬁlter inductor in the
dc link smooths out the current. The motor current waveform is a quasi-square wave having
120 pulse width. The motor terminal voltage is essentially sinusoidal. The torque–speed
characteristics of an induction motor fed from a current source inverter are also shown in Fig.
5.34. These characteristics have a very steep slope near synchronous speed. Although a current
source inverter is rugged and desirable from the standpoint of protection of solid-state devices,
the drive system should be properly operated, otherwise the system will not be stable.

5.13.4

CONSTANT-SLIP FREQUENCY OPERATION

For efﬁcient operation of an induction machine, it is desirable to operate it at a ﬁxed or controlled slip frequency (which is also the rotor circuit frequency). High efﬁciency and high
power factors are obtained if the slip frequency f2 is maintained below the breakdown frequency f2b , which is the rotor circuit frequency at which the maximum torque is developed.
Consider the block diagram of Fig. 5.35. The signal fn represents a frequency corresponding
to the speed of the motor. To this a signal f2 representing the slip (or rotor circuit) frequency is
added or subtracted. The resultant f1 represents the stator frequency:
f1 = f n ± f2

ð5:74Þ
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Constant slip frequency ( f2 )

Addition of f2 to fn will correspond to motoring action, and subtraction of f2 from fn will
correspond to regenerative braking action of the induction machine. At any speed of the motor,
the signal f2 will represent the rotor circuit frequency—that is, the slip frequency.

5.13.5

CLOSED-LOOP CONTROL

Most industrial drive systems operate as closed-loop feedback systems. Figure 5.36 shows a
block diagram of a speed control system employing slip frequency regulation and constantvolt/hertz operation. At the ﬁrst summer junction the difference between the set speed n* and
the actual speed n represents the slip speed nsl , and hence the slip frequency. If the slip frequency nears the breakdown frequency, its value is clamped, thereby restricting the operation
below the breakdown frequency. At the second summer, the slip frequency is added to the
frequency fn (representing the motor speed) to generate the stator frequency f1 . The function
generator provides a signal such that a voltage is obtained from the controlled rectiﬁer for
constant-volt/hertz operation.
A simple speed control system using a current source inverter is shown in Fig. 5.37. The slip
frequency is kept constant, and the speed is controlled by controlling the dc link current Id , and
hence the magnitude of the motor current.
In traction applications, such as subway cars or other transit vehicles, the torque is controlled directly. A typical control scheme for transit drive systems is shown in Fig. 5.38. As the
voltage available for a transit system is a ﬁxed-voltage dc supply, a pulse-width-modulated

FIGURE 5.36 Speed
control system employing
slip frequency regulation
and constant V=f
operation.
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FIGURE 5.37 Speed control
system with constant slip
frequency (using a current
source inverter).

FIGURE 5.38 Typical speed
control scheme for transit
drive systems.

(PWM) voltage source inverter is considered in which the output voltage can be varied. It can
be shown (Example 5.8) that if the slip frequency is kept constant, the torque varies as
the square of the stator current. The torque command is fed through a square root function
generator to produce the current reference I*. The signal representing the difference between
I* and the actual current I1 will change the output voltage of the PWM inverter to make I1 close
to the desired value of I* representing the torque command. For regenerative braking of
the transit vehicle, the sign of the slip frequency f2 is negative. The induction motor will operate
in the generating mode (fn > f1 ) and feed back the kinetic energy stored in the drive system to
the dc supply.
EXAMPLE 5.8
Show that if the slip frequency is kept constant, the torque developed by an induction machine
is proportional to the square of the input current.
Solution
For variable-frequency operation, the terminal voltage V1 is changed with frequency f1 to
maintain machine ﬂux at a desired level. In the low-frequency region, V1 is low. The voltage
drop across R1 and X1 may be comparable to V1 . Therefore, V1 cannot be assumed to be equal
to E1 . In the equivalent circuit, the shunt branch Xm should not be moved to the machine
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terminals. Therefore, for variable-frequency operation, the equivalent circuit of Fig. 5.15 is
more appropriate to use for prediction of performance. From Fig. 5.15,
I20 =
ðI20 Þ2 =
T=

jXm
0
ðR2 =sÞ + jðX20

+ Xm Þ

I1

ðXm Þ2
ðR02 =sÞ2 + ðX20 + Xm Þ2

I1 2

1 0 2 R2
I
ωsyn 2 s

ð5:75Þ

ð5:76Þ

ð5:77Þ

where
ωsyn =

4π
f1
p

and

s=

f2
f1

From Eqs. 5.76 and 5.77,
T=

πpL2m 2
I
R02 1

f2


2πðLm + L02 Þf2 2


1+

R02

ð5:78Þ

Equation 5.78 shows that if f2 remains constant,
T ∝ I12

▪

ð5:79Þ

EXAMPLE 5.9
Show that if the rotor frequency f2 is kept constant, the torque developed by an induction
machine is proportional to the square of the ﬂux in the air gap.
Solution
From the equivalent circuit of Fig. 5.15,
E1
I12 = 

2
0
ðR f1 =f2 Þ + ð2πf1 L0 Þ2 1=2

ð5:80Þ

 2
p
E1
f2
T=
4πR02 f1
1 + ð2πf2 L02 =R02 Þ2

ð5:81Þ

2

From Eqs. 5.77 and 5.80,

2

If f2 remains constant, from Eqs. 5.81 and 5.72,
T ∝ ðE1 =f1 Þ2 ∝ Φ2p

▪

ð5:82Þ
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5.13.6

CONSTANT-FLUX, Φp (OR E=f ) OPERATION

To achieve high torque throughout the speed range, the motor air gap ﬂux (Φp ) should be
maintained constant. The motor ﬂux should not be allowed to decrease at lower frequencies as
a result of the increasing effects of the stator resistance. As the motor ﬂux is proportional to
E=f , it can be maintained constant if the air gap voltage E, rather than terminal voltage V, is
varied linearly with the stator frequency.
It is evident from Eq. 5.81 that the motor torque depends on the motor ﬂux ðΦp ∝ E=f Þ and
rotor frequency ( f2 ). Under constant-ﬂux operation, for maximum torque
dT
=0
df2

ð5:83Þ

2πf2b L02 = R02

ð5:84Þ

From Eqs. 5.81 and 5.83,

where f2b = rotor frequency at which maximum torque is developed (also called breakdown
frequency).
From Eq. 5.84,
R02
ð5:85Þ
f2b =
2πL02
From Eqs. 5.81 and 5.85, the maximum torque per phase is
 
p E1 2 1
Tmax =
4π f1
4πL02

5.13.7

ð5:86Þ

CONSTANT-CURRENT OPERATION

The motor can be operated at constant current by providing a current loop around the ac–dc
converter as shown in Fig. 5.34a. Since the motor rms current I1 is proportional to the dc link
current I, the motor current can be maintained at a value corresponding to a set current I*.
From Eq. 5.78, the torque developed depends on the motor current I1 and rotor frequency f2 .
Under constant-current operation, for maximum torque,
dT
=0
df2

ð5:87Þ

From Eqs. 5.78 and 5.87, the condition for maximum torque is
2πðLm + L02 Þf2b = R02

ð5:88Þ

where f2b = rotor frequency at which maximum torque is developed.
From Eq. 5.88,
f2b =

R02
2πðLm + L02 Þ

ð5:89Þ
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From Eqs. 5.89 and 5.78, the maximum torque developed per phase is
Tmax =

πpL2m 2 f2b
I
R02 1 2

=

πpL2m 2
R02
I1
0
R2
4πðLm + L02 Þ

=

pL2m
I2
4ðLm + L02 Þ 1

ð5:90Þ

Equations 5.85 and 5.89 reveal that the rotor frequency at which maximum torque is
developed is much smaller in the constant-current operation. For this reason the slope of the
torque–speed characteristics in Fig. 5.34c is very steep compared with that in Fig. 5.33.

EXAMPLE 5.10
For the induction machine of Example 5.4, determine the breakdown frequencies for the
following operations.
(a) Motor operated from a 3φ, 460 V, 60 Hz supply.
(b) Motor operated under constant-ﬂux condition.
(c) Motor operated under constant-current condition.
Solution
(a)

From Eq. 5.58,
sTmax =

0:2
f0:24 + ð0:49 + 0:5Þ2 g
2

1=2

= 0:1963
f2b = 0:1963 × 60
= 11:7797 Hz
(b)

L02 =

0:5
= 1:33 × 10 −3 H
2π60

f2b =

0:2
= 23:93 Hz
2π 1:33 × 10 −3

From Eq. 5.85,

(c)

Lm =

30
= 79:58 × 10 −3 H
2π60
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From Eq. 5.89,
f2b =

0:2
2πð79:58 + 1:33Þ × 10 −3

= 0:3934 Hz

5.13.8

▪

ROTOR RESISTANCE CONTROL

In Section 5.11.1 it was pointed out that the speed of a wound-rotor induction machine can be
controlled by connecting external resistance in the rotor circuit through slip rings, as
shown in Fig. 5.39a. The torque–speed characteristics for four external resistances are shown
in Fig. 5.39b. The load T−n characteristic is also shown by the dashed line. By varying the
external resistance 0 < Rex < Rex4 , the speed of the load can be controlled in the range
n1 < n < n5 . Note that by proper adjustment of the external resistance (Rex = Rex2 ), maximum
starting torque can be obtained for the load.
The scheme shown in Fig. 5.39a requires a three-phase resistance bank, and for balanced
operation all three resistances should be equal for any setting of the resistances. Manual
adjustment of the resistances may not be satisfactory for some applications, particularly for a
closed-loop feedback control system. Solid-state control of the external resistance may provide
smoother operation. A block diagram of a solid-state control scheme with open-loop operation
is shown in Fig. 5.39c. The three-phase rotor power is rectiﬁed by a diode bridge. The effective
value R*ex of the external resistance Rex can be changed by varying the on-time (also called the
duty ratio α, Chapter 10) of the chopper connected across Rex . It can be shown that1
R*ex = ð1 − αÞRex

ð5:91Þ

When α = 0:0, that is, when the chopper is off all the time, R*ex = Rex . When α = 1:0—that is, the
chopper is on all the time—Rex is short-circuited by the chopper, so R*ex = 0. In this case,
the rotor circuit resistance consists of the rotor winding resistance only. Therefore, by varying
α in the range 1 > α > 0, the effective resistance is varied in the range 0 < R*ex < Rex , and
torque–speed characteristics similar to those shown in Fig. 5.39b are obtained.
The rectiﬁed voltage Vd (Fig. 5.39c) depends on the speed, and hence the slip, of the machine.
At standstill, let the induced voltage in the rotor winding be E2 (Eq. 5.29). From Eq. 5.34 and
Eq. 10.9 (for a 3φ full-wave diode rectiﬁer with six diodes), the rectiﬁed voltage V at slip s is
pﬃﬃﬃ
3 6
E2
Vd = sjVd js = 1 = s
π

ð5:92Þ

The electrical power in the rotor circuit is
P2 = sPag
1

P. C. Sen and K. H. J. Ma, Rotor Chopper Control for Induction Motor Drives: TRC Strategy, IA-IEEE Transactions, vol. IA-11, no. 1, pp. 43–49, 1975.
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FIGURE 5.39 Speed
control with rotor resistance control: open-loop
and closed-loop
schemes.

If the power lost in the rotor winding is neglected, the power P2 is the dc output power of the
rectiﬁer. Hence,

From Eqs. 5.92 and 5.93,

sPag ’ Vd Id

ð5:93Þ

pﬃﬃﬃ
3 6
sTωsyn = s
E2 Id
π
T ∝ Id

ð5:94Þ
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This linear relationship between the developed torque and the rectiﬁed current is an advantage
from the standpoint of closed-loop control of this type of speed drive system. A block diagram
for closed-loop operation of the solid-state rotor resistance control system is shown in
Fig. 5.39d. The actual speed n is compared with the set speed n*, and the error signal represents
the torque command or the current reference Id* . This current demand Id* is compared with the
actual current Id , and the error signal changes the duty ratio α of the chopper to make current
Id close to the value Id* .
The major disadvantage of the rotor resistance control method is that the efﬁciency is low at
reduced speed because of higher slips (Eq. 5.70). However, this control method is often
employed because of its simplicity. In applications where low-speed operation is only a small
proportion of the work, the low efﬁciency is acceptable. A typical application of the rotor
resistance control method is the hoist drive of a shop crane. This method also can be used in
fan or pump drives, where speed variation over a small range near the top speed is required.

5.13.9

ROTOR SLIP ENERGY RECOVERY

In the scheme just discussed, if the slip power lost in the resistance could be returned to the ac
source, the overall efﬁciency of the drive system would be very much increased. A method for
recovering the slip power is shown in Fig. 5.40a. The rotor power is rectiﬁed by the diode

FIGURE 5.40 Slip power recovery. (a) Open-loop operation. (b) Torque–speed
characteristics for different ﬁring angles. (c) Closed-loop speed control.
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bridge. The rectiﬁed current is smoothed out by the smoothing choke. The output of the rectiﬁer is then connected to the dc terminals of the inverter, which inverts this dc power to ac
power and feeds it back to the ac source. The inverter is a controlled rectiﬁer operated in the
inversion mode (see Chapter 10).
At no load, the torque required is very small and from Eq. 5.94 Id ’ 0.
From Fig. 5.40a,
Vd = V i
If the no-load slip is s0 , then, from Eqs. 5.92 and 10.10 (Chapter 10),
pﬃﬃﬃ
pﬃﬃﬃ
3 6
−3 6
E2 =
V1 cos α
s0
π
π
or
s0 = −ðV1 =E2 Þcos α

ð5:95Þ

The ﬁring angle α of the inverter will therefore set the no-load speed. If the load is applied, the
speed will decrease. The torque-speed characteristics at various ﬁring angles are shown in
Fig. 5.40b. These characteristics are similar to those of a dc separately excited motor at various
armature voltages.
As shown earlier, the torque developed by the machine is proportional to the dc link current
Id (Eq. 5.94). A closed-loop speed control system using the slip power recovery technique is
shown in Fig. 5.40c.
This method of speed control is useful in large power applications where variation of speed
over a wide range involves a large amount of slip power.

5.14

STARTING OF INDUCTION MOTORS

Squirrel-cage induction motors are frequently started by connecting them directly across the
supply line. A large starting current of the order of 500 to 800 percent of full-load current may
ﬂow in the line. If this causes appreciable voltage drop in the line, it may affect other drives
connected to the line. Also, if a large current ﬂows for a long time, it may overheat the motor
and damage the insulation. In such a case, reduced-voltage starting must be used.
A three-phase step-down autotransformer, as shown in Fig. 5.41a, may be employed as a
reduced-voltage starter. As the motor approaches full speed, the autotransformer is switched
out of the circuit.
A star–delta method of starting may also be employed to provide reduced voltage at start. In
this method, the normal connection of the stator windings is delta while running. If these
windings are connected in star at start, the phase voltage is reduced, resulting in less current at
starting. As the motor approaches full speed, the windings will be connected in delta, as shown
in Fig. 5.4lb.
A solid-state voltage controller, as shown in Fig. 5.41c, can also be used as a reduced-voltage
starter. The controller can provide smooth starting. This arrangement can also be used to
control the speed of the induction motor, as discussed earlier in Section 5.13.
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FIGURE 5.41 Starting methods for squirrel-cage induction motors. (a) One-step
starting autotransformer. (b) Star–delta starting. (c) Solid-state voltage controller
for starting.

Note that although reduced-voltage starting reduces the starting current, it also results in a
decrease in the starting torque, because the torque developed is proportional to the square of
the terminal voltage (see Eq. 5.54).

5.15 TIME AND SPACE HARMONICS
Induction machines are often controlled by voltage source inverters or current source inverters, as discussed in Section 5.13.3. The machine currents are therefore nonsinusoidal. They
contain fundamental and harmonic components of current. The harmonic currents produce
rotating ﬁelds in the air gap that rotate at higher speeds than the rotating ﬁeld produced by the
fundamental current. The time harmonic currents and their rotating ﬁelds produce parasitic
torques in the machine.
The winding of a phase of an induction machine is distributed over a ﬁnite number of slots in
the machine. As a result, when current ﬂows through the winding the mmf produced is nonsinusoidally distributed in the air gap (see Appendix A). The air gap ﬂux, therefore, consists of
fundamental and harmonic components of ﬂuxes. These harmonic ﬂuxes produced by a
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distributed winding are known as space harmonics. The space harmonics also produce parasitic torques in the machine.

5.15.1

TIME HARMONICS

While considering the effects of time harmonics, we shall assume that when current ﬂows
through a phase winding, it produces sinusoidally distributed mmf in the air gap. In other
words, we shall assume a sinusoidally distributed winding (see Appendix A) and no space
harmonics.
Let phase currents in the three-phase induction machine be as follows:
ia =

1
X

IhðmaxÞ cos hωt

ð5:96Þ

IhðmaxÞ cos hðωt − 120 Þ

ð5:97Þ

IhðmaxÞ cos hðωt + 120 Þ

ð5:98Þ

h=1

ib =

1
X
h=1

ic =

1
X
h=1

where h is the order of harmonics
IhðmaxÞ is the amplitude of the hth-order harmonic current
Assume that turns of a phase winding are sinusoidally distributed. From Fig. 5.6a, the mmf
along θ due to current in phase a is
Fa = Nia cos θ

ð5:99Þ

where N is the turns per phase. From Eqs. 5.96 and 5.99,
Fa ðθ, tÞ =

1
X

NIhðmaxÞ cos hωt cos θ

ð5:100Þ

FhðmaxÞ cos hωt cos θ

ð5:101Þ

h=1

=

1
X
h=1

where
FhðmaxÞ = NIhðmaxÞ

ð5:102Þ

Similarly, contributions from phases b and c are, respectively,
Fb ðθ, tÞ =

1
X

FhðmaxÞ cos hðωt − 120 Þ cosðθ − 120 Þ

ð5:103Þ

FhðmaxÞ cos hðωt + 120 Þ cosðθ + 120 Þ

ð5:104Þ

h=1

Fc ðθ, tÞ =

1
X
h=1
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The resultant mmf along θ is
Fðθ, tÞ = Fa ðθ, tÞ + Fb ðθ, tÞ + Fc ðθ, tÞ
=

1
X

ð5:105Þ

FhðmaxÞ ½cosðhωtÞ cos θ + cos hðωt − 120 Þ cosðθ − 120 Þ

h=1


ð5:106Þ



+ cos hðωt + 120 Þ cos hðθ − 120 Þ

Fundamental mmf
From Eq. 5.106,
F1 ðθ, tÞ = F1ðmaxÞ ½cos ωt cos θ + cos ðωt − 120 Þ cos ðθ − 120 Þ
+ cosð ωt + 120 Þ cosðθ − 120 Þ
3
= F1 ðmaxÞ cosðθ − ωtÞ
2

ð5:107Þ

The fundamental mmf is therefore a rotating mmf that rotates in the forward direction (i.e.,
in the direction of θ) at an angular speed of ω radians per second.

Third Harmonic mmf
From Eq. 5.106,
F3 ðθ, tÞ = F3ðmaxÞ fcos3ωt½cos θ + cosðθ − 120 Þ + cos ðθ + 120 Þg
= F3ðmaxÞ × 0
ð5:108Þ

=0

Note that in a three-phase, three-wire system, third harmonic current is absent. Therefore,
F3ðmaxÞ is also zero.

Fifth Harmonic mmf
From Eq. 5.106, it can be shown that
F5 ðθ, tÞ = 32F5ðmaxÞ cosðθ + 5ωtÞ

ð5:109Þ

The ﬁfth harmonic mmf wave is also a rotating wave that rotates in the opposite direction
(with respect to the rotation of the fundamental wave) and at ﬁve times the speed of the fundamental wave.

Seventh Harmonic mmf
From Eq. 5.106, it can be shown that
F7 ðθ, tÞ = 32F7ðmaxÞ cosðθ − 7ωtÞ

ð5:110Þ
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TABLE 5.1 Synchronous Speeds for
Different Time Harmonic mmf Waves in a
3φ, Four-Pole, 60 Hz Induction Machine
Current Harmonic
1
3
5
7

Synchronous Speed (rpm)
1800
0
−5 × 1800 = −9000
7 × 1800 = 12,600

The seventh harmonic mmf wave therefore rotates in the same direction as the fundamental
wave, but at seven times the speed of the fundamental wave.

Other Harmonic mmf Waves

In general, all odd harmonic mmf waves of order h = 6m ± 1, where m is an integer, are
present. These are represented by
Fh ðθ, tÞ = 32 FhðmaxÞ cosðθ ± hωtÞ

ð5:111Þ

The hth-order mmf wave rotates at a speed hω radians per second. It rotates in the same
direction as the fundamental wave if h = 6m + 1, and in the opposite direction if h = 6m − 1.

Effects on T − n Characteristic
For a four-pole, three-phase, 60 Hz induction machine the speeds of the rotating mmf waves
corresponding to various time harmonic currents are shown in Table 5.1. The torque–speed
characteristics corresponding to fundamental, ﬁfth, and seventh harmonic currents are shown
in Fig. 5.42. In the normal region of operation of the induction motor, the magnitudes of the
parasitic torques are very small. Therefore, time harmonics produce no signiﬁcant effects on
the operation of the induction motor. This is further illustrated in Example 5.10.

FIGURE 5.42

T−n characteristics for different time harmonic currents.
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EXAMPLE 5.11
The speed of a 3φ, 5 hp, 208 V, 1740 rpm, 60 Hz, four-pole induction motor is controlled by a
current source inverter (Fig. 5.34a). The phase current is a quasi-square wave of 120 pulse
width, as shown in Fig. 5.34b. The phase current can be expressed in a Fourier series as follows:
i = 1:1I sin ωt − 0:22I sin 5ωt − 0:16I sin 7ωt +   
The parameters of the single-phase equivalent circuit of the induction machine at fundamental frequency (60 Hz) are
R1 = 0:5 Ω,

X1 = X20 = 1:0 Ω

R02 = 0:5 Ω,

Xm = 35 Ω

At full load, the induction machine draws a peak current of 10 amps (=I in Fig. 5.34b).
(a) Draw the equivalent circuit for the hth harmonic current.
(b) Determine the torques produced by the fundamental current.
(c) Determine the parasitic torques produced by the ﬁfth and seventh harmonic currents.
Solution
(a)
(b)

The equivalent circuit for the hth harmonic current is shown in Fig. E5.11.
h = 1:
120f
120 × 60
ns =
=
= 1800 rpm
P
4
s1 =

1800 − 1740
= 0:0333
1800

R02
0:5
= 15 Ω
=
s1
0:0333
Xm = 35 Ω
X20 = 1 Ω
Z1 =

j35ð15 + j1Þ
15 + j1 + j35

= 12:08 + j6:0
= R1 + jX1

FIGURE E5.11
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Pg1 = 3 × I12 R1 = 3 ×

1:1 × 10
pﬃﬃﬃ
2

2
× 12:08

= 2192:5 W
T1 =

(c)

Pg1
2192:5
=
= 11:63 N  m
ωsyn
ð1800=60Þ × 2π

h = 5:
ns = −
s5 =

120 × 5 × 60
= −9000 rpm
4

−9000 −1740
= 1:19
− 9000

R02
0:5
=
= 0:42 Ω
s5
1:19
hXm = 5 × 35 = 175 Ω
hX20 = 5 × 1 = 5 Ω
Z5 =

j175ð0:42 + j5Þ
0:42 + j5 + j175

= 0:4 + j4:86 Ω


0:22 × 10 2
pﬃﬃﬃ
× 0:4 = 2:9 W
Pg5 = 3 ×
2
T5 =

2:9
= −0:00307 N  m
−ð9000=60Þ × 2π

h = 7:
ns =

120 × 7 × 60
= 12,600 rpm
4

s7 =

12,600 − 1740
= 0:862
12,600

R02
0:5
= 0:58 Ω
=
s7
0:862
hXm = 7 × 35 = 245 Ω
hX20 = 7 × 1 = 7 Ω
Zh =

j245ð0:58 + j7Þ
0:58 + j7 + j245

= 0:549 + j6:807 Ω
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Pg7 = 3 ×

2
0:16 × 10
pﬃﬃﬃ
× 0:549
2

= 2:107 W
T7 =

2:107
= 0:0016 N  m
ð12,600=60Þ × 2π

Note that the parasitic torques produced by time harmonics are insigniﬁcant compared to
the fundamental torque. ▪

5.15.2

SPACE HARMONICS

An ideal sinusoidal distribution of mmf is possible only if the machine has an inﬁnitely large
number of slots and the turns of a winding are sinusoidally distributed in the slots. This is not
practically possible to attain. In a practical machine the winding is distributed in a ﬁnite
number of slots. As a result, when current ﬂows through a winding, the mmf distribution in
space has a stairlike waveform as shown in Fig. 5.43 (see also Appendix A).
The mmf distribution contains a fundamental and a family of space harmonics of order
h = 6m ± 1, where m is a positive number. The fundamental and the ﬁfth harmonic component
of mmf are also shown in Fig. 5.43.
In a three-phase machine, when sinusoidally varying currents ﬂow through the windings, the
space harmonic waves rotate at (1=h) times the speed of the fundamental wave. The space
harmonic waves rotate in the same direction as the fundamental wave if h = 6m + 1 and in the
opposite direction if h = 6m − 1.
A space harmonic wave of order h is equivalent to a machine with hp number of poles.
Therefore, the synchronous speed of the hth space harmonic wave is
nsðhÞ =

ns
120f
=
h
hp

ð5:112Þ

Effects on T–n Characteristics
For a three-phase, four-pole, 60 Hz machine, the synchronous speeds of the space harmonics
are shown in Table 5.2. The torque–speed characteristics for the fundamental ﬂux and ﬁfth and

FIGURE 5.43 MMF distribution in the air gap.
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TABLE 5.2 Synchronous Speeds for Space Harmonics of a
3φ, Four-Pole, 60 Hz Induction Machine
Space Harmonic
1
5
7
11
13

Synchronous Speed (rpm)
1800
1800
−
5
1800
7
1800
−
11
1800
13

= −360
= 257:1
= −163:6
= 138:5

seventh space harmonic ﬂuxes are shown in Fig. 5.44. The effects of space harmonics are
signiﬁcant. If the effect of seventh harmonic torque is appreciable, the motor may settle to a
lower speed—such as the operating point A instead of the desired operating point B. The motor
therefore crawls. To reduce the crawling effect, the ﬁfth and seventh space harmonics should
be reduced, and this can be done by using a chorded (or short-pitched) winding, as discussed in
Appendix A.

5.16

LINEAR INDUCTION MOTOR (LIM)

A linear version of the induction machine can produce linear or translational motion. Consider
the cross-sectional view of the rotary induction machine shown in Fig. 5.45a. Instead of a
squirrel-cage rotor, a cylinder of conductor (usually made of aluminum) enclosing the rotor’s
ferromagnetic core is considered. If the rotary machine of Fig. 5.45a is cut along the line xy and
unrolled, a linear induction machine, shown in Fig. 5.45b, is obtained. Instead of the terms

FIGURE 5.44 Parasitic
torques due to space
harmonics.
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FIGURE 5.45 Induction motors. (a) Rotary induction motor. (b) Linear
induction motor (LIM).

stator and rotor, it is more appropriate to call them primary and secondary members,
respectively, of the linear induction machine.
If a three-phase supply is connected to the stator of a rotary induction machine, a ﬂux density
wave rotates in the air gap of the machine. Similarly, if a three-phase supply is connected to the
primary of a linear induction machine, a traveling ﬂux density wave is created that travels
along the length of the primary. This traveling wave will induce current in the secondary
conductor. The induced current will interact with the traveling wave to produce a translational
force F (or thrust). If one member is ﬁxed and the other is free to move, the force will make the
movable member move. For example, if the primary in Fig. 5.45b is ﬁxed, the secondary is free
to move, and the traveling wave moves from left to right, the secondary will also move to the
right, following the traveling wave.

LIM Performance
The synchronous velocity of the traveling wave is
Vs = 2Tp f m=sec

ð5:113Þ

where Tp is the pole pitch and f is the frequency of the supply. Note that the synchronous
velocity does not depend on the number of poles. If the velocity of the moving member is V,
then the slip is
s=

Vs − V
Vs

ð5:114Þ

The per-phase equivalent circuit of the linear induction motor has the same form as that of
the rotary induction motor as shown in Fig. 5.15. The thrust–velocity characteristic of the
linear induction motor also has the same form as the torque–speed characteristic of a rotary
induction motor, as shown in Fig. 5.46. The thrust is given by
F=
=

air gap power, Pg
synchronous velocity, Vs
3I20 2 R02 =s
newtons
Vs

ð5:115Þ

Linear Induction Motor (LIM)

FIGURE 5.46
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Thrust–speed characteristic of a LIM.

A linear induction motor requires a large air gap, typically 15−30 mm, whereas the air gap for a
rotary induction motor is small, typically 1−1:5 mm. The magnetizing reactance Xm is therefore quite low for the linear induction motor. Consequently, the excitation current is large, and
the power factor is low. The LIM also operates at a larger slip. The loss in the secondary is
therefore high, making the efﬁciency low.
The LIM shown in Fig. 5.45b is called a single-sided LIM or SLIM. Another version is used in
which primary is on both sides of the secondary, as shown in Fig. 5.47. This is known as a
double-sided LIM or DLIM.

Applications
An important application of a LIM is in transportation. Usually a short primary is on the
vehicle and a long secondary is on the track, as shown in Fig. 5.48. A transportation test vehicle
using such a LIM is shown in Fig. 5.49.
A LIM can also be used in other applications, such as materials handling, pumping of liquid
metal, sliding-door closers, and curtain pullers.

End Effect
Note that the LIM primary has an entry edge at which a new secondary conductor continuously
comes under the inﬂuence of the magnetic ﬁeld. The secondary current at the entry edge will

FIGURE 5.47

Double-sided LIM (DLIM).

FIGURE 5.48

LIM for a vehicle.
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Courtesy of Urban Transportation Development
Corporation, Kingston, Canada
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FIGURE 5.49 Transportation test
vehicle using LIM.

tend to prevent the buildup of air gap ﬂux. As a result, the ﬂux density at the entry edge will be
signiﬁcantly less than the ﬂux density at the center of the LIM. The LIM primary also has an
exit edge at which the secondary conductor continuously leaves. A current will persist in the
secondary conductor after it has left the exit edge in order to maintain the ﬂux. This current
produces extra resistive loss. These phenomena at the entry edge and the exit edge are known
as end effects in a linear machine. The end effect reduces the maximum thrust that the motor
can produce. Naturally, the end effect is more pronounced at high speed.
EXAMPLE 5.12
The linear induction motor shown in Fig. 5.48 has 98 poles and a pole pitch of 50 cm.
(a) Determine the synchronous speed and the vehicle speed in km/hr if frequency is 50 Hz
and slip is 0.25.
(b) If the traveling wave moves left to right with respect to the vehicle, determine the
direction in which the vehicle will move.
Solution
Vs = 2 × 50 × 10−2 × 50 = 50 m=sec

(a)

=

50 × 60 × 60
km=hr
1000

= 180 km=hr
V = ð1 − 0:25Þ180 = 135 km=hr
(b)

Right to left.

▪
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PROBLEMS
5.1

5.2

A 3φ, 460 V, 60 Hz, 4-pole, Y-connected wound-rotor induction machine has 230 V between the
slip rings at standstill when the stator is connected to a 3φ, 460 V, 60 Hz power supply. The rotor is
mechanically connected to a dc motor whose speed can be changed. Determine the magnitude
and frequency of the voltage between the slip rings when the induction machine is driven at the
following speeds:
(a)

1620 rpm in the same direction as the rotating ﬁeld.

(b)

1620 rpm in the opposite direction to the rotating ﬁeld.

(c)

1800 rpm in the same direction as the rotating ﬁeld.

(d)

1800 rpm in the opposite direction to the rotating ﬁeld.

(e)

3600 rpm in the same direction as the rotating ﬁeld.

A three-phase, 5 hp, 208 V, 60 Hz induction motor runs at 1746 rpm when it delivers rated output
power.
(a)

Determine the number of poles of the machine.

(b)

Determine the slip at full load.

(c)

Determine the frequency of the rotor current.

(d)

Determine the speed of the rotor ﬁeld with respect to the

(i) Stator.
(ii) Stator rotating ﬁeld.
5.3

A 3φ, 460 V, 100 hp, 60 Hz, six-pole induction machine operates at 3% slip (positive) at full load.
(a)

Determine the speeds of the motor and its direction relative to the rotating ﬁeld.

(b)

Determine the rotor frequency.

(c)

Determine the speed of the stator ﬁeld.

(d)

Determine the speed of the air gap ﬁeld.

(e)

Determine the speed of the rotor ﬁeld relative to

(i) the rotor structure.
(ii) the stator structure.
(iii) the stator rotating ﬁeld.
5.4

Repeat Problem 5.3 if the induction machine is operated at 3% slip (negative).

5.5

Repeat Problem 5.3 if the induction machine operates at 150% slip (positive).

5.6

A 3φ, 10 hp, 208 V, six-pole, 60 Hz, wound-rotor induction machine has a stator-to-rotor turns
ratio of 1 : 0.5 and both stator and rotor windings are connected in star.
(a)

The stator of the induction machine is connected to a 3φ, 208 V, 60 Hz supply, and the motor
runs at 1140 rpm.

(i) Determine the operating slip.
(ii) Determine the voltage induced in the rotor per phase and frequency of the induced
voltage.

(iii) Determine the rpm of the rotor ﬁeld with respect to the rotor and with respect to the
stator.
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(b)

If the stator terminals are shorted and the rotor terminals are connected to a 3φ, 208 V, 60 Hz
supply and the motor runs at 1164 rpm,

(i) Determine the direction of rotation of the motor with respect to that of the rotating
ﬁeld.

(ii) Determine the voltage induced in the stator per phase and its frequency.
5.7

5.8

5.9

5.10

5.11

A 3φ, 460 V, 60 Hz, 20 kW induction machine draws 25 A at a power factor of 0.9 lagging when
connected to a 3φ, 460 V, 60 Hz power supply. The core loss is 900 W, stator copper loss is 1100 W,
rotor copper loss is 550 W, and friction and winding loss is 300 W. Calculate
(a)

The air gap power, Pag .

(b)

The mechanical power developed, Pmech .

(c)

The output horse power.

(d)

The efﬁciency.

The machine in Problem 5.7 is a 4-pole machine. For the operating condition of Problem 5.7,
determine
(a)

The synchronous speed, ns .

(b)

The rotor speed, n.

(c)

The developed torque.

(d)

The output torque.

A 3φ, 2-pole, 60 Hz, induction motor operates at 3546 rpm while delivering 20 kW to a load.
Neglect all losses. Determine
(a)

The slip of the motor.

(b)

The developed torque.

(c)

The speed of the motor if the torque is doubled. Assume that in the low slip region, the
torque speed curve is linear.

(d)

The power supplied by the motor for the load condition of (c).

A 3φ, 6-pole, 60 Hz, induction motor runs at 1140 rpm and draws 90 kW from the supply. The
core loss and copper losses in the stator is 4:8 kW. The windage and friction loss is 2:1 kW.
Calculate
(a)

The air gap power.

(b)

The rotor copper loss.

(c)

The mechanical power delivered to the load.

(d)

The load torque.

(e)

The efﬁciency.

A 3φ, 10 hp, 460 V, 60 Hz, 4-pole induction motor runs at 1730 rpm at full-load. The stator copper
loss is 200 W and the windage and friction loss is 320 W. Determine
(a)

The mechanical power developed, Pmech .

(b)

The air gap power, Pag .

(c)

The rotor copper loss, Pcu2 .

(d)

The input power, Pin .

(e)

The efﬁciency of the motor.
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5.12

A 3φ, 2.5 hp, 210 V, 60 Hz, 4-pole induction motor runs at 1700 rpm. The rotational losses are
150 W. If the rotor resistance per phase is 0.025 Ω, determine the rotor current.

5.13

The following test results are obtained from a 3φ, 100 hp, 460 V, eight-pole, star-connected
squirrel-cage induction machine.
No-load test:
Blocked-rotor test:

460 V, 60 Hz, 40 A, 4:2 kW
100 V, 60 Hz, 140 A, 8:0 kW

Average dc resistance between two stator terminals is 0:152 Ω.

5.14

(a)

Determine the parameters of the equivalent circuit.

(b)

The motor is connected to a 3φ, 460 V, 60 Hz supply and runs at 873 rpm. Determine the
input current, input power, air gap power, rotor copper loss, mechanical power developed,
output power, and efﬁciency of the motor.

The following test results are obtained for a 3φ, 280 V, 60 Hz, 6:5 A, 500 W induction machine.
Blocked-rotor test:
No-load test:

44 V, 60 Hz, 25 A, 1250 W
208 V, 60 Hz, 6:5 A, 500 W

The average resistance measured by a dc bridge between two stator terminals is 0:54 Ω.

5.15

(a)

Determine the no-load rotational loss.

(b)

Determine the parameters of the equivalent circuit.

(c)

What type of induction motor is this?

(d)

Determine the output horsepower at s = 0:1.

A 3φ, 280 V, 60 Hz, 20 hp, four-pole induction motor has the following equivalent circuit parameters.
R1 = 0:12 Ω

R02 = 0:1 Ω

X1 = X20 = 0:25 Ω
Xm = 10:0 Ω
The rotational loss is 400 W. For 5% slip, determine
(a)

The motor speed in rpm and radians per sec.

(b)

The motor current.

(c)

The stator cu-loss.

(d)

The air gap power.

(e)

The rotor cu-loss.

(f)

The shaft power.

(g)

The developed torque and the shaft torque.

(h)

The efﬁciency.

Use the IEEE-recommended equivalent circuit (Fig. 5.15).
5.16

The motor in Example 5.5 is taken to Europe where the supply frequency is 50 Hz.
(a)

What supply voltage is to be used, and why?

(b)

The motor is operated with the supply voltage of part (a) and at a slip of 3%.
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(i) Determine synchronous speed, motor speed, and rotor frequency.
(ii) Determine motor current, power factor, torque developed, and efﬁciency. Assume
rotational loss to be proportional to motor speed.
5.17

A 3φ, 460 V, 60 Hz, six-pole induction motor has the following single-phase equivalent circuit
parameters:
R1 = 0:2 Ω

X1 = 1:055 Ω

R02

X20 = 1:055 Ω

= 0:28 Ω

Xm = 33:9 Ω
The induction motor is connected to a 3φ, 460 V, 60 Hz supply.
(a)

Determine the starting torque.

(b)

Determine the breakdown torque and the speed at which it occurs.

(c)

The motor drives a load for which TL = 1:8 N  m. Determine the speed at which the motor
will drive the load. Assume that near the synchronous speed the motor torque is proportional to slip. Neglect rotational losses.

Use the approximate equivalent circuit of Fig. 5.14b.
5.18

A 3φ, 208 V, 60 Hz, six-pole induction motor has the following equivalent circuit parameters:
R1 = 0:075 Ω

R02 = 0:11 Ω

L1 = L02 = 0:25 mH
Lm = 15:0 mH
The motor drives a fan. The torque required for the fan varies as the square of the speed and is
given by
Tfan = 12:7 × 10−3 ω2m
Determine the speed, torque, and power of the fan when the motor is connected to a 3φ, 208 V,
60 Hz supply. Use the approximate equivalent circuit of Fig. 5.14b, and neglect rotational losses.
For operation at low slip, the motor torque can be considered proportional to slip.
5.19

A 3φ, 100 kVA, 460 V, 60 Hz, eight-pole induction machine has the following equivalent circuit
parameters:
R1 = 0:07 Ω,

X1 = 0:2 Ω

R02

X20 = 0:2 Ω

= 0:05 Ω,

Xm = 6:5 Ω
(a)

Derive the Thevenin equivalent circuit for the induction machine.

(b)

If the machine is connected to a 3φ, 460 V, 60 Hz supply, determine the starting torque, the
maximum torque the machine can develop, and the speed at which the maximum torque is
developed.

(c)

If the maximum torque is to occur at start, determine the external resistance required in
each rotor phase. Assume a turns ratio (stator to rotor) of 1.2.
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A 3φ, 25 hp, 460 V, 60 Hz, 1760 rpm, wound-rotor induction motor has the following equivalent
circuit parameters:
R1 = 0:25 Ω,

X1 = 1:2 Ω

R02

X20 = 1:1 Ω

= 0:2 Ω,
Xm = 35:0 Ω

The motor is connected to a 3φ, 460 V, 60 Hz, supply.
(a)

Determine the number of poles of the machine.

(b)

Determine the starting torque.

(c)

Determine the value of the external resistance required in each phase of the rotor circuit
such that the maximum torque occurs at starting. Use Thevenin’s equivalent circuit.

5.21

Repeat Problem 5.20 using the approximate equivalent circuit of Fig. 5.14b.

5.22

A three-phase, 460 V, 60 Hz induction machine produces 100 hp at the shaft at 1746 rpm. Determine
the efﬁciency of the motor if rotational losses are 3500 W and stator copper losses are 3000 W.

5.23

A 440 V, 60 Hz, six-pole, 3φ induction motor is taking 50 kVA at 0.8 power factor and is running at
a slip of 2.5%. The stator copper losses are 0:5 kW and rotational losses are 2:5 kW. Compute

5.24

(a)

The rotor copper losses.

(b)

The shaft hp.

(c)

The efﬁciency.

(d)

The shaft torque.

A 3φ wound-rotor induction machine is mechanically coupled to a 3φ synchronous machine
as shown in Fig. P5.24. The synchronous machine has four poles, and the induction machine has
six poles. The stators of the two machines are connected to a 3φ, 60 Hz power supply. The rotor
of the induction machine is connected to a 3φ resistive load. Neglect rotational losses and
stator resistance losses. The load power is 1 pu. The synchronous machine rotates at the synchronous speed.
(a)

The rotor rotates in the direction of the stator rotating ﬁeld of the induction machine.
Determine the speed, frequency of the current in the resistive load, and power taken by the
synchronous machine and by the induction machine from the source.

(b)

Repeat (a) if the phase sequence of the stator of the induction machine is reversed.

FIGURE P5.24
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A 3φ induction machine is mechanically coupled to a dc shunt machine. The rating and parameters of the machines are as follows:
Induction machine:
3φ, 5 kVA, 208 V, 60 Hz, four-pole, 1746 rpm
R1 = 0:25 Ω, X1 = 0:55 Ω, R02 = 0:35 Ω, X20 = 1:1 Ω, Xm = 38 Ω
DC machine:
220 V, 5 kW, 1750 rpm
Ra = 0:4 Ω, Rfw = 100 Ω, Rfc = 100 Ω
The induction machine is connected to a 3φ, 208 V, 60 Hz supply, and the dc machine is connected to a 220 V dc supply. The rotational loss of each machine of the M–G set may be considered
constant at 225 W.
The system rotates at 1710 rpm in the direction of the rotating ﬁeld of the induction machine.
(a)

Determine the mode of operation of the induction machine.

(b)

Determine the current taken by the induction machine.

(c)

Determine the real and reactive power at the terminals of the induction machine and
indicate their directions.

(d)

Determine the copper loss in the rotor circuit.

(e)

Determine the armature current (and its direction) of the dc machine.

5.26

The ﬁeld current of the dc machine in the M–G set of Problem 5.25 is decreased so that the speed
of the set increases to 1890 rpm. Repeat parts (a) to (e) of Problem 5.25.

5.27

The M–G set in Problem 5.25 is rotating at 1710 rpm in the direction of the rotating ﬁeld. The
phase sequence of the supply connected to the induction machine is suddenly reversed. Repeat
parts (a) to (e) of Problem 5.25.

5.28

A 3φ, 250 kW, 460 V, 60 Hz, eight-pole induction machine is driven by a wind turbine. The
induction machine has the following parameters.
R1 = 0:015 Ω,

R02 = 0:035 Ω

L1 = 0:385 mH,

L02 = 0:358 mH,

Lm = 17:24 mH

The induction machine is connected to a 460 V inﬁnite bus through a feeder having a resistance of
0:01 Ω and an inductance of 0:0 8 mH. The wind turbine drives the induction machine at a slip
of −25%:

5.29

(a)

Determine the speed of the wind turbine.

(b)

Determine the voltage at the terminals of the induction machine.

(c)

Determine the power delivered to the inﬁnite bus and the power factor.

(d)

Determine the efﬁciency of the system. Assume the rotational and core losses to be 3 kW.

The motor of Example 5.5 is running at rated (full-load) condition. The motor is stopped by
plugging (for rapid stopping)—that is, switching any two stator leads and removing the power
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from the motor at the moment the rotor speed goes through zero. Determine the following, at the
time immediately after switching the stator leads:
(a)

The slip.

(b)

The rotor circuit frequency.

(c)

The torque developed and its direction with respect to rotor motion.

5.30

A 3φ, 460 V, 250 hp, eight-pole wound-rotor induction motor controls the speed of a fan. The
torque required for the fan varies as the square of the speed. At full load (250 hp) the motor slip is
0.03 with the slip rings short-circuited. The slip–torque relationship of the motor can be assumed
to be linear from no load to full load. The resistance of each rotor phase is 0.02 ohms. Determine
the value of resistance to be added to each rotor phase so that the fan runs at 600 rpm.

5.31

A 3φ, squirrel-cage induction motor has a starting torque of 1:75 pu and a maximum torque of
2:5 pu when operated from rated voltage and frequency. The full-load torque is considered as 1 pu
of torque. Neglect stator resistance.

5.32

5.33

(a)

Determine the slip at maximum torque.

(b)

Determine the slip at full-load torque.

(c)

Determine the rotor current at starting in per unit—consider the full-load rotor current as 1 pu.

(d)

Determine the rotor current at maximum torque in per unit of full-load rotor current.

A 3φ, 460 V, 60 Hz, four-pole wound-rotor induction motor develops full-load torque at a slip of
0.04 when the slip rings are short-circuited. The maximum torque it can develop is 2:5 pu. The
stator leakage impedance is negligible. The rotor resistance measured between two slip rings is
0:5 Ω.
(a)

Determine the speed of the motor at maximum torque.

(b)

Determine the starting torque in per unit. (Full-load torque is one per-unit torque.)

(c)

Determine the value of resistance to be added to each phase of the rotor circuit so that
maximum torque is developed at the starting condition.

(d)

Determine the speed at full-load torque with the added rotor resistance of part (c).

The approximate per-phase equivalent circuit for a 3φ, 60 Hz, 1710 rpm double-cage rotor
induction machine is shown in Fig. P5.33. The standstill rotor impedances referred to the stator
are as follows:
Outer cage:
Inner cage:

4:0 + j1:5 Ω
0:5 + j4:5 Ω

FIGURE P5.33
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If stator impedance is neglected,

5.34

(a)

Determine the ratio of currents in the outer and inner cages for standstill and full-load
conditions.

(b)

Determine the starting torque of the motor as percent of the full-load torque.

(c)

Determine the ratio of torques due to the outer and inner cages for standstill and full-load
conditions.

A 3φ, 460 V, 60 Hz, four-pole double-cage induction motor has the following equivalent circuit
parameters (Fig. 5.27b):
Lm = 134 mH
L02 = 4:51 mH,

R02 = 4:8 Ω
R00 2 = 1:2 Ω

L002 = 11:41 mH
The stator impedance (R1 and X1 ) may be neglected. The motor rotates at 95% of synchronous
speed. Determine the torques produced by the inner cage and the outer cage and the total torque.
5.35

The motor in Example 5.5 is connected in Y. If the motor is connected in Δ, what would be the
starting current?

5.36

A 3φ, 200 hp, 460 V, 1760 rpm, 60 Hz induction motor has a power factor of 0.85 lagging and an
efﬁciency of 90% at full load. If started with rated voltage, the starting current is six times larger
than the rated current of the motor. An autotransformer is used to start the motor at reduced
voltage.

5.37

5.38

(a)

Determine the rated motor current.

(b)

Determine the autotransformer output voltage to make the motor starting current twice the
full-load current.

(c)

Determine the ratio of the starting torque at the reduced voltage of part (b) to the torque at
rated voltage.

A 3φ, 460 V, 60 Hz, 1755 rpm, 100 hp, four-pole squirrel-cage induction motor has negligible stator
resistance and leakage inductance. The motor is to be operated from a 50 Hz supply.
(a)

Determine the supply voltage if the air gap ﬂux is to remain at the same value if it were
operated from a 3φ, 460 V, 60 Hz supply.

(b)

Determine the speed at full-load torque if the motor operates from the 50 Hz supply of
part (a).

A 3φ, 460 V, 60 Hz, 50 hp, 1180 rpm induction motor has the following parameters:
R1 = 0:191 Ω
R02 = 0:0707 Ω
L1 = 2 mH

(stator leakage inductance)

L02

(rotor leakage inductance, referred to stator)

= 2 mH

Lm = 44:8 mH
(a)

Determine the values of the rated current and rated torque (use the equivalent circuit of
Fig. 5.15).
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Use
Irated = 1 pu of current
Trated = 1 pu of torque
Vrated = 1 pu of voltage
nsyn = 1 pu of speed
Plot in per-unit values torque versus speed for V1 = 1 pu and stator frequency f1 = 60 Hz.
On the same graph, plot in per-unit values torque versus speed for I1 =1 pu and f1 = 60 Hz.

5.39

For the induction machine of Example 5.5,
(a)

Determine the maximum torques (in newton  meters as well as in per unit) developed by
the induction motor for the following operations.

(i) Motor operated from a 3φ, 460 V, 60 Hz supply.
(ii) Motor operated under constant-ﬂux operation. Consider E=f for the full-load operating condition of Example 5.4.

(iii) Motor operated under constant current of rated value.
(b)
5.40

Write a computer program and plot the torque versus f2 for the three conditions of part (a).
Vary f2 from zero to 60 Hz.

The speed of a 3φ, 5 hp, 208 V, 60 Hz, four-pole induction motor is controlled by a voltage source
inverter. The phase voltage has the following component voltages:
Fundamental voltage, rms = 100 V.
Fifth harmonic voltage, rms = 15 V.
Seventh harmonic voltage, rms = 10 V.
The parameters of the single-phase equivalent circuit of the induction machine at fundamental
frequency (60 Hz) are as follow:
R1 = negligible,

R02 = 0:5 Ω

X1 = negligible,

X20 = 1:0 Ω

Xm = 35 Ω
The induction motor is loaded, and it rotates at 1710 rpm.

5.41

(a)

Determine the torque produced by the fundamental voltage.

(b)

Determine the torque produced by the ﬁfth harmonic voltage.

(c)

Determine the torque produced by the seventh harmonic voltage.

The speed of a 3φ, 5 hp, 208 V, 60 Hz, four-pole induction motor is controlled by a voltage source
inverter. The phase voltage has the following component voltages:
Fundamental voltage, rms = 100 V.
Fifth harmonic voltage, rms = 18 V.
Seventh harmonic voltage, rms = 12 V.

280

chapter 5 Induction (Asynchronous) Machines

The parameters of the single-phase equivalent circuit of the induction machine at fundamental
frequency (60 Hz) are
R02 = 0:6 Ω
R1 = 0:7 Ω,
X1 = X20 = 1:2 Ω
Xm = very large
The induction motor is loaded, and it rotates at 1710 rpm.

5.42

(a)

Determine the torque produced by the fundamental voltage.

(b)

Determine the torque produced by the ﬁfth harmonic voltage.

(a) What causes space harmonics in an ac machine? Brieﬂy describe their effects on the torque–
speed characteristic of a 3φ induction motor.
(b)

5.43

5.44

Determine the synchronous speed (in rpm) for the ﬁfth space harmonic ﬂux wave of a 3φ,
eight-pole, 60 Hz induction motor. What is its direction of motion with respect to the fundamental space ﬂux wave?

The linear induction motor shown in Fig. 5.48 has 60 poles and has a pole pitch of 50 cm.
(a)

Determine the synchronous speed and the vehicle speed in km/hr if the frequency is 50 Hz
and the slip is 0.25.

(b)

If the traveling wave moves left to right with respect to the vehicle, determine the direction
in which the vehicle will move.

A LIM has seven poles, and the pole pitch is 30 cm. The parameters of the single-phase equivalent
circuit are
R1 = 0:15 Ω,

R02 = 0:25 Ω

L1 = 0:5 mH,

L02 = 0:8 mH

Lm = 5:0 mH
The LIM is connected to a 3φ variable-voltage, variable-frequency supply. At 300 V, 50 Hz, the
speed of the LIM is 75 km=hr.

5.45

(a)

Determine the slip.

(b)

Determine the input current, input power, power factor, air gap power, mechanical power
developed, power loss in the secondary, and thrust produced.

A LIM has ten poles, and the pole pitch is 30 cm. The parameters of the single-phase equivalent
circuit are
R02 = 0:25 Ω
R1 = 0:15 Ω,
L1 = 0:5 mH,

L02 = 0:8 mH

The LIM is fed from a current source inverter, and it drives a vehicle. The controller, shown in
Fig. 5.35, keeps the rotor frequency constant at f2 = 5 Hz. The fundamental LIM current is 200 A
(rms). Neglect the effects of the harmonic currents on thrust. For f1 = 60 Hz and f2 = −5 Hz,
determine
(a)

The mode of operation—that is, motoring or generating.

(b)

The value of fn .

Problems

(c)

The slip.

(d)

The cruising speed (velocity) in km/hr.

(e)

The air gap power and its direction of ﬂow.

(f)

The thrust.
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5.46

Repeat Problem 5.45 for f2 = + 5 Hz.

5.47

For Problem 5.46, determine the starting thrust.

5.48

A 3φ, 460 V, 60 Hz, 1025 rpm squirrel-cage induction motor has the following equivalent circuit
parameters:
R1 = 0:06 Ω,

X1 = 0:25 Ω

R02

X20 = 0:35 Ω

= 0:3 Ω,

Xm = 7:8 Ω
Neglect the core losses and windage and friction losses. Use the equivalent circuit of Fig. 5.15 for
computation. Write a computer program to study the performance characteristics of this machine
operating as a motor over the speed range zero to synchronous speed. The program should yield
(a)

A computer printout in tabular form showing the variation of torque, input current, input
power factor, and efﬁciency with speed.

(b)

A plot of the performance characteristics.

(c)

Input current, torque, input power factor, and efﬁciency at the rated speed of 1025 rpm.

chapter six
SYNCHRONOUS MACHINES
A synchronous machine rotates at a constant speed in the steady state. Unlike in induction
machines, the rotating air gap ﬁeld and the rotor in the synchronous machine rotate at the
same speed, called the synchronous speed. Synchronous machines are used primarily as
generators of electrical power. In this case they are called synchronous generators or alternators. They are usually large machines generating electrical power at hydro, nuclear, or
thermal power stations. Synchronous generators with power ratings of several hundred MVA
(mega-volt-amperes) are quite common in generating stations. It is anticipated that machines
of several thousand MVA ratings will be used in the twenty ﬁrst century. Synchronous
generators are the primary energy conversion devices of the world’s electric power systems
today. In spite of continuing research for more direct energy conversion techniques, it is conceded that synchronous generators will continue to be used well into the next century.
Like most rotating machines, a synchronous machine can also operate as both a generator
and a motor. In large sizes (several hundred or thousand kilowatts) synchronous motors are
used for pumps in generating stations, and in small sizes (fractional horsepower) they are used
in electric clocks, timers, record turntables, and so forth where constant speed is desired. Most
industrial drives run at variable speeds. In industry, synchronous motors are used mainly
where a constant speed is desired. In industrial drives, therefore, synchronous motors are not
as widely used as induction or dc motors. A linear version of the synchronous motor (LSM) is
being considered for high-speed transportation systems of the future.
An important feature of a synchronous motor is that it can draw either lagging or leading
reactive current from the ac supply system. A synchronous machine is a doubly excited
machine. Its rotor poles are excited by a dc current and its stator windings are connected to the
ac supply (Fig. 6.1). The air gap ﬂux is therefore the resultant of the ﬂuxes due to both rotor
current and stator current. In induction machines, the only source of excitation is the stator
current, because rotor currents are induced currents. Therefore, induction motors always
operate at a lagging power factor, because lagging reactive current is required to establish ﬂux
in the machine. On the other hand, in a synchronous motor, if the rotor ﬁeld winding provides
just the necessary excitation, the stator will draw no reactive current; that is, the motor will
operate at a unity power factor. If the rotor excitation current is decreased, lagging reactive
current will be drawn from the ac source to aid magnetization by the rotor ﬁeld current, and
the machine will operate at a lagging power factor. If the rotor ﬁeld current is increased,
leading reactive current will be drawn from the ac source to oppose magnetization by the rotor
ﬁeld current, and the machine will operate at a leading power factor. Thus, by changing
the ﬁeld current, the power factor of the synchronous motor can be controlled. If the motor is
not loaded, but is simply ﬂoating on the ac supply system, it will thus behave as a variable
inductor or capacitor as its rotor ﬁeld current is changed. A synchronous machine with no load
is called a synchronous condenser. It may be used in power transmission systems to regulate line
voltage. In industry, synchronous motors are sometimes used with other induction motors and
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Basic structure of the three-phase synchronous machine.

operated in an overexcited mode so that they draw leading current to compensate the lagging
current drawn by the induction motors, thereby improving the overall plant power factor.
Example 6.1 illustrates the use of synchronous motors for power factor improvement. The
power factor characteristics of synchronous motors will be further discussed in a later section.

EXAMPLE 6.1
In a factory a 3φ, 4 kV, 400 kVA synchronous machine is installed along with other induction
motors. The following are the loads on the machines:
Induction motors: 500 kVA at 0.8 PF lagging.
Synchronous motor: 300 kVA at 1.0 PF.
(a) Compute the overall power factor of the factory loads.
(b) To improve the factory power factor, the synchronous machine is overexcited (to draw
leading current) without any change in its load. Without overloading the motor, to what
extent can the factory power factor be improved? Find the current and power factor of the
synchronous motor for this condition.
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Solution
(a)

Induction motors:
Power = 500 × 0:8 = 400 kW
Reactive power = 500 × 0:6 = 300 kVAR
Synchronous motor:
Power = 300 kW
Reactive power = 0:0
Factory:
Power = 700 kW
Reactive power = 300 kVAR
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Complex power = 7002 + 3002 = 762 kVA
Power factor =

(b)

700
= 0:92 lagging
762

The maximum leading kVAR that the synchronous motor can draw without exceeding its
rating is
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4002 −3002 = 264:58 kVAR
Factory kVAR = j300 − j264:48
= j35:42 ði:e:, laggingÞ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
New factory kVA = 7002 + 35:422
= 700:9 kVA
Improved factory power factor =

700
700:9

= 0:996
Synchronous motor current:
400 kVA
= 57:74 A
ISM = pﬃﬃﬃ
3 × 4 kV
Synchronous motor power factor:
PFSM =

300 kW
= 0:75 lead
400 kVA

Construction of Three-Phase Synchronous Machines
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6.1 CONSTRUCTION OF THREE-PHASE SYNCHRONOUS
MACHINES
The stator of the three-phase synchronous machine has a three-phase distributed winding
similar to that of the three-phase induction machine. Unlike the dc machine, the stator
winding, which is connected to the ac supply system, is sometimes called the armature
winding. It is designed for high voltage and current.
The rotor has a winding called the ﬁeld winding, which carries direct current. The ﬁeld
winding on the rotating structure is normally fed from an external dc source through slip rings
and brushes. The basic structure of the synchronous machine is illustrated in Fig. 6.1.
Synchronous machines can be broadly divided into two groups:
1. High-speed machines with cylindrical (or nonsalient pole) rotors.
2. Low-speed machines with salient pole rotors.

Courtesy of General Electric Canada Inc.

The cylindrical or nonsalient pole rotor has one distributed winding and an essentially
uniform air gap. These motors are used in large generators (several hundred megawatts) with
two or sometimes four poles and are usually driven by steam turbines. The rotors are long and
have a small diameter, as shown in Fig. 6.2. On the other hand, salient pole rotors have concentrated windings on the poles and a nonuniform air gap. Salient pole generators have a large
number of poles, sometimes as many as 50, and operate at lower speeds. The synchronous
generators in hydroelectric power stations are of the salient pole type and are driven by water
turbines. These generators are rated for tens or hundreds of megawatts. The rotors are shorter
but have a large diameter as shown in Fig. 6.3. Smaller salient pole synchronous machines in
the range of 50 kW to 5 MW are also used. Such synchronous generators are used independently as emergency power supplies. Salient pole synchronous motors are used to drive pumps,
cement mixers, and some other industrial drives.

FIGURE 6.2 High-speed cylindricalrotor synchronous generator.

Courtesy of General Electric Canada Inc.
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FIGURE 6.3 Low-speed salient pole synchronous generator. (a) Stator. (b) Rotor.

In the following sections the steady-state performance of the cylindrical-rotor synchronous
machine will be studied ﬁrst. Then the effects of saliency in the rotor poles will be considered.

6.2

SYNCHRONOUS GENERATORS

Refer to Fig. 6.4a and assume that when the ﬁeld current If ﬂows through the rotor ﬁeld
winding, it establishes a sinusoidally distributed ﬂux in the air gap. If the rotor is now rotated
by the prime mover (which can be a turbine or diesel engine or dc motor or induction motor), a
revolving ﬁeld is produced in the air gap. This ﬁeld is called the excitation ﬁeld, because it is
produced by the excitation current If . The rotating ﬂux so produced will change the ﬂux linkage
of the armature windings aa0 , bb0 , and cc0 and will induce voltages in these stator windings.
These induced voltages, shown in Fig. 6.4b, have the same magnitudes but are phase-shifted by
120 electrical degrees. They are called excitation voltages Ef . The rotor speed and frequency of
the induced voltage are related by
n=

120 f
p

FIGURE 6.4 Excitation voltage in synchronous machines.

ð6:1Þ
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or
f=
where

np
120

ð6:2Þ

n is the rotor speed in rpm
p is the number of poles

The excitation voltage in rms from Eq. 5.27 is
Ef = 4:44 f Φf NKw
Where

ð6:3Þ

Φf is the ﬂux per pole due to the excitation current If
N is the number of turns in each phase
Kw is the winding factor

From Eqs. 6.2 and 6.3,
Ef ∝ nΦf

ð6:4Þ

The excitation voltage is proportional to the machine speed and excitation ﬂux, and the latter
in turn depends on the excitation current If . The variation of the excitation voltage with the
ﬁeld current is shown in Fig. 6.5. The induced voltage at If = 0 is due to the residual magnetism.
Initially the voltage rises linearly with the ﬁeld current, but as the ﬁeld current is further
increased, the ﬂux Φf does not increase linearly with If because of saturation of the magnetic
circuit, and therefore Ef levels off. If the machine terminals are kept open, the excitation
voltage is the same as the terminal voltage and can be measured using a voltmeter. The curve
shown in Fig. 6.5 is known as the open-circuit characteristic (OCC) or magnetization characteristic of the synchronous machine.
If the stator terminals of the machine (Fig. 6.1c) are connected to a 3φ load, stator current Ia
will ﬂow. The frequency of Ia will be the same as that of the excitation voltage Ef . The stator
currents ﬂowing in the 3φ windings will also establish a rotating ﬁeld in the air gap. The net air
gap ﬂux is the resultant of the ﬂuxes produced by rotor current If and stator current Ia .
Let Φf be the ﬂux due to If and Φa be the ﬂux due to Ia , known as the armature reaction
ﬂux. Then,

FIGURE 6.5 Open circuit characteristic (OCC) or magnetization
characteristic of a synchronous machine.
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FIGURE 6.6 Space phasor diagram.

Φr = Φf + Φa = resultant air gap flux; assuming no saturation
It may be noted that the resultant and the component ﬂuxes rotate in the air gap at the same
speed, governed by Eq. 6.1. The space phasor diagram for these ﬂuxes is shown in Fig. 6.6. The
rotor ﬁeld mmf Ff (due to If ) and the ﬂux Φf produced by the mmf Ff are represented along the
same line. The induced voltage Ef lags the ﬂux Φf by 90 . Assume that the stator current Ia
lags Ef by an angle θ. The mmf Fa (due to the current Ia ) and the ﬂux Φa produced by the mmf Fa
are along the same axis as the current Ia . The resultant mmf Fr is the vector sum of the mmfs Ff
and Fa . Assuming no saturation, the resultant ﬂux Φr is also the vector sum of the ﬂuxes Φf
and Φa . The space phasor relationship of mmfs and ﬂuxes will be discussed further in later
sections.

6.2.1

THE INFINITE BUS

Synchronous generators are rarely used to supply individual loads. These generators, in general, are connected to a power supply system known as an inﬁnite bus or grid. Because a large
number of synchronous generators of large sizes are connected together, the voltage and frequency of the inﬁnite bus hardly change. Loads are tapped from the inﬁnite bus at various load
centers. A typical inﬁnite bus or grid system is shown in Fig. 6.7. Transmission of power is
normally at higher voltage levels (in hundreds of kilovolts) to achieve higher efﬁciency of power
transmission. However, generation of electrical energy by the synchronous generators or
alternators is at relatively lower voltage levels ð20  30 kVÞ. A transformer is used to step up the
alternator voltage to the inﬁnite bus voltage. At the load centers, the inﬁnite bus (or grid)
voltage is stepped down through several stages to bring the voltage down to the domestic
voltage level ð115=230 VÞ or industrial voltage levels such as 4:16 kV, 600 V, or 480 V.
In a power plant the synchronous generators are connected to or disconnected from the
inﬁnite bus, depending on the power demand on the grid system. The operation of connecting a
synchronous generator to the inﬁnite bus is known as paralleling with the inﬁnite bus. Before
the alternator can be connected to the inﬁnite bus, the incoming alternator and the inﬁnite bus
must have the same
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FIGURE 6.7
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Inﬁnite bus (or grid) system.

1. Voltage
2. Frequency
3. Phase sequence
4. Phase
In the power plant the satisfaction of these conditions is checked by an instrument known as a
synchroscope, shown in Fig. 6.8. The position of the indicator indicates the phase difference
between the voltages of the incoming machine and the inﬁnite bus. The direction of motion of
the indicator shows whether the incoming machine is running too fast or too slow—that is,
whether the frequency of the incoming machine is higher or lower than that of the inﬁnite bus.
The phase sequence is predetermined, because if phase sequence is not correct, it will produce
a disastrous situation. When the indicator moves very slowly (i.e., frequencies almost the same)
and passes through the zero phase point (vertical up position), the circuit breaker is closed and
the alternator is connected to the inﬁnite bus.
A set of synchronizing lamps can be used to check that the conditions for paralleling the
incoming machine with the inﬁnite bus are satisﬁed. In a laboratory, such a set of lamps can be
used to demonstrate what happens if the conditions are not satisﬁed. Figure 6.9 shows the
schematic of the laboratory setup for this purpose. The prime mover can be a dc motor or an
induction motor. It can be adjusted to a speed such that the frequency of the synchronous
machine is the same as that of the inﬁnite bus. For example, if the synchronous machine has
four poles, the prime mover can be adjusted for 1800 rpm so that the frequency is 60 cycles—
the same as that of the inﬁnite bus. The ﬁeld current If can then be adjusted so that the two

Courtesy of Dr. P. C. Sen
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FIGURE 6.8 Synchroscope.

FIGURE 6.9 Schematic diagram for paralleling a synchronous generator with the
inﬁnite bus using synchronizing lamps.

voltmeters (V1 and V2) read the same. If the phase sequence is correct, all the lamps will have
the same brightness, and if the frequencies are not exactly the same, the lamps will brighten
and darken in step.
Let us examine what we expect to observe in the lamps if the conditions are not satisﬁed. The
phenomena can be explained by drawing phasor diagrams for the voltages of the incoming
machine and the inﬁnite bus. Let

Synchronous Generators
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EAa ; EBb ; ECc
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represent the phasor voltages of the inﬁnite bus.
represent the phasor voltages of the incoming machine.
represent the phasor voltages of the synchronizing lamps. The magnitude of
these will represent the brightness of the corresponding lamps.

1. Voltages are not the same, but frequency and phase sequence are the same.
Referring to Fig. 6.10a, one sees that the two sets of phasor voltages (EA ; EB ; EC and
Ea ; Eb ; Ec ) rotate at the same speed. The lamp voltages EAa ; EBb ; and ECc have equal magnitudes, and therefore all the three lamps will glow with the same intensity. To make the
voltages equal, the ﬁeld current If must be adjusted.

FIGURE 6.10

Phasor voltages of the incoming machine and inﬁnite bus.
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2. Frequencies are not the same, but voltages and phase sequences are the same.
The two sets of phasor voltages rotate at different speeds, depending on the frequencies.
Assume that the phase voltages are in phase at an instant t = tl (Fig. 6.10b). At this instant, the
voltages across the lamps are zero, and therefore they are all dark. If f1 > f2 at a later instant
t = t2 , phasors EA , EB ; and EC will move ahead of phasors Ea ; Eb ; and Ec . Equal voltages will
appear across the three lamps, and they will glow with the same intensity. It is therefore
evident that if the frequencies are different, the lamps will darken and brighten in step.
To make the frequencies the same, the speed has to be adjusted until the lamps brighten
and darken very slowly in step. It may be noted that as the speed of the incoming machine is
adjusted, its voltages will change. Therefore, simultaneous adjustment of the ﬁeld current If
will also be necessary to keep the voltages the same.
3. Phase sequences are not the same, but voltages and frequencies are the same.
Let the phase sequence of the voltages of the inﬁnite bus be EA ; EB ; EC , and of the
incoming bus be Ea ; Ec ; Eb , as shown in Fig. 6.10c. The voltages across the lamps are of
different magnitudes, and therefore the lamps will glow with different intensities. If the frequencies are slightly different, one set of phasor voltages will pass the other set of phasor
voltages, and the lamps will darken and brighten out of step.
To make the phase sequence the same, interchange connections to two terminals; for
instance, connect a to B and b to A (Fig. 6.9).
4. Phase is not the same, but voltage, frequency, and phase sequence are the same.
The two sets of phasor voltages will maintain a steady phase difference (as shown in Fig.
6.10d), and the lamps will glow with the same intensity. To make the phase the same or the
phase difference zero, the frequency of the incoming machine is slightly altered. At zero
phase difference, all the lamps will be dark, and if the circuit breaker is closed, the incoming
machine will be connected to the inﬁnite bus. Once the synchronous machine is connected
to the inﬁnite bus, its speed cannot be changed further. However, the real power transfer from
the machine to the inﬁnite bus can be controlled by adjusting the prime mover power. The
reactive power (and hence the machine power factor) can be controlled by adjusting the ﬁeld
current. Real and reactive power control will be discussed in detail in later sections.

6.3

SYNCHRONOUS MOTORS

When a synchronous machine is used as a motor, one should be able to connect it directly to
the power supply like other motors, such as dc motors or induction motors. However, a
synchronous motor is not self-starting. If the rotor ﬁeld poles are excited by the ﬁeld current
and the stator terminals are connected to the ac supply, the motor will not start; instead, it
vibrates. This can be explained as follows.
Let us consider a two-pole synchronous machine. If it is connected to a 3φ, 60 Hz ac supply,
stator currents will produce a rotating ﬁeld that will rotate at 3600 rpm in the air gap. Let us
represent this rotating ﬁeld by two stator poles rotating at 3600 rpm, as shown in Fig. 6.11a. At
start ðt = 0Þ, let the rotor poles be at the position shown in Fig. 6.11a. The rotor will therefore
experience a clockwise torque, making it rotate in the direction of the stator rotating poles.
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FIGURE 6.11 Torque on rotor at start.

At t = t1 , let the stator poles move by half a revolution, shown in Fig. 6.11b. The rotor poles have
hardly moved, because of the high inertia of the rotor. Therefore, at this instant the rotor
experiences a counterclockwise torque, tending to make it rotate in the direction opposite to
that of the stator poles. The net torque on the rotor in one revolution will be zero, and therefore
the motor will not develop any starting torque. The stator ﬁeld is rotating so fast that the rotor
poles cannot catch up or lock onto it. The motor will not speed up, but will vibrate.
Two methods are normally used to start a synchronous motor: (a) use a variable-frequency
supply or (b) start the machine as an induction motor. These methods will now be described.

Start with Variable-Frequency Supply
By using a frequency converter, a synchronous motor can be brought from standstill to its
desired speed. The arrangement is shown schematically in Fig. 6.12. The motor is started with a
low-frequency supply. This will make the stator ﬁeld rotate slowly so that the rotor poles can
follow the stator poles. Afterward, the frequency is gradually increased and the motor brought
to its desired speed.
The frequency converter is a costly power conditioning unit, and therefore this method is
expensive. However, if the synchronous motor has to run at variable speeds, this method may
be used.

Start as an Induction Motor
If the frequency converter is not available, or if the synchronous motor does not have to run at
various speeds, it can be started as an induction motor. For this purpose an additional winding,
which resembles the cage of an induction motor, is mounted on the rotor. This cage-type
winding is known as a damper or amortisseur winding and is shown in Fig. 6.13.

FIGURE 6.12 Starting of a synchronous motor using a
variable-frequency supply.
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FIGURE 6.13 Cage-type damper (or
amortisseur) winding in a synchronous machine.

To start the motor, the ﬁeld winding is left unexcited; often it is shunted by a resistance. If
the motor terminals are now connected to the ac supply, the motor will start as an induction
motor, because currents will be induced in the damper winding to produce torque. The motor
will speed up and will approach synchronous speed. The rotor is then closely following the
stator ﬁeld poles, which are rotating at the synchronous speed. Now if the rotor poles are
excited by a ﬁeld current from a dc source, the rotor poles, closely following the stator poles,
will be locked to them. The rotor will then run at synchronous speed.
If the machine runs at synchronous speed, no current will be induced in the damper winding.
The damper winding is therefore operative for starting. Note that if the rotor speed is different
from the synchronous speed because of sudden load change or other transients, currents will
be induced in the damper winding to produce a torque to restore the synchronous speed. The
presence of this restorative torque is the reason for the name “damper” winding. Also note that
a damper winding is not required to start a synchronous generator and parallel it with the
inﬁnite bus. However, both synchronous generators and motors have damper windings to
damp out transient oscillations.

6.4

EQUIVALENT CIRCUIT MODEL

In the preceding sections the qualitative behavior of the synchronous machine as both a
generator and a motor has been discussed to provide a “feel” for the machine behavior. We can
now develop an equivalent circuit model that can be used to study the performance characteristics with sufﬁcient accuracy. Since the steady-state behavior will be studied, the circuit
time constants of the ﬁeld and damper windings need not be considered. The equivalent circuit
will be derived on a per-phase basis.
The current If in the ﬁeld winding produces a ﬂux Φf in the air gap. The current Ia in the
stator winding produces ﬂux Φa . Part of it, Φal , known as the leakage ﬂux, links with the stator
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Equivalent circuit of a synchronous machine.

winding only and does not link with the ﬁeld winding. A major part, Φar , known as the armature
reaction ﬂux, is established in the air gap and links with the ﬁeld winding. The resultant air gap
ﬂux Φr is therefore due to the two component ﬂuxes, Φf and Φar . Each component ﬂux induces a
component voltage in the stator winding. In Fig. 6.14a, Ef is induced by Φf , Ear by Φar , and the
resultant voltage Er by the resultant ﬂux Φr . The excitation voltage Ef can be found from
the open-circuit curve of Fig. 6.5. However, the voltage Ear , known as the armature reaction
voltage, depends on Φar (and hence on Ia ). From Fig. 6.14a,
Er = Ear + Ef

ð6:5Þ

Ef = −Ear + Er

ð6:6Þ

or

From the phasor diagram of Fig. 6.14b, the voltage Ear lags Φar (or Ia ) by 90 . Therefore, Ia
lags the phasor −Ear by 90 . In Eq. 6.6, the voltage −Ear can thus be represented as a voltage
drop across a reactance Xar due to the current Ia . Equation 6.6 can be written as
Ef = Ia jXar + Er

ð6:7Þ

296

chapter 6 Synchronous Machines

This reactance Xar is known as the reactance of armature reaction or the magnetizing reactance
and is shown in Fig. 6.14c. If the stator winding resistance Ra and the leakage reactance Xal
(which accounts for the leakage ﬂux Φal ) are included, the per-phase equivalent circuit is
represented by the circuit of Fig. 6.14d. The resistance Ra is the effective resistance and is
approximately 1.6 times the dc resistance of the stator winding. The effective resistance
includes the effects of the operating temperature and the skin effect caused by the alternating
current ﬂowing through the armature winding.
If the two reactances Xar and Xal are combined into one reactance, the equivalent circuit
model reduces to the form shown in Fig. 6.14e, where
Xs = Xar + Xal

ðcalled synchronous reactanceÞ

Zs = Ra + jXs

ðcalled synchronous impedanceÞ

The synchronous reactance Xs takes into account all the ﬂux, magnetizing as well as leakage,
produced by the armature (stator) current.
The values of these machine parameters depend on the size of the machine. Table 6.1 shows
their order of magnitude. The per-unit system is described in Chapter 2. A 0:1 pu impedance
means that if the rated current ﬂows, the impedance will produce a voltage drop of 0.1 (or 10%)
of the rated value. In general, as the machine size increases, the per-unit resistance decreases
but the per-unit synchronous reactance increases.
In an alternative form of the equivalent circuit the excitation voltage Ef and the synchronous
reactance Xs can be replaced by a Norton equivalent circuit, as shown in Fig. 6.14f, where
Ef
Xs

ð6:7aÞ

Xar
nIf
Xs

ð6:7bÞ

pﬃﬃﬃ
2 Nre
n=
3 Nse

ð6:7cÞ

If0 =
It can be shown1 that
jIf0 j =
where

TABLE 6.1

Ra
Xal
Xs

1

Synchronous Machine Parameters

Smaller Machines
(tens of kVA)

Larger Machines
(tens of MVA)

0.05−0.02
0.05−0.08
0.5−0.8

0.01−0.005
0.1−0.15
1.0−1.5

G. R. Slemon and A. Straughen, Electric Machines, Addison–Wesley, Reading, Mass., 1980.
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Nre is the effective ﬁeld winding turns
Nse is the effective stator phase winding turns
The equivalent circuit of Fig. 6.14f is useful for determining the actual ﬁeld current If and
also for assessing the performance of a synchronous motor if it is fed from a current source
power supply.

6.4.1

DETERMINATION OF THE SYNCHRONOUS REACTANCE Xs

The synchronous reactance is an important parameter in the equivalent circuit of the
synchronous machine. This reactance can be determined by performing two tests, an opencircuit test and a short-circuit test.

Open-Circuit Test
The synchronous machine is driven at the synchronous speed, and the open-circuit terminal
voltage Vt ð= Ef Þ is measured as the ﬁeld current If is varied (see Fig. 6.15a). The curve showing
the variation of Ef with If is known as the open-circuit characteristic (OCC, shown in Fig. 6.15c).
Because the terminals are open, this curve shows the variation of the excitation voltage Ef with
the ﬁeld current If . Note that as the ﬁeld current is increased, the magnetic circuit shows
saturation effects. The line passing through the linear part of the OCC is called the air gap line.
The excitation voltage would have changed along this line if there were no magnetic saturation
effects in the machine.

Short-Circuit Test
The circuit arrangement for this test is shown in Fig. 6.15b. Ammeters are connected to each
phase, and the terminals are then shorted. The synchronous machine is driven at synchronous

FIGURE 6.15 Open-circuit and short-circuit characteristics. (a) Circuit for opencircuit test. (b) Circuit for short-circuit test. (c) Characteristics.
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FIGURE 6.16 Short-circuit
operation of a synchronous
generator.

speed. The ﬁeld current If is now varied, and the average of the three armature currents is
measured. The variation of the armature current with the ﬁeld current is shown in Fig. 6.15c
and is known as the short-circuit characteristic (SCC). Note that the SCC is a straight line. This
is due to the fact that under short-circuit conditions, the magnetic circuit does not saturate
because the air gap ﬂux remains at a low level. This fact can be explained as follows.
The equivalent circuit under short-circuit conditions is shown in Fig. 6.16a. Because Ra  Xs
(see Table 6.1), the armature current Ia lags the excitation voltage Ef by almost 90 . The
armature reaction mmf Fa therefore opposes the ﬁeld mmf Ff , and the resultant mmf Fr is very
small, as can be seen from Fig. 6.16b. The magnetic circuit therefore remains unsaturated even
if both If and Ia are large.
Also note from the equivalent circuit of Fig. 6.16a that the air gap voltage is Er = Ia ðRa + jXal Þ.
Because both Ra and Xal are small (see Table 6.1) at rated current, the air gap voltage will be
less than 20 percent of the rated voltage (signifying unsaturated magnetic conditions at shortcircuited operation). If the machine stays unsaturated, the excitation voltage Ef will increase
linearly with the excitation current If along the air gap line, and therefore the armature current
will increase linearly with the ﬁeld current.

Unsaturated Synchronous Reactance
This can be obtained from the air gap line voltage and the short-circuit current of the machine
for a particular value of the ﬁeld current. From Fig. 6.15c,
ZsðunsatÞ =

Eda
= Ra + jXsðunsatÞ
Iba

ð6:8Þ

Eda
Iba

ð6:9Þ

If Ra is neglected,
XsðunsatÞ ’
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Saturated Synchronous Reactance
Recall that prior to connecting a synchronous machine to the inﬁnite bus, its excitation voltage is
raised to the rated value. From Fig. 6.15c, this voltage is Eca (= rated Vt ) and the machine operates
at some saturation level. If the machine is connected to the inﬁnite bus, its terminal voltage
remains the same at the bus value. If the ﬁeld current is now changed, the excitation voltage will
change, but not along the OCC line. The excitation voltage Ef will change along the line 0c, known
as the modiﬁed air gap line. This line represents the same magnetic saturation level as that corresponding to the operating point c. This can be explained as follows.
From the equivalent circuit of Fig. 6.14d,
Er = Vt + Ia ðRa + jXal Þ

ð6:10Þ

If the drop across Ra and Xal is neglected,
Er ’ Vt

ð6:10aÞ

Because Vt is constant, the air gap voltage remains essentially the same, as the ﬁeld current is
changed. This implies that the air gap ﬂux level (i.e., magnetic saturation level) remains
practically unchanged, and hence as If is changed, Ef will change linearly along the line 0c of
Fig. 6.15c.
The saturated synchronous reactance at the rated voltage is obtained as follows:
ZsðsatÞ =

Eca
= Ra + jXsðsatÞ
Iba

ð6:11Þ

Eca
Iba

ð6:12Þ

If Ra is neglected,
XsðsatÞ ’

6.4.2

PHASOR DIAGRAM

The phasor diagrams showing the relationship between voltages and currents for both
synchronous generator and synchronous motor are shown in Fig. 6.17. The diagrams are based
on the per-phase equivalent circuit of the synchronous machine. The terminal voltage is
taken as the reference phasor in constructing the phasor diagram.
The per-phase equivalent circuit of the synchronous generator is shown in Fig. 6.17a. For
convenience, the current Ia is shown as ﬂowing out of the machine in the case of a synchronous
generator.
Ef = Vt + Ia Ra + Ia jXs = jEf j =δ

ð6:13Þ

The phasor for the excitation voltage Ef is obtained by adding the voltage drops Ia Ra and Ia jXs
to the terminal voltage Vt . The synchronous generator is considered to deliver a lagging
current to the load or inﬁnite bus represented by Vt .
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FIGURE 6.17 Phasor diagram for synchronous machines. Assume Vt Ia , and φ
known. (a) Synchronous generator. (b) Synchronous motor. (c) Synchronous
motor for current source equivalent circuit.

In the case of a synchronous motor, the current is shown (Fig. 6.17b) as ﬂowing into the motor.
Vt = Ef + Ia Ra + Ia jXs


Ef = Vt =0 −Ia Ra −Ia jXs = jEf j =−δ

ð6:14Þ
ð6:15Þ

The phasor Ef is constructed by subtracting the voltage drops from the terminal voltage.
Here also, the synchronous motor is considered to draw a lagging current from the inﬁnite bus.
It is important to note that the angle δ between Vt and Ef is positive for the generating action
and negative for the motoring action. This angle δ (known as the power angle) plays an
important role in power transfer and in the stability of synchronous machine operation and
will be discussed further in the following sections.
The phasor diagram based on the equivalent current source model of Fig. 6.14f is shown in
Fig. 6.17c. In this case the stator current Ia is taken as the reference for convenience. Note that the
0
angle between Ea and Ef is the same as that between Im and I f . If Ra is neglected, this angle is
0
the power angle δ (angle between the phasors Vt and Ef ). The angle between Ia and I f is called β.
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EXAMPLE 6.2
The following data are obtained for a 3φ, 10 MVA, 14 kV, star-connected synchronous
machine.

I f ðAÞ

Open-Circuit
Voltage (kV)
(line-to-line)

100
150
200
250
300
350

9.0
12.0
14.0
15.3
15.9
16.4

Air Gap Line
Voltage (kV)
(line-to-line)

Short-Circuit
Current (A)

18

490

The armature resistance is 0:07 Ω=phase.
(a) Find the unsaturated and saturated values of the synchronous reactance in ohms and also
in pu.
(b) Find the ﬁeld current required if the synchronous generator is connected to an inﬁnite
bus and delivers rated MVA at 0.8 lagging power factor.
(c) If the generator, operating as in part (b), is disconnected from the inﬁnite bus without
changing the ﬁeld current, ﬁnd the terminal voltage.
Solution
The data are plotted in Fig. E6.2.
Base voltage Vb =

10 × 106
Ib = pﬃﬃﬃ
= 412:41 A
3 × 14,000

Base current

Base impedance Zb =
(a)

14,000
pﬃﬃﬃ = 8083 V=phase
3

8083
= 19:6 Ω
412:41

From Eq. (6.8) and Fig. E6.2,

pﬃﬃﬃ
18,000= 3
Zs junsat =
= 21:21 Ω
490
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Xs junsat = 21:212 − 0:072 = 21:2 Ω
=

21:2
pu = 1:08 pu
19:6
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FIGURE E6.2

From Eq. (6.11) and Fig. E6.2, and because Ra is very small,
pﬃﬃﬃ
14,000= 3
2
ZsðsatÞ =
+ 0:072 Þ1=2
= 16:5 Ω = ðXsðsatÞ
490
XsðsatÞ ’ 16:5 Ω =
(b)

16:5
= 0:84 pu
19:6

It will be convenient to carry out the calculation in pu values rather than in actual values.
Vt = 1 =0 pu
PF = 0:8 = cos 36:9
Ia = 1 =−36:9 pu
Zs = 0:84 tan−1

16:5
= 0:84=89:8 pu
0:07

Now
Ef = Vt + Ia Ra + Ia jXs
= Vt + Ia Zs
= 1 =0 + 1=−36:9  0:85 =89:8
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= 1 =0 + 0:84 =52:9
= 1:5067 + j0:67
= 1:649 =24 pu
= 1:649 × 14 =24 kV,
= 23:09 =24 kV,

line-to-line
line-to-line

Note that δ = 24 and is positive, as it should be for generator operation.
The required ﬁeld current from the modiﬁed air gap line (Fig. E6.2) is
If = 1:649 × 200 = 329:8 A
(c)

From the open-circuit data (Fig. E6.2) at If = 329:8 A, the terminal voltage is
Vt = 16:25 kV

6.5

ðline-to-lineÞ

POWER AND TORQUE CHARACTERISTICS

A synchronous machine is normally connected to a ﬁxed-voltage bus and operates at a constant
speed. There is a limit on the power a synchronous generator can deliver to the inﬁnite bus and
on the torque that can be applied to the synchronous motor without losing synchronism.
Analytical expressions for the steady-state power transfer between the machine and the
constant-voltage bus or the torque developed by the machine are derived in this section in
terms of bus voltage, machine voltage, and machine parameters.
The per-phase equivalent circuit is shown again in Fig. 6.18 for convenience, where Vt is the
constant bus voltage per phase and is considered as the reference phasor. Let
Vt = jVt j =0

ð6:16Þ

Ef = jEf j =δ

ð6:17Þ

Zs = Ra + jXs = jZs j θs

ð6:18Þ

where the quantities inside the vertical bars represent the magnitudes of the phasors.
The per-phase complex power S at the terminals is
S = Vt Ia

ð6:19Þ

The conjugate of the current phasor Ia is used to conform with the convention that lagging
reactive power is considered as positive and leading reactive power as negative, as shown in
Fig. 6.19.

FIGURE 6.18 Per-phase equivalent circuit.
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FIGURE 6.19

Complex power phasor.

From Fig. 6.18,


 Ef −Vt 
 = E f − Vt

Ia = 
Zs 
Zs Zs
=

jEf j=−δ
jVt j =0
−
jZs j −θs jZs j −θs

=

jEf j
jVt j
θs −δ−
θs
jZs j
jZs j

ð6:20Þ

From Eqs. 6.19 and 6.20,
S=

jVt jjEf j
jVt j2
θs −δ−
θs VA=phase
jZs j
jZs j

ð6:21Þ

The real power P and the reactive power Q per phase are
P=

jVt jjEf j
jVt j2
cosðθs −δÞ−
cos θs watt=phase
jZs j
jZs j

ð6:22Þ

Q=

jVt jjEf j
jVt j2
sinðθs −δÞ−
sin θs VAR=phase
jZs j
jZs j

ð6:23Þ

If Ra is neglected, then Zs = Xs and θs = 90 . From Eqs. 6.22 and 6.23 for a 3φ machine,
3jVt jjEf j
sin δ
jXs j

ð6:24Þ

= Pmax sin δ watts

ð6:25Þ

P3φ =

where

Pmax =
Q3φ =

3jVt jjEf j
jXs j
3jVt jjEf j
3jVt j2
cos δ−
VAR
jXs j
jXs j

ð6:25aÞ
ð6:26Þ
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Because the stator losses are neglected in this analysis, the power developed at the terminals is
also the air gap power. The developed torque of the machine is
T=
=

P3φ
ωsyn

ð6:27Þ

3 jVt jjEf j
sin δ
ωsyn Xs

ð6:28Þ

= Tmax sin δ N  m
Where

Tmax =

3 jVt jjEf j Pmax
=
ωsyn
ωsyn Xs

ωsyn =

nsyn
2π
60

ð6:29Þ
ð6:29aÞ

nsyn is the synchronous speed in rpm
Both power and torque vary sinusoidally with the angle δ (as shown in Fig. 6.20), which is
called the power angle or torque angle. The machine can be loaded gradually up to the limit of
Pmax or Tmax , which are known as static stability limits. The machine will lose synchronism
if δ becomes greater than 90 . The maximum torque Tmax is also known as the pull-out torque.
Note that since Vt is constant, the pull-out torque can be increased by increasing the excitation
voltage Ef . If a synchronous motor tends to pull out of synchronism because of excessive load
torque, the ﬁeld current can be increased to develop high torque to prevent loss of synchronism. Similarly, in a synchronous generator, if the prime mover tends to drive the machine to
supersynchronous speed by excessive driving torque, the ﬁeld current can be increased
to produce more counter torque to oppose such a tendency.
As the speed remains constant in a synchronous machine, the speed–torque characteristic is
a straight line, parallel to the torque axis, as shown in Fig. 6.21.
0
Power and torque can also be expressed in terms of currents Ia , I f and the angle β between
their phasors. Consider the equivalent circuit and the phasor diagram of Fig. 6.17c. The
complex power Sa across the air gap is
Sa = Ia Ea

FIGURE 6.20

Power and torque–angle characteristics.

ð6:29bÞ
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FIGURE 6.21

Torque–speed characteristics.

Let
Ia = jIa j =0

ð6:29cÞ

Now
Ea = jXs Im
= jXs ðIa + If0 Þ

ð6:29dÞ

= jXs jjIa j = 90 + jXs jjIf0 j 90 + β
Ea = jXs jIa j =−90 + jXs jIf0 j −90 − β

ð6:29eÞ

From Eqs. 6.29b, 6.29c, and 6.29e,
0

Sa = jXs jIa2 j =−90 + jXs jIa jI f j −90 − β

ð6:29fÞ

From Eq. 6.29f, the real power transferred across the air gap is
Pa = Re½Sa 
0

= Xs Ia2 cosð−90 Þ + jXs jIa jI f j cosð−90 − βÞ

ð6:29gÞ

= −ωLs Ia If0 sin β
where ω = 2πf
The torque developed is
T=

3Pa
ωsyn

ð6:29hÞ

Now
ωsyn =

nsyn 2π 120f 2π 4πf
2
=
=
= ω
60
p 60
p
p

ð6:29iÞ

From Eqs. 6.29g–i, the torque is
3p
Ls Ia If0 sin β
2
Both power and torque vary sinusoidally with the angle β.
T =−

ð6:29jÞ
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EXAMPLE 6.3
A 3φ, 5 kVA, 208 V, four-pole, 60 Hz, star-connected synchronous machine has negligible
stator winding resistance and a synchronous reactance of 8 ohms per phase at rated terminal
voltage.
The machine is ﬁrst operated as a generator in parallel with a 3φ, 208 V, 60 Hz power
supply.
(a) Determine the excitation voltage and the power angle when the machine is delivering
rated kVA at 0.8 PF lagging. Draw the phasor diagram for this condition.
(b) If the ﬁeld excitation current is now increased by 20 percent (without changing the prime
mover power), ﬁnd the stator current, power factor, and reactive kVA supplied by the
machine.
(c) With the ﬁeld current as in (a), the prime mover power is slowly increased. What is the
steady-state (or static) stability limit? What are the corresponding values of the stator (or
armature) current, power factor, and reactive power at this maximum power transfer
condition?
Solution
The per-phase equivalent circuit for the synchronous generator is shown in Fig. E6.3a.
(a)

208
Vt = pﬃﬃﬃ = 120 V=phase
3
Stator current at rated kVA;
5000
Ia = pﬃﬃﬃ
= 13:9 A
3 × 208
φ = −36:9
From Fig. E6.3a,

FIGURE E6.3

for lagging pf of 0:8
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Ef = Vt =0 + Ia jXs
= 120=0 + 13:9=−36:9  8=90
= 206:9=25:5
Excitation voltage Ef = 206:9 V=phase
Power angle

δ =+ 25:5

Note that because of generator action, the power angle is positive.
The phasor diagram is shown in Fig. E6.3b.
(b)

The new excitation voltage E0f = 1:2 × 206:9 = 248:28 V. Because power transfer remains
same,
Vt E0f
Vt Ef
sin δ =
sin δ0
Xs
Xs
or
Ef sin δ = E0f sin δ0
or
sin δ0 =

Ef
sin 25:5
sin δ =
0
Ef
1:2
δ0 = 21

The stator current is
Ia =

Ef −Vt
jXs

=

248:28 =21 −120 =0
8 =90

=

142:87 =38:52
8 =90

= 17:86 =−51:5 A
Power factor = cos 51:5 = 0:62 lag
Reactive kVA = 3jVt jIa j sin 51:5
= 3 × 120 × 17:86 × 0:78 × 10−3
= 5:03
or, from Eq. 6.26,
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1

120 × 248:28
120 A
× 10−3
cos 21 −
8
8

= 3ð3476:86−1800Þ
= 5:03
(c)

From Eq. 6.25, the maximum power transfer occurs at δ = 90 .
Pmax =
Ia =

3Ef Vt
3 × 206:9 × 120
= 9:32 kW
=
Xs
8
Ef −Vt
206:9 =+ 90 −120 =0
=
jXs
8 =90

= 29:9 =30:1 A
Ia = 29:9 A

Stator current


Power factor = cos 30:1 = 0:865

leading

The stator current and power factor can also be obtained by drawing the phasor diagram
for the maximum power transfer condition. The phasor diagram is shown in Fig. E6.3c.
Because δ = +90 , Ef leads Vt by 90 . The distance bd between phasors Vt and Ef is the
voltage drop Ia Xs , and the current phasor Ia is in quadrature with Ia Xs .
From the phasor diagram,
jIa Xs j2 = jEf j2 + jVt j2
0
11=2
2
2
206:9
+
120
A = 29:9 A
Ia = @
82
From the two triangles abc and abd,
= bac ==adb = φ
ab
120
tan φ = ad = 206:9 = 0:58
φ = 30:1
PF = cos 30:1 = 0:865

lead

310

chapter 6 Synchronous Machines

EXAMPLE 6.4
The synchronous machine in Example 6.3 is operated as a synchronous motor from the
3φ, 208 V, 60 Hz power supply. The ﬁeld excitation is adjusted so that the power factor is unity
when the machine draws 3 kW from the supply.
(a) Find the excitation voltage and the power angle. Draw the phasor diagram for this
condition.
(b) If the ﬁeld excitation is held constant and the shaft load is slowly increased, determine the
maximum torque (i.e., pull-out torque) that the motor can deliver.
Solution
The per-phase equivalent circuit for motoring operation is shown in Fig. E6.4a.
(a)

3Vt Ia cos φ = 3 kW = 3Vt Ia for cos φ = 1:
Ia =

3000
= 8:33 A
3 × 120

Ef = Vt −Ia jXs
= 120 =0 − 8:33 =0  8 =90
= 137:35 =−29
Excitation voltage
Power angle

Ef = 137:35 V=phase
δ = −29

Note that because of motor action, the power angle is negative.
The phasor diagram is shown in Fig. E6.4b. Ef and δ can also be calculated from the
phasor diagram.
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Ef = jVt j2 + jIa Xs j2 = 1202 + ð8:33 × 8Þ2
= 137:35 V=phase
tan δ =

jIa Xs j 8:33 × 8
=
= 0:555
jVt j
120

jδj = 29
δ = −29

FIGURE E6.4
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Maximum torque will be developed at δ = 90 . From Eq. 6.25a,
Pmax =

3 × 137:35 × 120
= 6180:75 W
8

Tmax =

Pmax
6180:75
=
= 32:8 N  m
ωsyn
ð1800=60Þ × 2π

EXAMPLE 6.5
A 3φ, 460 V, 60 Hz, 1200 rpm, 125 hp synchronous motor has the following equivalent
circuit parameters:
Ra = 0:078 Ω, Xal = 0:05 Ω,

Xar = 1:85 Ω

Nre =Nse = 28:2
For rated conditions the ﬁeld current is adjusted to make the motor power factor unity.
Neglect all rotational losses and power lost in the ﬁeld winding.
(a) For rated operating conditions, determine the motor current Ia , ﬁeld current If , and
power angle δ.
(b) Draw the phasor diagram.
Solution
(a) For rated conditions, from Fig. 6.17c,
pﬃﬃﬃ
Pin = 3 × 460 × Ia = 3 × 0:078Ia2 + 125 × 746
Ia = 121:4 A
Let
460
Vt = pﬃﬃﬃ =0 = 265:6 =0 V
3
Ia = 121:4 =0 A
Ea = Vt − Ia Ra
= 265:6 =0 −121:4 =0 × 0:078
= 256:13 =0 V
Xs = 0:05 + 1:85 = 1:9 Ω
Im =

256:13 =0
= 134:74 =−90 A
1:9 =90
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FIGURE E6.5

If0 = Im − Ia

= 134:74 =−90 − 121:4 =0
= 181:4 =−132 A

β = −132
From Eq. 6.7c,

pﬃﬃﬃ
2
× 28:2 = 13:29
n=
3

From Eq. 6.7b,
If =

181:4
1:9
×
= 14:02 A
13:29 1:85

δ = −132 + 90 = −42
(b)

The phasor diagram is drawn in Fig. E6.5.

Complex Power Locus
If the real power and reactive power given by Eqs. 6.24 and 6.26 are plotted in the per-phase
complex S-plane, the locus will be a circle of radius jVt jjEf j=jXs j with center at 0, −jVt j2 =jXs j as
shown in Fig. 6.22. For an operating point x, the power angle δ and the power factor angle φ are
indicated. The various circles shown in the ﬁgure correspond to various excitation voltages.
The locus of the maximum power representing the steady-state limit is a horizontal line
(passing through the center) for which δ = 90 .

6.6

CAPABILITY CURVES

A synchronous machine cannot be operated at all points inside the region bounded by the
circle shown in Fig. 6.22 without exceeding the machine rating. The region of operation is
restricted by the following considerations:
1. Armature heating, determined by the armature current.
2. Field heating, determined by the ﬁeld current.
3. Steady-state stability limit.
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FIGURE 6.22 Complex power
locus per phase.

The capability curves that deﬁne the limiting region for each consideration can be drawn on
the complex power plane for constant terminal voltage Vt , and the region of operation can be
identiﬁed so that none of these limits is exceeded.
In Fig. 6.23, the circle with center at the origin 0 and radius S ð= Vt  Ia Þ deﬁnes the region of
operation for which armature heating will not exceed a speciﬁed limit. The circle with center at
Yð0,−jVt j2 =jXs jÞ and radius jVt jEf j=jXs j deﬁnes the region of operation for which ﬁeld heating
will not exceed a speciﬁed limit. The horizontal line XYZ speciﬁes the steady-state stability
limit. The shaded area bounded by these three capability curves deﬁnes the restricted region of
operation for the synchronous machine. The intersecting points M (for generator) and N (for
motor) of the armature heating and ﬁeld heating curves determine the optimum operating
points, because operation at these points makes the maximum utilization of the armature and
ﬁeld circuits.

6.7

POWER FACTOR CONTROL

An outstanding feature of the synchronous machine is that the power factor of the machine can
be controlled by the ﬁeld current. The ﬁeld current can be adjusted to make the stator (or line)
current lagging or leading as desired. This power factor characteristic can be explained by
drawing phasor diagrams of machine voltages and currents.
Assume constant-power operation of a synchronous motor connected to an inﬁnite bus. The
equivalent circuit, neglecting the stator resistance, and the phasor diagram are shown in Figs.
6.24a and 6.24b, respectively. For a three-phase machine, the power transfer is
P = 3Vt Ia cos φ

ð6:30Þ
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FIGURE 6.23 Capability curves of a
synchronous machine.

Because Vt is constant, for constant-power operation jIa cos φj is constant; that is, the
in-phase component of the stator current on the axis of the phasor Vt is constant. The locus of
the stator current is therefore the vertical line passing through the current phasor for unity
power factor. In Fig. 6.24b, phasor diagrams are drawn for three stator currents:
Ia = Ia1 ;

lagging Vt

= Ia2 ;

in phase with Vt

= Ia3 ;

leading Vt

For these stator currents, the excitation voltages Ef1 , Ef2 , and Ef3 (representing the ﬁeld currents If1 , If2 , and If3 , respectively) are drawn to satisfy the phasor relationship
Ef = Vt − jIa Xs

ð6:31Þ

Vt Ef
sin δ
Xs

ð6:32Þ

The power can also be expressed as
P=3

Again, for constant-power operation, jEf sin δj is constant. Thus, the locus of Ef (or If ) is also a
straight line parallel to the phasor Vt (see Fig. 6.24b) such that the vertical difference between
the locus of Ef and the phasor Vt is constant and equals jEf sin δj.
The excitation voltage Ef changes linearly with the ﬁeld current If . Therefore, as If is
changed, Ef will change along the locus of Ef , and Ia will change along the locus of Ia , signifying
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FIGURE 6.24 Power factor characteristics. (a) Equivalent circuit. (b) Phasor
diagram. (c) Variation of Ia and PF with If .

a change in the power factor angle φ of the stator current. For low ﬁeld current Ifl , underexcitationðEf = Ef1 Þ, the stator current ðIa = Ia1 Þ is large and lagging. The stator current is
minimum ðIa = Ia2 Þ and at unity power factor for the ﬁeld current If2 ðEf = Ef2 Þ, which is called
normal excitation. For larger ﬁeld current If2 , overexcitationðEf = Ef3 Þ, the stator current
ðIa = Ia3 Þ is large again, and leading. The variation of the stator current with the ﬁeld current for
constant-power operation is shown in Fig. 6.24c. This is known as the V-curve, because of the
characteristic shape. The variation of the power factor with the ﬁeld current is the inverted
V-curve, also shown in Fig. 6.24c.
This unique feature of power factor control by the ﬁeld current can be utilized to improve the
power factor of a plant. In a plant most of the motors are normally induction motors, which
draw power at lagging power factors. Synchronous motors can be installed for some drives in
the plant and made to operate in an overexcited mode so that these motors operate at leading
power factors, thus compensating the lagging power factor of the induction motors and thereby
improving the overall power factor of the plant. Example 6.1 illustrates this method of power
factor improvement in a plant.
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If the synchronous machine is not transferring any power but is simply ﬂoating on the inﬁnite
bus, the power factor is zero; that is, the stator current either leads or lags the stator voltage by
90 . The magnitude of the stator current changes as the ﬁeld current is changed, but the stator
current is always reactive. Looking from the machine terminals, the machine behaves as a
variable inductor or capacitor as the ﬁeld current is changed. An unloaded synchronous machine
is called a synchronous condenser and may be used to regulate the receiving-end voltage of a long
power transmission line. At present, solid-state control of inductors and capacitors is being used
increasingly to achieve voltage regulation of transmission lines.

EXAMPLE 6.6
A 3 φ, 5 MVA, 11 kV, 60 Hz synchronous machine has a synchronous reactance of 10 ohms
per phase and has negligible stator resistance. The machine is connected to the 11 kV, 60 Hz
bus and is operated as a synchronous condenser.
1. Neglect rotational losses.
(a)
(b)

For normal excitation, ﬁnd the stator current. Draw the phasor diagram.
If the excitation is increased to 150 percent of the normal excitation, ﬁnd the stator
current and power factor. Draw the phasor diagram.

(c)

If the excitation is decreased to 50 percent of the normal excitation, ﬁnd the stator
current and power factor. Draw the phasor diagram.

2. If the rotational losses are 80 kW, ﬁnd the stator current and excitation voltage for normal
excitation. Draw the phasor diagram.
Solution
1.

(a)

Power = 3Vt Ia cos φ. For normal excitation, power factor = cos φ = 1. Hence Vt , and
Ia are in phase. Since power is zero, Ia is zero. From Eq. 6.24, for no power transfer,
δ is zero. If Ia is zero, both Vt and Ef are also the same in magnitude.
11
Ef = Vt = pﬃﬃﬃ kV=phase = 6:35 kV=phase
3

(b)

The phasor diagram is shown in Fig. E6.6a.
Because power transfer is zero, δ is zero. Hence,
Ia =

Vt =0 − Ef =0 6351−1:5 × 6351
=
jXs
10 =90
= 317:55 =90 A
PF = cos 90 = 0

The phasor diagram is shown in Fig. E6.6b.

leading
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(c)

Ia =

6351 − 0:5 × 6351
= 317:55 =−90 A
10 =90

PF = cos 90 = 0

lagging

The phasor diagram is shown in Fig. E6.6c.

2.

For normal excitation, power factor = cos θ = 1.
Power = 3Vt Ia cos θ = 80; 000 W
Ia =

80,000
= 4:2 A
3 × 6351 × 1

Ef = Vt − Ia jXs
= 6351 − 4:2 =0  10 =90
= 6351 − j42
’ 6351 =0:4 V=phase
The phasor diagram is shown in Fig. E6.6d.

6.8

INDEPENDENT GENERATORS

As stated earlier, synchronous machines are normally connected to an inﬁnite bus. However,
small synchronous generators may be required to supply independent electrical loads. In some
applications, a small synchronous generator is required as a standby emergency power supply.
A gasoline engine can drive the synchronous generator at a constant speed to maintain constant frequency. In such a system, the terminal voltage tends to change with varying load. An
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FIGURE 6.25 Performance characteristics of an independent synchronous
generator. (a) Equivalent circuit. (b) Terminal voltage versus load current at
constant ﬁeld current. (c) If versus Ia for constant terminal voltage.

automatic voltage regulator that adjusts the ﬁeld current is generally used to maintain constant
terminal voltage.
To determine the terminal characteristics of an independent synchronous generator, consider
the equivalent circuit shown in Fig. 6.25a. At open circuit Vt = Ef ; Ia = 0, and at short circuit
Vt = 0; Ia = Isc = Ef =Xs . If the load current is changed from 0 to Ef =Xs , the terminal voltage will
change from Ef to zero. Therefore, if the ﬁeld current is held constant, the terminal voltage varies
over a wide range (poor voltage regulation) as the load current is changed.
For a purely inductive load ZL = XL ,
Vt = Ef − Ia Xs
= Isc Xs − Ia Xs

ð6:33Þ

= Xs ðIsc − Ia Þ
For a purely resistive load ZL = RL ,
Ef
Xs Isc
Ia = qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ = qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2L + Xs2
R2L + Xs2

ð6:34Þ

Vt = Ia RL

ð6:35Þ
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From Eqs. 6.34 and 6.35,
Vt2
ðXs Isc Þ

2

+

Ia2
=1
2
Isc

ð6:36Þ

Equation 6.33 represents a linear decrease in the terminal voltage with the stator current Ia ,
whereas Eq. 6.36 represents a quarter-ellipse with rectangular coordinates Vt and Ia . These
equations are plotted in Fig. 6.25b. The curves show that as the current is increased, the terminal voltage will fall rapidly if the load power factor falls, resulting in poor voltage regulation.
To maintain constant terminal voltage with varying load current, the ﬁeld current is changed,
which in turn changes the excitation voltage Ef . Figure 6.25c shows the variation in the ﬁeld
current required to maintain constant terminal voltage as the load current is increased. An
automatic voltage regulator that senses the terminal voltage can adjust the ﬁeld current to
maintain constant terminal voltage with varying load.

6.9

SALIENT POLE SYNCHRONOUS MACHINES

Low-speed multipolar synchronous machines have salient poles and nonuniform air gaps. The
magnetic reluctance is low along the poles and high between poles. Therefore, a particular
armature reaction mmf will produce more ﬂux if it is acting along the pole axis, called the
d-axis, and less ﬂux if it is acting along the interpolar axis, called the q-axis. In the cylindricalrotor synchronous machine discussed in the preceding sections, the same armature reaction
mmf produces essentially the same ﬂux irrespective of the rotor position because of the uniform air gap. It is therefore obvious that the magnetizing reactance Xar , which represents the
armature reaction ﬂux in the cylindrical machine, can no longer be used to represent armature
reaction ﬂux in a salient pole machine.
Consider Fig. 6.26a, in which the stator current Ia is shown in phase with the excitation
voltage Ef . The ﬁeld mmf Ff and ﬂux Φf are along the d-axis, and the armature mmf Fa and ﬂux
Φar are along the q-axis. Only the fundamental components of the ﬂuxes are considered here. In
Fig. 6.26b the stator current Ia is considered to lag the excitation voltage Ef by 90 . The
armature reaction mmf Fa and ﬂux Φar act along the d-axis, directly opposing the ﬁeld mmf Ff
and ﬂux Φf . Note that the same magnitude of the mmf Fa now acting along the d-axis (axis of
high permeance) produces more armature reaction ﬂux than that when Ia was in phase with Ef
and its mmf was acting along the q-axis. The magnetizing reactance is more if Ia lags Ef than if
Ia is in phase with Ef . Therefore, the magnetizing or armature reaction reactance is not unique
in a salient pole machine, but depends on the power factor of the stator current.

d-q Currents and Reactances
The armature mmf Fa (and hence the armature current Ia ) can be resolved into two components—
one acting along the d-axis, Fd , and the other acting along the q-axis, Fq .
The component mmfs ðFd ; Fq Þ or currents ðId ; Iq Þ produce ﬂuxes ðΦad ; Φaq Þ along the
respective axes. This concept is illustrated in Fig. 6.26c, where stator current Ia is considered to
lag the excitation voltage Ef .
The d-axis ﬂux Φad and the q-axis ﬂux Φaq are along axes of ﬁxed magnetic permeance, and
these ﬂuxes can be represented by the following reactances:
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FIGURE 6.26 MMF and ﬂux in salient pole synchronous machine.

Xad
Xaq

d-axis armature reactance to account for the ﬂux Φad produced by the d-axis current Id .
q-axis armature reactance to account for the ﬂux Φaq produced by the q-axis current Iq .

If the leakage inductance Xal is included to account for the leakage ﬂux produced by the
armature current, then
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Xd = −Xad + Xal ;

d-axis synchronous reactance

Xq = Xaq + Xal ;

q-axis synchronous reactance
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ð6:37Þ
ð6:38Þ

The armature leakage reactance Xal is assumed to be the same for both d-axis and q-axis
currents, because leakage ﬂuxes are primarily conﬁned to the stator frame. Obviously, Xd > Xq ,
because reluctance along the q-axis is higher than that along the d-axis, owing to the larger air
gap along the q-axis. Normally, Xq is between 0.5 and 0.8 of Xd .
In the equivalent circuit for a salient pole synchronous machine, these d-axis and q-axis
synchronous reactances must be considered, as shown in Fig. 6.27a. The component currents
Id and Iq produce component voltage drops jId Xd and jIq Xq . The phasor relations are
Ef = Vt + Ia Ra + Id jXd + Iq jXq

ð6:39Þ

Ia = Id + Iq

ð6:40Þ

The generator phasor diagram is shown in Fig. 6.27b for armature current Ia lagging
the excitation voltage Ef by an angle ψ (called the internal power factor angle). If the angle
between Ef and Ia is known, the component currents Iq and Id , respectively, are obtained by
resolving the current Ia along Ef (which is along the q-axis) and perpendicular to it. However,

FIGURE 6.27 Equivalent circuit and phasor diagrams for the salient pole
synchronous machine. (a),(b),(c) ! Generator action. (d) ! Motor action.
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normally the angle between Ia and Vt (which is the terminal power factor angle φ) is known, and
therefore the angle δ between Vt and Ef must be known to obtain the component currents Id
and Iq . The phasor diagram is drawn again in Fig. 6.27c, neglecting the armature resistance Ra.
The equivalent circuit and the corresponding phasor diagram for motoring operation are
shown in Fig. 6.27d. The phasor relation is
Vt = Ef + Id jXd + Iq jXq

ð6:41Þ

From the phasor diagram shown in Figs. 6.27c and 6.27d,
ψ=φ±δ

ð6:42Þ

Id = Ia sin ψ = Ia sinðφ ± δÞ

ð6:43Þ

Iq = Ia cos ψ = Ia cosðφ ± δÞ

ð6:44Þ

Vt sin δ = Iq Xq = Ia Xq cosðφ ± δÞ

ð6:45Þ

or
tan δ =

Ia Xq cos φ
Vt ± Ia Xq sin φ

ð6:46Þ

and
Ef = Vt cos δ ± Id Xd

ð6:47Þ

In Eqs. 6.42 to 6.47, only the magnitudes of the angles, and not their actual signs, are considered. In Eq. 6.46, the plus sign is used if ψ = φ + δ, and the minus sign if ψ = φ−δ. For Eq.
6.47, the plus or minus sign will be determined from the phasor diagram.

6.9.1

POWER TRANSFER

To simplify the derivation of expressions for the power and torque developed by a salient pole
synchronous machine, neglect Ra and the core losses. The phasor diagram with Ef as reference
is shown in Fig. 6.27c. The complex power per phase is
S = Vt Ia
= jVt j =−δðjIq j − jjId jÞ

ð6:48Þ

= jVt j =−δðjIq j + jjId jÞ
From the phasor diagram (Fig. 6.27c),
jId j =

jEf j − jVt j cos δ
Xd

ð6:49Þ

jIq j =

jVt j sin δ
Xq

ð6:50Þ
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If these values of Id and Iq are substituted in Eq. 6.48,
S=

jVt j2
jVt jjEf j
jV j2
=90 −δ− t cos δ=90 −δ
sin δ=−δ +
Xq
Xd
Xd

ð6:51Þ

= P + jQ
where P is the real power per phase, and from Eq. 6.51,
P=

jVt jjEf j
jVt j2 ðXd − Xq Þ
sin δ +
sin 2δ
2Xd Xq
Xd

= Pf + Pr

ð6:52Þ
ð6:52aÞ

and Q is the reactive power per phase, and from Eq. 6.51,


2

jVt jjEf
cos2 δ 
2  sin δ
cos δ − jVt j 
+
Q=
Xd
Xq
Xd 

ð6:53Þ

If Xd = Xq (i.e., no saliency), then from Eqs. 6.52 and 6.53,
jVt jjEf j
sin δ
Xd

ð6:54Þ

jVt jjEf j
jVt j2
cos δ−
Xd
Xd

ð6:55Þ

P=
Q=

These expressions for real and reactive power are the same as those of Eqs. 6.24 and 6.26
derived earlier for a cylindrical-rotor synchronous machine for which Xd = Xq = Xs .
Note carefully Eq. 6.52 for the real power in a salient pole synchronous machine. The ﬁrst
term, say Pf , represents power due to the excitation voltage Ef (the same as that obtained for
cylindrical-rotor machine). The second term, say Pr , represents the effects of salient poles and
produces the reluctance torque. Note that the reluctance torque is independent of ﬁeld excitation and vanishes if Xd = Xq .
The power angle characteristic is shown in Fig. 6.28, in which the excitation component Pf
and the reluctance component Pr of the power are also indicated. The maximum resultant
power is higher than that of a cylindrical-rotor machine for the same excitation voltage, and it
occurs at δ less than 90 , making the curve steeper in the region of positive slope. This makes
the machine respond quickly to changes in shaft torque.
A family of power angle characteristics at different values of excitation and constant terminal
voltage is shown in Fig. 6.29. If the ﬁeld excitation is reduced to zero, the machine can still develop
power (or torque) because of the saliency of the rotor structure. This capability may extend the
range of current operation if the machine is used as a synchronous condenser, as discussed in
Section 6.7. In some power systems, there are situations where a synchronous condenser may
have to be operated to draw large lagging current for proper voltage regulation. This result is
achieved by underexcitation of the synchronous machine. If the machine is a cylindrical-rotor
machine, reducing the ﬁeld current too far may make the developed torque less than the
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FIGURE 6.28 Power–angle characteristic of
a salient pole synchronous machine.

rotational torque required, and the machine will fall out of synchronism. If a salient pole machine
is used, the ﬁeld current may be reduced to zero, even reversed, for the machine to draw more
lagging current, and the reluctance torque can keep the machine in synchronism.
In a salient pole synchronous machine, if the excitation is varied over the normal operating
range, the effects of the saliency on the power or torque developed are not signiﬁcant. Only at
low excitation does the power or torque due to saliency become important. In Fig. 6.27c, if
saliency is neglected, the excitation voltage would be the one shown dashed and marked E0f ,
obtained from E0f = Vt + Ia jXd . Note that the magnitudes of Ef and E0f are almost the same.
Therefore, except at low excitation, or when high accuracy is required, cylindrical-rotor theory
can be used for a salient pole machine.

EXAMPLE 6.7
A three-phase, 50 MVA, 11 kV, 60 Hz, salient pole, synchronous machine has reactances
Xd = 0:8 pu and Xq = 0:4 pu. The synchronous motor is loaded to draw rated current at a

FIGURE 6.29 Power–angle characteristics for
various ﬁeld currents.
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supply power factor of 0.8 lagging. Rotational losses are 0:15 pu. Neglect armature resistance
losses.
(a) Determine the excitation voltage Ef in pu.
(b) Determine the power due to ﬁeld excitation and that due to saliency of the machine.
(c) If the ﬁeld current is reduced to zero, will the machine stay in synchronism?
(d) If the shaft load is removed before the ﬁeld current is reduced to zero, determine the
resultant supply current in pu and the supply power factor. Draw the phasor diagram for
the machine in this condition.
Solution
(a) Vt = 1=0 pu; Ia = 1=−36:9 pu:
From the phasor diagram (Fig. 6.27d), ψ = φ−δ
From Eq. 6.46,
tan δ =

1 × 0:4 × 0:8
= 0:42
1 − 1 × 0:4 × 0:6

δ = 22:8
From Fig. 6.27d,
ψ = 36:9 − 22:8 = 14:1
From Eqs. 6.43 and 6.44,
Id = 1 sin 14:1 = 0:24 pu
Iq = 1 cos 14:1 = 0:97 pu
From Eq. 6.47,
Ef = 1 cos 22:8 − 0:24 × 0:8 = 0:73 pu
(b)

From Eq. 6.52, power due to ﬁeld excitation
Pf =

1 × 0:73
sin 22:8 = 0:35 pu
0:8

and power due to saliency of the machine
Pr =
(c)

12 × ð0:8 − 0:4Þ
sin 45:6 = 0:45 pu
2 × 0:8 × 0:4

Power output is
Pout = Vt Ia cos φ = 1 × 1 × 0:8 = 0:8 pu
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FIGURE E6.7

From Eq. 6.52, the maximum power due to saliency of the machine is
Pr jmax =

12 × ð0:8 − 0:4Þ
= 0:63 pu
2 × 0:8 × 0:4

The output power is more than the power the machine can develop. Therefore, the
machine will lose synchronism.
(d)

No-load power is 0:15 pu.
0:15 = 0:63 sin 2δ
or
δ = 6:89
The phasor diagram is shown in Fig. E6.7. With Vt as reference, the q-axis is δ = 6:89
behind it. The right-angle triangle is formed by Vt , Id Xd , and Iq Xq .
Id Xd = Vt cos δ = 1 cos 6:89 = 0:99 pu
Id =

0:99
= 1:24 pu
0:8

Iq Xq = Vt sin δ = 1 sin 6:89 = 0:12 pu
Iq =

0:12
= 0:3 pu
0:4

Ia = ð1:242 + 0:32 Þ1=2 = 1:276 pu
ψ = tan−1

1:24
= 76:4
0:3

φ = 76:4 + 6:89 = 83:3
Power factor = cos 83:3 = 0:117

lagging
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FIGURE E6.8

EXAMPLE 6.8
A 3φ, 12 kV, 15 MVA, 60 Hz, salient pole, synchronous motor is run from a 12 kV, 60 Hz,
balanced three-phase supply. The machine reactances are Xd = 1:2 pu, Xq = 0:6 pu (with the
machine rating as base). Neglect rotational losses and armature resistance losses. The machine
excitation and load are varied to obtain the following conditions.
(a) Maximum power input is obtained with no ﬁeld excitation. Determine the value of this
power, the armature current, and the power factor for this condition.
(b) Rated power output is obtained with minimum excitation. Determine this minimum
value of excitation emf.
Solution
(a)

For no ﬁeld excitation ðEf = 0Þ the machine behaves as a reluctance motor.
Pin = Pr =

Vt2 ðXd − Xq Þ
sin 2δ
2Xd Xq

For maximum power 2δ = 90 or δ = 45 .
Pin =

12 ð1:2 − 0:6Þ
= 0:416 pu
2 × 1:2 × 0:6

The phasor diagram is drawn in Fig. E6.8.
1
jId Xd j = jIq Xq j = Vt cos 45 = pﬃﬃﬃ pu
2
Id =

1

pﬃﬃﬃ = 0:59 pu
1:2 × 2

328

chapter 6 Synchronous Machines

1

pﬃﬃﬃ = 1:18 pu
0:6 × 2
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jIa j = 0:592 + 1:182 = 1:32 pu
0:59
ψ = tan−1
= 26:6
1:18
Iq =

φ = 45 + 26:6 = 71:6
Power factor = cos 71:6 = 0:32 lagging
(b)

From Eq. 6.52,
P=

Ef × 1
12 ð1:2 − 0:6Þ
sin δ +
sin 2δ
1:2
2 × 1:2 × 0:6

= 0:834 Ef sin δ + 0:416 sin 2δ

ð6:56Þ

From Fig. 6.29, for maximum power,
dp
=0
dδ
Differentiating Eq. 6.56 with respect to δ and setting it to zero yields
0 = 0:834Ef cos δ + 0:832 cos 2δ
0:834Ef = −0:832

cos 2δ
cos δ

ð6:57Þ

From Eqs. 6.56 and 6.57,
Pmax = −

0:832 cos 2δ
sin δ + 0:416 sin 2δ
cos δ

= −0:832ð2 cos2 δ−1Þtan δ + 0:416 sin 2δ
= −0:832 sin 2δ + 0:832 tan δ + 0:416 sin 2δ
Pmax = Prated = 1 pu
1 = −0:832 sin 2δ + 0:832 tan δ + 0:416 sin 2δ
or
tan δ = 1:2 + 0:5 sin 2δ

ð6:58Þ
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From this equation, by trial and error,
δ = 58:5
From Eq. 6.57,
Ef = −

6.9.2

0:832 cos 2 × 58:5
= 0:87 pu
0:834 cos 58:5

DETERMINATION OF Xd AND Xq

As discussed earlier, the d-axis and q-axis reactances are the maximum and minimum values of
the armature reactance, respectively, for various rotor positions. These reactances can be
measured by the slip test. In this test, the rotor of the machine is driven at a speed slightly
different from the synchronous speed with the rotor ﬁeld left open-circuited. The stator is
excited by a three-phase source. The rotor must rotate in the same direction as the armature
rotating mmf to make the induced voltage in the ﬁeld winding of low value and frequency.
Because the salient pole rotor rotates at a slightly different speed than the stator rotating ﬂux,
the latter encounters varying reluctance path. The stator current therefore oscillates, and if the
difference between the rotor speed and synchronous speed is small, the pointer in the ammeter
connected to the stator terminal will swing back and forth slowly. An oscillogram of the stator
current is shown in Fig. 6.30. From the maximum and minimum currents, the reactances can
be calculated as follows:

Xq =

Vt
pﬃﬃﬃ
imin = 2

ð6:59Þ

Vt

pﬃﬃﬃ
imax = 2

Courtesy of Dr. P. C. Sen

Xd =

ð6:60Þ

FIGURE 6.30 Armature current
during the slip test.
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6.10 SPEED CONTROL OF SYNCHRONOUS MOTORS
The speed of a synchronous motor can be controlled by changing the frequency of the power
supply. At any ﬁxed frequency the speed remains constant, even for changing load conditions,
unless the motor loses synchronism. The synchronous motor is therefore very suitable
for accurate speed control, and also where several motors have to run in synchronism.
A synchronous motor can run at high power factor and efﬁciency (no power losses due to slip
as in the induction motor). At present, it is being increasingly considered for use in variablespeed drives.
Two types of speed control methods are normally in use and are discussed here. In one
method, the speed is directly controlled by changing the output voltage and frequency of an
inverter or cycloconverter. In the other method, the frequency is automatically adjusted by the
motor speed, and the motor is called a “self-controlled” synchronous motor.

6.10.1

FREQUENCY CONTROL

Schematic diagrams for open-loop speed control of a synchronous motor by changing the
output frequency and voltage of an inverter or a cycloconverter are shown in Fig. 6.31.
The inverter circuit (Fig. 6.31a) allows variation of frequency (and hence motor speed) over a

FIGURE 6.31 Open-loop frequency control.
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wide range, whereas the cycloconverter circuit (Fig. 6.31b) permits variation of frequency
below one-third of the supply frequency.
To obtain the same maximum torque over the whole range of speed variation, and also to
avoid magnetic saturation in the machine, it is necessary to change the voltage with the frequency. From Eq. 6.24, for a three-phase synchronous machine,
P = Tωm =

3Vt Ef
sin δ
Xs

ð6:61Þ

Now
ωm =

4πf
p

ð6:62Þ

Let
Xs = 2π fLs

ð6:63Þ

If the ﬁeld current If is kept constant, Ef is proportional to speed, and so
Ef = K 1 f

ð6:64Þ

where K1 is a constant.
From Eqs. 6.61 to 6.64,
T =K

Vt
sin δ
f

ð6:65Þ

where K is a constant. A base speed can be deﬁned for which Vt and f are the rated values for
the motor. If the ratio Vt =f corresponding to this base speed is maintained at lower speeds by
changing voltage with frequency, the maximum torque (i.e., pull-out torque, KVt =f ) is maintained equal to that at the base speed.
The torque–speed characteristic for variable-voltage, variable-frequency (VVVF) operation of
the synchronous motor is shown in Fig. 6.32. For regenerative braking of the synchronous
motor, the power ﬂow reverses. Note that in the inverter system (Fig. 6.31a), because of diodes

FIGURE 6.32 Torque–speed characteristic of
synchronous machines.

332

chapter 6 Synchronous Machines

FIGURE 6.33 Controller
with reversible power
ﬂow.

in the inverter, voltage at the input to the inverter cannot reverse. Therefore, for reverse power
ﬂow, current reverses. A dual converter, as shown in Fig. 6.33, is therefore necessary to
accept the reversed current ﬂow in the regenerating mode of operation. In a cycloconverter,
however, the power ﬂow is reversible. To vary the speed above the base speed, the frequency is
increased while maintaining the terminal voltage at the rated value. This, of course, will make
the pull-out torque decrease at higher speed range, as shown in Fig. 6.32. In Fig. 6.31a, if the
controlled rectiﬁer is replaced by a diode-bridge rectiﬁer, the inverter input voltage Vi is constant. The inverter can be a PWM (pulse-width-modulated) inverter so that both output voltage
and frequency can be changed in the inverter.
Note that if the frequency is suddenly changed or changed at a high rate, the rotor poles may
not be able to follow the stator rotating ﬁeld, and the motor will lose synchronism. Therefore,
the rate at which the frequency is changed must be restricted. A sudden change in load torque
may also cause the motor to lose synchronism. The open-loop drive is therefore not suitable for
applications in which load may change suddenly.

6.10.2

SELF-CONTROLLED SYNCHRONOUS MOTOR

A synchronous motor tends to lose synchronism on shock loads. In the open-loop speed control
system discussed in the preceding section, if a load is suddenly applied, the rotor momentarily
slows down, making the torque angle δ increase beyond 90 and leading to loss of synchronism.
However, if the rotor position is sensed as the rotor slows down and the information is used to
decrease the stator frequency, the motor will stay in synchronism. In such a scheme, the rotor
speed will adjust the stator frequency, and the drive system is known as a self-controlled synchronous motor drive.
The schematic of a self-controlled synchronous motor drive system is shown in Fig. 6.34.
Two controlled rectiﬁers are used, one at the supply end and the other at the machine end.
In the motoring mode of operation, the supply end rectiﬁer operates in the rectiﬁcation mode
and the machine end rectiﬁer in the inversion mode. The roles of the rectiﬁers reverse for
regenerative braking, in which the power ﬂow reverses. The thyristors in the supply end rectiﬁer are commutated by the supply line voltage, and those in the machine end rectiﬁer by the
excitation voltage of the synchronous machine.
The rotor position sensor, mounted on the rotor shaft, generates signals having rotor position information. These signals are processed in the control logic circuit and used to ﬁre the
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FIGURE 6.34 Self-controlled
synchronous motor drive. (a)
Open-loop control. (b) Closedloop control. (c) Waveform of
ef and ia for operation similar
to a dc motor.
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thyristors of the machine end rectiﬁer. Therefore, any change in the rotor speed due to change
in load will immediately change the frequency of ﬁring of the thyristors, and hence adjust the
stator frequency at the correct rate to maintain synchronism.
A current loop is implemented around the supply end rectiﬁer to maintain the machine
current at the desired value. The dc link current Id , being proportional to the machine current
Ia , is compared with the reference current, and the error signal adjusts the ﬁring of the supply
end rectiﬁer to keep the armature current constant at the reference value.
From Eq. 6.29j, the torque depends on the value of the angle β. This angle β can be controlled
in the control logic circuit for the machine end rectiﬁer, because the signal from the rotor
position sensor deﬁnes the position of the ﬁeld axis, and the ﬁring instant of the thyristors
deﬁnes the position of the armature ﬁeld axis. If angle β is regulated at a speciﬁed value and the
ﬁeld current is kept constant, the torque (and hence the speed) can be directly controlled by
the armature current. This current is controlled by the current control loop of the supply end
rectiﬁer.
Both rectiﬁers are simple and inexpensive circuits and, unlike forced commutated inverters,
do not require commutation circuits for commutation of the thyristors. As a result, such drive
systems can be designed for very high-power applications—on the order of a megawatt.

6.10.3

CLOSED-LOOP CONTROL

Notice that in the drive system shown in Fig. 6.34a, if the load torque is changed, the speed will
change. If the speed is to be maintained constant, the dc link current Id must be adjusted to
satisfy the change in the load torque. This can be achieved by inserting an outer speed loop as
shown in Fig. 6.34b. The position sensor supplies information about the position of the rotor
ﬁeld as well as the speed of the rotor. If the speed drops because of an increase in load torque
on the synchronous motor, the speed error εN increases, which in turn increases the current
demand Id . Consequently, the ﬁring angle of the controlled rectiﬁer will change to alter the dc
link current Id to produce more torque as required by the increased load torque. The speed will
eventually be restored to its initial value.

6.10.4

EQUIVALENT DC MOTOR CHARACTERISTICS

The back emf ef (or excitation voltage) and the phase current ia of the self-controlled synchronous motor of Fig. 6.34a are shown in Fig. 6.34c. The rotor position sensor and the ﬁring
circuit can be programmed to place the current ia , quasi-square wave of width 120 , centrally
with respect to the back emf waveform. Consequently, the fundamental component of the
phase current (ial ) will be in phase with ef . From Fig. 6.26a it can be seen that if the phase
current is in phase with the excitation voltage, the ﬁeld mmf and the armature mmf will be in
quadrature. This mode of operation is thus similar to the operation of a conventional dc motor.
The motor power is
Pin = 3Ef Ial
where

Ef = rms excitation voltage
Ial = rms fundamental current of phase a

ð6:66Þ
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The dc link power is
Pdc = Vd Id

ð6:67Þ

Ial = Kl Id = 0:78Id

ð6:68Þ

Vd Id = 3Ef Ial = Tωm

ð6:69Þ

Also

If losses are neglected:

Thus,
T=

Vd Id
ωm

ð6:70Þ

The machine-side rectiﬁer operates in the inversion mode, because power ﬂows from the dc
bus to the ac motor. The operation shown in Fig. 6.34c is equivalent to a 3φ controlled rectiﬁer
operating with a ﬁring angle α = 180 , and thus, from Eq. 10.10,
Vd = K2 Et

ð6:71Þ

Ef = Kf ωm if

ð6:72Þ

Vd = Kωm if

ð6:73Þ

Also

From Eqs. 6.71 and 6.72,

From Eqs. 6.69 and 6.73,
T=

Vd Id
ωm

ð6:74Þ

= Kif Id
Equations 6.73 and 6.74 show that if the ﬁeld current is constant, the speed will increase with
Vd and the torque will increase with Id . Therefore, looking from the dc terminals, the selfcontrolled synchronous motor behaves as a dc motor, although an ac motor is used.

6.11

APPLICATIONS

There are many applications of synchronous machines. The primary use of the machine is as
an ac generator or alternator. It provides more than 99 percent of the electrical energy used by
people all over the world. Although signiﬁcant research and development are under way in
pursuit of new types of generators, such as fuel cell, thermoelectric, magnetohydrodynamic
(MHD), and solar energy generators, it is conceded that synchronous generators will continue
to be the major electrical energy generators for many years to come.
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Courtesy of General Electric Canada Inc.

The synchronous motor has a wide range of applications. Its constant-speed operation (even
under load variation and voltage ﬂuctuation) and high efﬁciency (92–96 percent, the highest of
all motors) make it most suitable for constant-speed, continuous-running drives such as
motor–generator sets, air compressors, centrifugal pumps, blowers, crushers, and many types
of continuous-processing mills.
A unique feature of synchronous motors is their power factor control capability. If the motor
is overexcited, it draws leading reactive current. The overexcited synchronous motor can be
used to compensate for a large number of induction motors that draw lagging reactive current.
The leading reactive current drawn by the synchronous motor can improve the plant power
factor, while at the same time such motors can act as prime movers for some drives in the
plant. An unloaded synchronous motor may be used as a synchronous condenser (overexcited)
or reactor (underexcited) to regulate the voltage at the receiving end of a long power transmission line.
A disadvantage of the synchronous motor is that direct current is required for its excitation.
However, almost all modern motors are provided with brushless excitation. In this system, a
small exciter is mounted on the rotor shaft, the output of which is rectiﬁed by shaft-mounted
rectiﬁers rotating with the rotor, thus avoiding the need for slip rings and brushes. A pictorial
view of a brushless excitation system is shown in Fig. 6.35.
Because of their higher initial cost compared to induction motors, synchronous motors are
not suitable at high speed or below 50 hp in the medium-speed range. For low-speed and highhp applications, the induction motor is not cheaper than the synchronous motor, because a
large amount of iron is required to establish a high air gap ﬂux density, in the neighborhood of
1 tesla. In a synchronous motor, because of separate excitation by the rotor ﬁeld, a value almost
twice this ﬁgure is permissible. Furthermore, the advantages of constant-speed operation,
power factor control, and high efﬁciency may override the disadvantage of higher initial cost
for some horsepower and speed ranges, as shown in Fig. 6.36.
In low-speed and high-horsepower drives, some typical applications where synchronous
motors are used are large low-head pumps, ﬂour-mill line shafts, ship propulsion, rubber mills
and mixers, and pulp grinders.
In variable-speed drive systems, synchronous motors with solid-state control are being
considered seriously. The converters in the self-controlled synchronous motor drive system
(Fig. 6.34) are simple and inexpensive, because commutation of thyristors is provided by the

FIGURE 6.35 Rotor of a brushless
synchronous generator, with rotating
diodes.

Linear Synchronous Motor (LSM)

FIGURE 6.36
motors.

337

Application of synchronous and induction

synchronous machine itself. This system is a serious contender for application as a variablespeed drive. In urban transit system or locomotive drives, dc motors have been used for years.
However, dc motors require frequent maintenance and are expensive. Induction motors with
inverter control have been tried with limited success. Although induction motors are rugged,
the complexity of the inverter control circuit, the relatively poor efﬁciency, and the poor
power factor associated with these motors have not made them attractive. The synchronous
motor has fewer maintenance problems than the dc motor and has higher power factor and
efﬁciency than the induction motor. Solid-state power conditioners for synchronous motors
can be simpler and less expensive than those required for induction motors. Consequently, the
self-controlled synchronous motor drive system (Fig. 6.34) is being considered as a viable
alternative for transit system and locomotive drives. A permanent-magnet synchronous motor
is as rugged as an induction motor and has great potential for application in variable-speed
drive systems.

6.12

LINEAR SYNCHRONOUS MOTOR (LSM)

A linear version of a synchronous motor can produce linear or translational motion. Figure
6.37 shows a schematic diagram of a linear synchronous motor. One member (say, the primary) has a three-phase winding, and the other member (say, the secondary) has electromagnets, permanent magnets, or superconducting magnets. If the three-phase winding is
connected to a three-phase supply, a traveling ﬂux wave will move along the length of the
primary. The magnets on the secondary will be synchronously locked with the traveling wave
and move at a velocity Vs ,

FIGURE 6.37
(LSM).

Linear synchronous motor
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FIGURE 6.38 Japanese test vehicle using
LSM.

Vs = 2Tp f

ð6:75Þ

where Tp is the pole pitch and f is the frequency of the supply. If powerful magnets such as
superconducting magnets are used, the LSM can operate at a higher air gap. It can also operate
at a leading power factor and better efﬁciency (because of no-slip power loss).
The equivalent circuit used for a rotary synchronous motor (Fig. 6.14) can also be used for an
LSM. If powerful magnets are used, the ﬁeld due to currents in the three-phase winding is
insigniﬁcant compared to the ﬁeld due to the powerful magnets. Consequently, the armature
reaction effect can be neglected in an LSM, and the synchronous reactance is due primarily to
the leakage reactance.
At present, the linear synchronous motor has not been used as widely as the linear induction
motor. However, the LSM has great potential in the ﬁeld of high-speed transportation,2 where
a large air gap clearance is needed. In many countries research is under way in developing
high-speed vehicles, with speeds up to 500 km=hr, using an LSM. Figure 6.38 shows a Japanese
test vehicle.

6.13 BRUSHLESS DC (BLDC) MOTORS
A synchronous motor with a permanent magnet in the rotor and operated in self-controlled
mode—using a rotor position sensor and an inverter to control current in the stator windings—is
2

P. C. Sen, On Linear Synchronous Motor (LSM) for High Speed Propulsion, IEEE Transactions on Magnetics, vol.
Mag. 11, no. 5, pp. 1484–1486, 1975.
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generally known as a brushless dc motor. The BLDC is an inside-out brushed dc motor, because
the armature is in the stator and the magnets are in the rotor, and its operating characteristics
are similar to those of the conventional brushed dc motor, discussed in Chapter 4. The position
sensor and the solid-state switches in the inverter perform the role of the brushes and the
mechanical commutator of the conventional dc motor. The BLDC motor operates in a manner
similar to the self-controlled synchronous motor of Fig. 6.34. The thyristors in the inverter
controlling the motor current are commutated by the back emf of the motor. At low speed, the
back emf may not be sufﬁcient to commute the thyristors. In such a situation, the dc link current
is to be reduced to zero by operating the supply-end converter in the inversion mode. However,
an inverter can be used that employs self-commutating devices, such as BJTs, IGBTs, MOSFETs,
and GTOs. The on–off state of these switches can be controlled by their gate signals, which are
obtained from the rotor position sensors. A typical transistor (BJT) inverter conﬁguration fed
from a dc current source, as shown in Fig. 6.39, can be used for a BLDC drive system. The rotor

FIGURE 6.39 Brushless
dc motor drive. (a) Circuit. (b) Stator current
waveforms.
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position sensor will control the turn-on and turn-off instants for the switches such that the angle
between the rotor ﬁeld and the stator ﬁeld is regulated at 90 , similar to the conventional brushed dc motor. The idealized waveforms of the stator currents are also shown in Fig. 6.39. The
switches of the inverter are turned on every 60 electrical degrees, and the switches are numbered
in the sequence in which they are turned on. If the inverter is fed from a dc voltage source
(voltage source inverter), pulse-width modulation of the individual switches can provide the
regulation of the motor current.
There are two basic types of BLDC motors: trapezoidal type and sinusoidal type. In the
trapezoidal type the back emf is of trapezoidal shape and, for ripple-free torque operation,
the phase current required is a 120 quasi-square wave. In the sinusoidal type, the back emf is
sinusoidal and, for ripple-free torque operation, the phase current required is sinusoidal.
A trapezoidal back emf is generated by rotor permanent magnets with a square air gap ﬂux
distribution and a concentrated stator winding. The 120 width of the phase current requires a
low-resolution position sensor, such as a Hall effect sensor or an electro-optical sensor, to
switch devices every 60 for commutation of the phase currents.
A sinusoidal back emf is generated by rotor permanent magnets with an essentially sinusoidal air gap ﬂux distribution and a distributed stator winding. The winding can be short
pitched to reduce the effect of the space-harmonic ﬂux distribution. The sinusoidal phase
current requires an absolute position sensor or resolver for continuous position sensing to
allow accurate synthesis of the sinusoidal current waveform. The current in a phase is a
sinusoidal function of the rotor position.
The ideal waveforms of the various quantities in the two types of BLDC motors are shown in
Fig. 6.40.
In the trapezoidal-type motor, since the shapes of the back emf (trapezoidal) and the winding
current (constant amplitude) are similar to those in a conventional dc machine, the motor is
referred to as a brushless dc motor, whereas the sinusoidal type is referred to as a brushless
synchronous motor.
The trapezoidal-type motor requires an inexpensive position sensor. Its commutation
scheme is simple, and since only two switches are on at any time, the efﬁciency of the inverter
is high. The overall cost will be lower. However, torque ripple and audible noise will be high if
the voltage and current waveforms are nonideal.
The sinusoidal-type motor requires a relatively more expensive position sensor. More
hardware and software for signal processing are required. The inverter efﬁciency will be lower
because three switches are on at the same time. The overall cost will be higher. However,
torque ripple will be lower even with nonideal back emf.
Four types of permanent magnet rotor conﬁgurations are commonly used. These types are
shown in Fig. 6.41. The four rotor types are characterized by surface-mounted magnets, inset
magnets, and embedded or buried magnets, the latter having two variants.

Surface-Mounted Magnets
The radially magnetized permanent magnets are mounted on a solid steel-core rotor structure
as shown in Fig. 6.41a. Since the relative permeability of the magnet material is near unity, it
acts like a large air gap. The effective air gap is therefore large, making Ld low. The structure is
magnetically nonsalient, and thus Ld = Lq .
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FIGURE 6.40 Idealized
waveforms in BLDC motors.
(a) Sinusoidal type.
(b) Trapezoidal type.

This type of rotor structure is the most common topology, and is the industrial standard. The
surface-mounted permanent magnet (SMPM) motor results in lower cogging torque due to the
large effective air gap. SMPM motors are widely used in fans, blowers, robotics, servo drives
such as vehicle electric power steering, machine tools, and so on, due to their low inertia. In
some high-power applications, the wound stator is placed in the center of the machine, while
the magnets are mounted along the inner circumference of the outer rotating rotor. This allows
a higher number of poles, as the rotor diameter is larger. In addition, the centrifugal forces
exert a pressure on the permanent magnets, leading to more robust and higher-speed operation. This structure is also adapted to wind turbines, as the hub carrying the blades can be ﬁxed
directly to the outer rotor.

Inset Magnets
In the inset arrangement, the permanent magnets are inserted in the steel rotor structure as
shown in Fig. 6.41b. This construction provides a more secure magnet setting and ease of
assembly. In this conﬁguration, Ld < Lq . For the same magnet size, the peak torque developed
with inset magnets is higher than that for the surface-mounted magnets because of the
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FIGURE 6.41 Permanent magnet rotor conﬁgurations. (a) Surface-mounted magnets.
(b) Inset magnets. (c) Interior (buried) magnets with radial magnetization. (d) Interior
(buried) magnets with circumferential magnetization.

reluctance torque developed with the former. To produce the same torque, the thickness
required for the inset magnets is smaller and hence Ld is larger.
This type of rotor structure is more robust and has the same applications as the surfacemounted magnet type. They are suitable for high-power and high-speed applications, such
as windmills.
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Interior (Buried) PM with Radial Magnetization
In this arrangement, the magnets are buried inside the rotor structure, with radial magnetization, as shown in Fig. 6.41c. The q-axis inductance is larger than the d-axis inductance
ðLq > Ld Þ, and both Ld and Lq are larger than their corresponding values in surface-type and
inset-type rotors.
Due to the additional reluctance torque capability and secure placement of magnets, IPMtype motors are used in electric vehicles and propulsion applications.

Interior (Buried) PM with Circumferential Magnetization
This arrangement of rotor magnets is shown in Fig. 6.41d. Because of the ﬂux-focusing effect,
circumferential magnetization yields greater air gap ﬂux than radial magnetization. The d-axis
inductance ðLd Þ is large, and the structure is magnetically salient, having Ld > Lq . Ferrite
magnets have low ﬂux density. The circumferential magnetization arrangement is particularly
advantageous for ferrite magnets, because a substantial increase in ﬂux density can be achieved.
This type of rotor arrangement can be used for low-cost, high-efﬁciency propulsion motors,
machine tools, and appliances.
The surface-mounted magnets, because of constant magnetic gap between the stator and
rotor, can provide a square wave ﬂux distribution. This type of magnet is normally used in
trapezoidal-type motors. The inset and buried magnet arrangements are used primarily for
sinusoidal-type motors, in which the sinusoidal ﬂux distribution can easily be achieved by
proper design of the rotor geometry. Because of sine commutation providing smooth and low
audible noise, IPM motors are suitable for air compressors, refrigerators, washing machines,
dishwashers, and electric power steering.
In BLDC motors, the rotor ﬂux is essentially constant because of the permanent magnet. The
ﬂux weakening required to operate the motor beyond the base speed for constant-horsepower
operation can be achieved by providing a negative d-axis stator current component ð−id Þ to
oppose the rotor magnet ﬂux. In the surface-mounted magnet rotor, since Ld is low, a very large
id is required to provide effective ﬁeld weakening. Thus, a limited speed range (up to 1:2nb ,
where nb is the base speed) can be achieved with the surface-mounted magnet rotor. This rotor
conﬁguration is therefore used primarily for constant-torque operation. With the inset-magnet
rotor, the speed range can be extended to 1:5nb . For the buried-magnet rotor with radial
magnetization, the speed range can be extended to 2nb . For the circumferential-magnetization
type of rotor, a speed range up to 3nb can be achieved.
BLDC motors have the following advantages compared with conventional brushed dc
motors:

▪
▪
▪
▪
▪
▪

Small rotor size and high-power density, because of the absence of mechanical commutators, brushes, and ﬁeld windings.
Lower inertia and faster dynamic response.
Higher speed and torque capability, due to the absence of brushes and sparking.
Lower maintenance cost.
High torque/inertia ratio.
Better heat dissipation, due to the stationary armature winding.
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Better overall reliability and life.
BLDC motors have the following advantages compared with induction motors:

▪
▪
▪

High efﬁciency, because of no slip power losses.
High power and torque density, because of high air gap ﬂux density.
Lower operating temperature, because of low losses.

On the negative side, BLDC motor drive systems require rotor position sensors, complex
power electronics (inverters), and complex controllers, resulting in a higher initial system cost.
There is a possibility that demagnetization of the permanent magnets may occur due to
accidental overload or fault. The advantages, generally, outweigh the disadvantages.
Improvements in permanent magnet materials and cost reduction in integrated circuits and
electronic power switches have made BLDC motors—in particular the trapezoidal type—major
contenders in the ﬁeld of high-performance drives. These motors are being extensively used in
computer disk drives, servo drives, robotics, machine tools, electric vehicles, battery-powered
applications, windmills, and many other applications.

6.14 SWITCHED RELUCTANCE MOTORS (SRM)
Switched reluctance motors have saliency in both stator and rotor and are perhaps the simplest
electric motors in construction. The stator consists of salient poles with excitation windings on
them, and the rotor has salient poles with no windings. The torque is produced by the tendency
of the rotor pole to align with the stator pole to maximize the stator ﬂux linkage when the
winding of the stator pole is excited by a current.

6.14.1

BASIC OPERATION OF SRM

Figure 6.42 shows a cross-sectional view of a switched reluctance motor with eight stator poles
and six rotor poles. These motors have one pair of poles less on the rotor than on the stator.
Diametrically opposite stator poles are excited simultaneously, as shown in Fig. 6.42. The SRM

FIGURE 6.42
(SRM).

Cross section of a switched reluctance motor
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in Fig. 6.42 has four stator phases. If phase A is excited, rotor poles marked a and a’ will be
aligned with stator poles marked A and A0 . If phase B winding now is excited, rotor poles b and
b0 will be aligned with poles B and B0 of stator phase B, and therefore the rotor will move
clockwise. Thus, if the phases are excited in the sequence A, B, C, D, A . . ., the rotor will move in
the clockwise direction. The rotor will move with some synchronism with the stator ﬁeld,
but the motions of the stator ﬁeld and rotor poles are in opposite directions. Correct timing
of the excitation of a phase winding depends on the position of the rotor. Therefore, for
proper operation of the motor, a rotor position sensor is required. The excitation must be
switched sequentially from phase to phase as the rotor moves, hence the name switched
reluctance motor.

6.14.2

MODELING AND TORQUE PRODUCTION

A simpliﬁed model of the SRM is obtained on the basis of the following assumptions:
1. There is no mutual ﬂux linkage between phase windings; that is, one phase is excited at a
time.
2. The ferromagnetic materials in the machine have a linear BH characteristic.
With these assumptions, the ﬂux linkage of a winding can be represented by an inductance.
As the rotor changes position, the inductance of a phase winding will change. Various positions
of the rotor are shown in Fig. 6.43. Figure 6.44a shows the inductance proﬁle of phase A. The
torque produced by the excitation of the kth phase is
Tk =

@ 1
ð L ðθ Þi2 Þj
@θ 2 k k k ik

ð6:76Þ

@Lk ðθk Þ
@θ

ð6:76aÞ

= 12 i2k

Since the torque is proportional to the square of current, it is independent of the current
direction.
The torque produced for a constant current through the phase winding (Fig. 6.44b) is shown
in Fig. 6.44c. The average torque produced is zero. If the current is applied only when the
inductance is increasing (Fig. 6.44d), the negative torque is eliminated (Fig. 6.44e), and
the motor will produce an average positive torque. It is important, therefore, for the production
of an average positive torque that the current in a phase winding be applied when the rotor is in
a particular position, and switched off at another predetermined rotor position.
In a practical circuit the current in the phase winding will not have a square waveform. When
a voltage is applied to a phase winding at rotor position θ2 (Fig. 6.45a), the current builds up
with a ﬁnite time lag. The current will build up quickly, because the inductance is low. When
the voltage is removed at rotor position θ2 , the current will decay at a slower rate, because the
inductance is high. The current waveform and the corresponding torque waveform are also
shown in Fig. 6.45a. If the negative torque is to be eliminated, the voltage from the phase
winding would have to be removed earlier, as shown in Fig. 6.45b.
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FIGURE 6.43 Rotor positions.
(a) Inductance linearly increases
from this position. (b–d) Maximum inductance positions. (d)
Inductance linearly decreases as
rotor moves from this position.
(e) Minimum inductance
position.

The voltage–current relationship of a phase winding can be expressed as follows:
Vk = Rik +
= Rik +

d
λk
dt
d
ðL ðθκ Þik Þ
dt k

ð6:77Þ
ð6:77aÞ

dLk ðθκ Þ dθ
di
+ Lk ðθk Þ k
dt
dθ
dt

ð6:77bÞ


dLðθk Þ dθ
di
= R+
i + Lk ðθ2 Þ k
dt
dθ dt k

ð6:77cÞ

= Rik + ik
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FIGURE 6.44 (a) Variation of inductance with rotor position. (b) Constantcurrent excitation. (c) T versus θ. (d)
Pulsed-current excitation. (e) T versus θ.

EXAMPLE 6.9
In a three-phase switched reluctance motor, having eight stator poles and six rotor poles, the
pole widths for the stator and rotor poles are the same and θs = θr = 20 . The currents in
the phase windings are applied when the inductances are increasing. Draw qualitatively the
current and torque waveforms of each phase and the total torque developed by the motor for a
square wave current having
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FIGURE 6.45 (a) Characteristics
when voltage applied during the period
of inductance increases. (b) Characteristics when voltage is removed earlier
than in (a).
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(a) 20 width.
(b) 15 width.
Solution
The rotor has six poles. Therefore, the inductance variation for a phase will repeat every
60 ð= 300 ÷ 6Þ. Since θs = θr = 20 , the inductance will increase for 20 duration and decrease
for 20 duration.
There are eight stator poles and four stator phases. Each phase is thus excited for an interval
of 45 . The inductance proﬁle and current and torque variations will be the same for each
phase, except that these are shifted by 45 with respect to each other.
The inductance proﬁle of the winding of phase a is shown in Fig. E6.9a.
(a) The waveforms of current and torque produced by different phases and the total torque,
T = Ta + Tb + Tc , are shown in Fig. E6.9b. The resultant torque has considerable ripple.
(b)

The current and torque of each phase, as well as the resultant torque, are shown in
Fig. E6.9c. For this particular current width, the torque ripple is eliminated. However,
the average value of the resultant torque is reduced compared with the 20 width of the
current.

6.14.3

POWER CONVERTER CIRCUIT

Various converter circuits can be used to excite a phase winding at a particular instant and deexcite the winding later on at a desired instant. One such useful converter circuit is shown in
Fig. 6.46. When the two switches, T1 and T2 , are turned on, the phase winding is connected
across the dc supply, and the current from the supply ﬂows through the winding. When these
two switches are turned off, the winding current ﬂows through the diodes D1 , D2 into the dc
supply, thereby returning the inductor energy to the supply.

6.14.4

APPLICATIONS

The SRM is rugged, because there is no rotor winding. It is reliable, because the power control
circuit is simple—requiring only unipolar current—compared with the inverter used for
induction motors. The SRM has good power density. However, the SRM requires a rotor
position sensor, and it is characterized by torque ripple, which causes acoustic noise. The
switched current of a phase winding does not have the sinusoidal shape associated with
conventional ac machines. Although the machine’s construction is simple, its control is
somewhat complicated.
DC motors have dominated the ﬁeld of variable-speed drives. In recent years, inverter-fed
induction motors have challenged dc motors in the variable-speed drive applications. However,
intensive academic and industrial research and development over the past 15 years have made
the SRM drive a viable alternative to both dc and induction motor drives.
Switched reluctance motors with power capabilities from 100 W to 100 kW are presently
commercially available for various applications, ranging from low-power servo motors to highpower traction drives.

350

chapter 6 Synchronous Machines

FIGURE E6.9

Sensorless Drive Systems

FIGURE 6.46
winding.

6.15
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A typical converter circuit to excite a stator phase

SENSORLESS DRIVE SYSTEMS

Electric motor drive systems are operated in closed loop to provide the desired output performance and fast dynamic response. Such drives require feedback of speed and/or position
signals, as shown in Figs. 5.36 and 6.34. For speed signals, tachometers or digital encoders are
used, and for position signals, Hall effect sensors or optical sensors or resolvers are used. These
sensors have several disadvantages, such as less reliability, susceptibility to noise, less robust,
more maintenance requirements, and high cost. As well, these sensors are mounted on the
shaft and accessibility may be a problem. In some modern electric drives, one can estimate
the motor position and speed signals from measured stator voltages and currents and thus
eliminate the use of sensors. Such drives are known as sensorless drives.
A simple variable speed drive system using a tachometer speed sensor is shown in Fig. 6.47a.
The corresponding sensorless drive system is shown in Fig. 6.47b. The position information
can be derived from the stator voltage and current as follows.
Assume that the permanent magnet synchronous machine (PMSM) is operating in the steady
state at a constant speed. The voltage equation is
va = ia Ra + Ls

dia
+ efa
dt

ð6:78Þ

dia
dt

ð6:79Þ

efa = va − ia Ra − Ls
where
va is the stator voltage of phase a
ia is the stator current of phase a
Ls is the synchronous inductance

efa is the back emf induced in stator phase a winding due to rotor ﬂux Φf
It should be noted that va and ia are ﬁltered to remove the PWM frequency components due to
inverter switching and preserve the fundamental frequency components with minimal phase shift.
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FIGURE 6.47
drive system.

Variable speed

Because the rotor speed is constant, rotor angular position θ will be a linear function of time,
as shown in Fig. 6.47c. A counter can represent the rotor angular position angle. The position
estimator will detect the positive zero crossing of the back emf, efa . A counter can be used to
detect the period between two positive going zero crossings of efa .
The position will be given by

Problems

θ=

Cn
 2π
CN
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ð6:80Þ

where
Cn = instantaneous count
CN = total counts between two positive going zero crossings of efa
The count CN also represents the speed of the rotor and can be used as the speed signal.
The speed signal can also be obtained from the derivative of the position signal θ, as shown in
Fig. 6.47b.
This simple method of position estimation is suitable for mainly constant speed applications
where the machine speed changes slowly, such as in pumps and fans. This sensorless drive
system will not work at zero or near zero speed, because the back emf, efa , is zero or almost
zero. This drive can be started by two methods:
Method 1: In this method, the drive is started by turning on switches of the inverter so that
current ﬂows in one phase and returns through another phase. This will produce a torque
and turn the motor.
Method 2: In some cases, this drive can also be started by applying low-frequency freerunning three-phase sine-modulated PWM voltages with gradually increasing frequency.
In either method, after the motor starts rotating, the control can be switched to the sensorless
controller of Fig. 6.47b.
The above is a very simple scheme for a sensorless drive. It is presented to give the concept of
sensorless drives. A great deal of research has been carried out to overcome the problems
associated with sensorless drives. More information on sensorless drives can be obtained
from the IEEE press book, Sensorless Control of AC Motor Drives, by Rajashekara, Kawamura,
and Matsuse.

PROBLEMS
6.1

In a factory, the following are the loads:
Induction motors:

1000 hp
0.7 average power factor
0.85 average efﬁciency
Lighting and heating load: 100 kW

A 3φ synchronous motor is installed to provide 300 hp to a new process. The synchronous motor
operates at 92% efﬁciency. Determine the kVA rating of the synchronous motor if the overall
factory power factor is to be raised to 0.95. Determine the power factor of the synchronous motor.
6.2

A 3φ, 60 Hz supply and two 3φ synchronous machines are available. Determine the speed, and a
suitable number of poles, for each synchronous machine to provide:
(a) A 3φ, 180 Hz supply.
(b)

A 3φ, 500 Hz supply.
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The following test data are obtained for a 3φ, 195 MVA, 15 kV, 60 Hz star-connected synchronous machine.
Open-circuit test:
If ðAÞ
VLL ðkVÞ

150
3.75

300
7.5

450
11.2

600
13.6

750
15

900
15.8

1200
16.5

Short-circuit test:
If = 750 A; Ia = 7000 A
The armature resistance is very small.
(a) Draw the open-circuit characteristic, the short-circuit characteristic, the air gap line, and the
modiﬁed air gap line.
(b)

Determine the unsaturated and saturated values of the synchronous reactance in ohms and
also in pu.

(c)

Find the ﬁeld current required if the synchronous machine is to deliver 100 MVA at rated
voltage, at 0.8 leading power factor.

(d)

Find the voltage regulation of the synchronous generator for the load of part (c). Voltage
regulation (VR) is deﬁned as follows:
VR =

6.4

Vt jload removed −Vt jwith load
× 100%
Vt jwith load

The following test results are obtained for a 3φ, 25 kV, 750 MVA, 60 Hz, 3600 rpm, star-connected
synchronous machine at rated speed.

I f ðAÞ

V LL ðkVÞ
open-circuit test

I a ðAÞ
short-circuit test

V LL ðkVÞ
air gap line

1500

25

10,000

30

(a) Determine the number of poles of the synchronous machine.

6.5

(b)

Determine the unsaturated and saturated values of the synchronous reactance in ohms and
per unit.

(c)

The short-circuit test is performed at constant ﬁeld current (1500 A) but at different speeds—
1000 rpm, 2000 rpm, 3000 rpm, and 3600 rpm. Determine the short-circuit current at these
speeds.

(d)

Determine the ﬁeld current if the synchronous machine delivers rated MVA to an inﬁnite bus
at 0.9 lagging power factor.

The synchronous machine of Example 6.2 is connected to a 3φ, 14 kV, 60 Hz inﬁnite bus and
draws 5 MW at 0.85 leading power factor.
(a) Determine the values of the stator current ðIa Þ, the excitation voltage ðEf Þ, and the ﬁeld
current ðIf Þ. Draw the phasor diagram.
(b)

If the synchronous motor is disconnected from the inﬁnite bus without changing the ﬁeld
current, determine the terminal voltage before the speed decreases.

Problems
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6.6

Repeat Problem 6.5 if the power factor is lagging.

6.7

A 3φ synchronous condenser has Xs = 1:2 pu. The maximum ﬁeld current is limited to 2.5 times
the rated ﬁeld current. The rated ﬁeld current produces rated terminal voltage at open circuit.
Determine the maximum reactive power that the synchronous condenser can provide.

6.8

A three-phase, 250 hp, 2300 V, 60 Hz, Y-connected nonsalient rotor synchronous motor has a
synchronous reactance of 11 ohms per phase. When it draws 165:8 kW, the power angle is 15
electrical degrees. Neglect ohmic losses.
(a) Determine the excitation voltage per phase, Ef .
(b)

Determine the supply line current, Ia .

(c)

Determine the supply power factor.

(d)

If the mechanical load is thrown off and all losses become negligible,

(i) Determine the new line current and supply power factor.
(ii) Draw the phasor diagram for the condition in ðiÞ.
(iii) By what percent should the ﬁeld current If be changed to minimize the line current?
6.9

A 3 ϕ, 11 kV, 60 Hz, 25 MVA, Y-connected cylindrical-rotor synchronous machine generator has
Ra = 0:45 Ω per phase and Xs = 4:5 Ω per phase. The generator delivers the rated load at 11 kV and
0.85 lagging power factor. Determine the excitation voltage, Ef , for this operating condition.

6.10

Repeat Problem 6.9 if the power factor is leading.

6.11

The synchronous machine in Problem 6.9 is operated as a synchronous motor and it is drawing
rated MVA at 0.85 lagging power factor. Determine the excitation voltage, Ef , for this operating
condition.

6.12

A 3 ϕ, 10 kVA, 220 V, Y-connected synchronous generator has Ra = 0:25 Ω per phase and
Xs = 5:0 Ω per phase. Determine the excitation voltage, Ef , when the generator is delivering full
load at power factor of
(a) 0.85 lagging.
(b)

1.0 unity.

(c)

0.8 leading.

6.13

The synchronous generator of Problem 6.12 has a ﬁeld resistance of Rf = 5:0 Ω, core loss of
250 W and rotational loss of 200 W.
Determine the efﬁciency of the generator in all cases of operating conditions of Problem 6.4.
The excitation current is 8 A at unity power factor and assume that excitation voltage Ef varies
linearly with the excitation current.

6.14

A 3 ϕ, 25 MVA, 15 kV, 60 Hz synchronous generator has Xs = 1:25 pu and Ra = 0:02 pu.
Calculate

6.15

(a)

Actual values of Xs and Ra in ohm.

(b)

Total full load copper losses.

A 3φ, 2000 kVA, 11 kV, 1800 rpm synchronous generator has a resistance of synchronous
reactance of 15 ohms per phase.
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(a) The ﬁeld current is adjusted to obtain the rated terminal voltage at open circuit.

(i) Determine the excitation voltage Ef .
(ii) If a short circuit is applied across the machine terminals, ﬁnd the stator current.
(b)

The synchronous machine is next connected to an inﬁnite bus. The generator is made to
deliver the rated current at 0.8 power factor lagging.

(i) Determine the excitation voltage Ef .
(ii) Determine the percentage increase in the ﬁeld current relative to the ﬁeld current of
part (a).

(iii) Determine the maximum power the synchronous machine can deliver for the excitation current of part (b). Neglect Ra .
6.16

A 3φ, 120 MVA, 12 kV, 60 Hz, two-pole, 0.85 lagging PF, Y-connected, steam turbine–driven
alternator has a stator resistance of Ra = 0:015 pu and a synchronous reactance of Xs = 0:85 pu.
(a)

Determine the synchronous speed.

(b)

Determine Ra and Xs in ohms.

(c)

Determine the excitation voltage ðEf Þ if the alternator delivers power to an inﬁnite bus at the
rated condition. Draw the phasor diagram.

(d)

At full-load (rated) condition, the efﬁciency is 92%. At this condition, determine

(i) The power lost in the armature resistance.
(ii) The rotational loss.
(iii) The torque in newton-meter applied to the shaft by the steam turbine prime mover.
6.17

6.18

A 3φ, 14 kV, 10 MVA, 60 Hz, two-pole, 0:85 PF lagging, star-connected, synchronous generator
has Xs = 20 Ω per phase and Rs = 2 Ω per phase. The generator is connected to an inﬁnite bus.
(a)

Determine the excitation voltage at the rated condition. Draw the phasor diagram for this
condition.

(b)

Determine the torque angle at the rated condition.

(c)

If the ﬁeld current is kept constant, determine the maximum power the generator can supply.

(d)

For the condition in part (c), determine the generator current and the power factor. Draw the
phasor diagram for this condition. Neglect Rs for parts (c) and (d). Find actual values in parts
(a) to (d) rather than pu values.

A 3φ, 20 kVA, 208 V, four-pole star-connected synchronous machine has a synchronous reactance of Xs = 1:5 Ω per phase. The resistance of the stator winding is negligible. The machine is
connected to a 3φ, 208 V inﬁnite bus. Neglect rotational losses.
(a) The ﬁeld current and the mechanical input power are adjusted so that the synchronous
machine delivers 10 kW at 0.8 lagging power factor. Determine the excitation voltage ðEf Þ
and the power angle ðδÞ.
(b)

The mechanical input power is kept constant, but the ﬁeld current is adjusted to make the
power factor unity. Determine the percent change in the ﬁeld current with respect to its
value in part (a).
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A 3φ, 25 kV, 500 MVA, 60 Hz alternator has a synchronous reactance Xs = 1:5 pu. The alternator
is connected to an inﬁnite 25 kV bus, through a feeder of reactance 0:25 pu, as shown in Fig.
P6.19. The terminal voltage of the alternator is maintained at 25 kV for any loading, by means of a
voltage regulator that adjusts the ﬁeld current.
(a) Draw the phasor diagram.
(b)

Determine the current and the power factor of the alternator.

(c)

Determine the excitation voltage of the alternator.

FIGURE P6.19
6.20

For the alternator power system of Problem 6.19, determine the maximum power in MW that can
be transmitted over the feeder before synchronism is lost, if
(a) The voltage regulator is used to maintain the alternator terminal voltage at 25 kV.
(b)

6.21

The voltage regulator is not used, and the excitation current is kept constant at a value that
makes the excitation voltage 25 kV.

The nameplate of a Y-connected synchronous motor has the following information.
Hp 20,000, RPM 1800, PF 1.0
Volts 6600, Ampere 1350, Phase 3, Frequency 60
Excitation voltage 120, Amp 5.5
The per-unit synchronous reactance is Xs = 0:95, and the per-unit resistance is Ra = 0:012.
(a)

Determine the number of poles of the synchronous motor.

(b)

Determine Xs and Ra in ohms.

(c)

For rated (full-load) condition

(i) Determine the output torque in newton-meter.
(ii) Determine the efﬁciency.
(iii) Determine the rotational loss.
(iv) Determine the power loss in the ﬁeld circuit.
(v) Determine Ef .
6.22

A 3φ, 1 MVA, 2300 V, 60 Hz synchronous machine has negligible stator resistance and a saturated synchronous reactance Xs = 1:25 Ω at rated terminal voltage. The efﬁciency of the machine
is 0.95 at rated speed. The machine is connected to an inﬁnite bus.
(a)

Determine Xs in pu.

(b)

Determine the excitation voltage and the power angle when the machine operates as a
synchronous motor at 0.85 lagging power factor and delivers 500 hp.

(c)

The ﬁeld current is now reduced by 40%, keeping the power output the same as in (b). Find
the stator current and the power factor. Will the motor lose synchronism?
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A 3φ, 10 MVA, 2300 V, 60 Hz synchronous machine has Xs = 0:9 pu and negligible stator
resistance. The machine is connected to an inﬁnite bus. If Vt = 2300=0 V and Ef = 3450=120 V,
(a) Is the machine operating as a generator or motor?
(b)

6.24

Determine the power transfer (MW) and the power factor of the machine. Draw the phasor
diagram.

A 3φ, 2300 V, 60 Hz, 12-pole, Y-connected synchronous motor has 4.5 ohms per phase synchronous reactance and negligible stator winding resistance. The motor is connected to an inﬁnite
bus and draws 250 amperes at 0.8 power factor lagging. Neglect rotational losses.
(a) Determine the output power.
(b)

6.25

6.26

Determine the power to which the motor can be loaded slowly without losing synchronism.
Determine the torque, stator current, and supply power factor for this condition.

A 1 MVA, 3φ, 2300 V, 60 Hz, 10 pole, star-connected cylindrical-rotor synchronous motor is
connected to an inﬁnite bus. The synchronous reactance is 0:8 pu. All losses may be neglected.
The synchronous motor delivers 1000 hp, and the motor operates at 0.85 power factor leading.
(a)

Determine the excitation voltage Ef .

(b)

Determine the maximum power and torque the motor can deliver for the excitation current
of part (a).

(c)

The power output is kept constant at 1000 hp, and the ﬁeld current is decreased. By what
factor can the ﬁeld current of part (a) be reduced before synchronism is lost?

An M–G set consisting of a synchronous generator and a synchronous motor is shown in Fig.
P6.26. The ratings of the machines are:
Synchronous generator: 3φ, 1 MVA, 2300 V, 60 Hz, 0:85 PF lagging, Xs = 0:9 pu
Synchronous motor: 3φ, 500 kVA, 2300 V, 60 Hz, 0:85 PF leading, Xs = 0:8 pu

FIGURE P6.26
The generator is equipped with a voltage regulator, which maintains the terminal voltage at the
rated value. The motor delivers 500 hp, and its ﬁeld current is adjusted to make it operate at unity
power factor.
(a) Determine the synchronous reactance in ohms.

6.27

(b)

Determine the excitation voltage of each machine.

(c)

Draw the phasor diagram.

A 3φ cylindrical-rotor synchronous machine and a shunt dc machine are mechanically coupled to
transfer power from a dc source to an ac source and vice versa. The ratings of the machines are
Synchronous machine: 12 kVA, 208 V
Xs = 3:0 Ω
DC machine:
12 kW, 220 V
Neglect all losses.
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The dc machine is connected to a 220 V dc bus, and the synchronous machine is connected to a
3φ, 208 V, 60 Hz bus. The excitation of the synchronous machine is made 1:25 pu.
(a) For zero power transfer, determine the armature current in the dc machine and the current
and power factor of the synchronous machine.

6.28

(b)

Eight kilowatts is transferred from the dc bus to the ac bus through the two machines. What
adjustment is necessary? Determine the armature current in the dc machine and the stator
current and power factor of the synchronous machine.

(c)

Repeat part (b) if 8 kW is transferred from the ac bus to the dc bus.

A 3φ, 4:6 kV, 60 Hz, four-pole, Y-connected synchronous machine has the following current
ratings:
Armature current rating = 62:75 A
Field current rating = 15:0 A
Rated voltage synchronous reactance Xs = 1:25 pu
The excitation voltage ðEf Þ at the rated speed is 4:6 kV (line-to-line) when the ﬁeld current is
7:5 amps.
(a) Determine the kVA rating of the machine.

6.29

6.30

(b)

Construct the capability curve for the machine for generator operation. Use per-unit values.

(c)

Determine the power factor and the power angle for optimum operating conditions; that is,
ﬁeld heating and armature heating are both equal to their allowable maxima.

A 3φ, 100 MVA, 12 kV, 60 Hz salient pole, synchronous machine has Xd = 1:0 pu, Xq = 0:7 pu,
and negligible stator resistance. The machine is connected to an inﬁnite bus and delivers 72 MW
at 0.9 power factor lagging.
(a)

Determine the excitation voltage and the power angle. Draw the phasor diagram with Vt as
reference.

(b)

Determine the maximum power the synchronous generator can supply if the ﬁeld current is
made zero. Determine the machine current and power factor for this condition. Draw the
phasor diagram.

A salient pole synchronous machine delivers rated power to a load of unity power factor. The daxis and q-axis reactances are
Xd = 0:95 pu,

Xq = 0:45 pu

The power angle is δ = 25 .
The stator winding resistance is negligible.

6.31

(a)

Determine the excitation voltage ðEf Þ and the terminal voltage ðVt Þ.

(b)

Determine Ia , Id , and Iq , and draw the phasor diagram.

A 3φ, 40 MVA, 11 kV, 60 Hz, salient pole, synchronous machine has Xd = 1:5 pu; Xq = 1:0 pu,
and negligible stator resistance. The machine is connected to an inﬁnite bus, and the ﬁeld current
is adjusted to make the excitation voltage equal to the bus voltage. Determine the maximum value
of the steady-state power that the machine can supply. Find the stator current ðIa Þ and the power
factor at this maximum power condition. Draw the phasor diagram corresponding to this case.
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A 3φ, 200 MVA, 11 kV, 60 Hz, 200 rpm hydro generator has Xd = 1:45 pu, Xq = 0:85 pu, and
negligible stator resistance.
(a)

The generator is connected to a 3φ, 11 kV, 60 Hz inﬁnite bus and delivers 100 MVA at 0.8
lagging power factor. Determine the power angle δ and the excitation voltage Ef . Draw the
phasor diagram.

(b)

The ﬁeld excitation of the generator is now slowly reduced until the generator reaches its
static stability limit. For this condition, determine the power angle δ, excitation voltage Ef ,
machine current, and power factor. Draw the phasor diagram.

A 3φ salient pole synchronous machine has reactances Xd = 1:2 pu and Xq = 0:6 pu. Neglect
armature resistance losses.
(a) The machine operates as a synchronous motor and draws 0:8 pu of power at a power factor
of 0.8 leading.

(i) Determine the power angle δ and the excitation voltage Ef in pu and draw the phasor
diagram.

(ii) Determine the power due to excitation and that due to saliency of the machine.
(b)

The machine operates as a synchronous generator and delivers 0:8 pu of power at the PF of
0.8 leading. Determine the excitation voltage Ef in pu and the power angle δ.

6.34

Repeat Problem 6.29 if the synchronous machine operates as a motor.

6.35

A 3φ synchronous machine has the following parameters:
Xd = 0:9 pu,

Xq = 0:65 pu

The ﬁeld current of the synchronous machine is adjusted to produce an open-circuit voltage
of 1 pu, and the machine is synchronized to an inﬁnite bus. Determine the maximum perunit torque that can be applied slowly without losing synchronism. Find the stator current ðIa Þ
and the power factor at this maximum torque condition. Draw the phasor diagram corresponding
to this case.
6.36

6.37

(a)

A 3φ, cylindrical-rotor synchronous machine has Xs = Xd = 0:9 pu and negligible stator
resistance. The machine delivers rated power to an inﬁnite bus. Determine the minimum
value of the excitation voltage in pu that will keep the machine in synchronism.

(b)

Now consider a 3φ, salient pole synchronous machine that has Xd = 0:9 pu, Xq = 0:6 pu, and
negligible stator resistance. Determine the minimum value of the excitation voltage in pu
that will keep the machine in synchronism while delivering rated power to the inﬁnite bus.

A 3φ, 480 V, 125 hp, 0:85 PF leading, 60 Hz, four-pole, star-connected, synchronous motor has
Ls = 3:85 mH and Ra ! 0. The speed of this motor is controlled over the range 300 to 1800 rpm
using a cycloconverter, as shown in Fig. 6.31b.
(a) Determine the range of supply frequency variation.
(b)

Determine Ef at the rated condition.

(c)

Determine the maximum power the motor can deliver at

(i) rated speed.
(ii) lowest speed.
Assume Vt =f to remain constant over the speed range.
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A 3φ, 5 hp, 208 V, four-pole, 60 Hz, star-connected synchronous motor has negligible stator
resistance, and Ls = 20 mH and Ef = 1:9 f , where f is the frequency. The base speed is the
synchronous speed corresponding to f = 60 Hz, and the terminal voltage at base speed ðnb Þ is 208
(L–L).
(a) Determine the base speed in rpm, and the ratio Vt =f at the base speed.

6.39

6.40

(b)

If for n ≤ nb , Vt =f is kept constant at the value obtained in part (a), determine the maximum
torque the motor will develop at different speeds.

(c)

At the base speed, determine Ia , power factor, and power for the maximum-torque condition.
Draw the phasor diagram for this condition.

An LSM-propelled magnetically levitated train takes 5 MW power at a cruising speed
of 500 km=hr. There are ten (10) superconducting magnets (SCM) for propulsion, and the pole
pitch is 50 cm. Determine
(a)

The frequency of the 3φ supply for the cruising speed.

(b)

The thrust produced in kN at the cruising speed.

In a three-phase switched reluctance motor having six stator poles and four rotor poles, the pole
widths for the stator and rotor poles are the same, with θs = θr = 40 . The currents in the phase
windings are applied when the inductances are increasing. Draw qualitatively the current and
torque waveforms of each phase and the total torque developed by the motor for a square wave
current having
(a) 40 width.

6.41

(b)

30 width.

(c)

20 width.

A 3φ, 10 MVA, 14 kV, 60 Hz synchronous machine has negligible stator winding resistance and a
synchronous reactance of 16:5 ohms per phase. The machine is connected to an inﬁnite bus
ð3φ, 14 kV, 60 HzÞ and delivers power to a mechanical load. The rotational losses can be
neglected. The magnetization characteristics of the machine are shown in Fig. E6.2.
Write a computer program to study the variation of motor terminal current ðIa Þ and power
factor (PF) with ﬁeld current ðIf Þ. The program should yield
(a) A computer printout in tabular form showing the variation of Ia , PF with If for input power
of 5 MW, 10 MW, and 15 MW.
(b)

A plot of Ia , PF versus If .

chapter seven
SINGLE-PHASE MOTORS
Single-phase motors are small motors, mostly built in the fractional horsepower range. These
motors are used for many types of equipment in homes, ofﬁces, shops, and factories. They
provide motive power for washing machines, fans, refrigerators, lawn mowers, hand tools,
record players, blenders, juice makers, and so on. The average home in North America uses a
dozen or more single-phase motors. In fact, the number of single-phase (fractional horsepower) motors today far exceeds the number of integral horsepower motors of all types.
Single-phase motors are relatively simple in construction. However, they are not always easy
to analyze. Because of the large demand, the market is competitive, and designers use tricks to
save production costs.
Single-phase motors are of three types:
1. Single-phase induction motors.
The majority of fractional horsepower motors are of the induction type. They are classiﬁed
according to the methods used to start them and are referred to by names descriptive of
these methods. Some common types are resistance-start (split-phase), capacitor-start,
capacitor-run, and shaded-pole.
2. Single-phase synchronous motors.
Motors of the synchronous type run at constant speed and are used in applications such as
clocks and turntables where a constant speed is required. Two types of single-phase synchronous motors are in common use: the reluctance type and the hysteresis type.
3. Single-phase series (or universal) motors.
Motors of the series type can be used with either a dc supply or a single-phase ac supply.
These motors provide high starting torque and can operate at high speed. They are widely
used in kitchen equipment, portable tools, and vacuum cleaners, where high-speed operation permits high horsepower per-unit motor size.
In this chapter the operation of these single-phase motors is described. Methods of analysis
for determining their starting and running characteristics are outlined. In some cases, design
equations are derived that help in obtaining certain desirable characteristics.

7.1

SINGLE-PHASE INDUCTION MOTORS

Motors of the induction type have cage rotors and a single-phase distributed stator winding.
Figure 7.1a shows a schematic diagram of a single-phase induction motor. Such a motor
inherently does not develop any starting torque and therefore will not start to rotate if the stator
winding is connected to an ac supply. However, if the rotor is given a spin or started by auxiliary means, it will continue to run. These starting methods will be discussed later. First, the
basic properties of the elementary motor are discussed.
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FIGURE 7.1 Single-phase motor.
(a) Schematic. (b) Stator and rotor ﬂuxes.

7.1.1

DOUBLE REVOLVING FIELD THEORY

The operation of the single-phase induction motor can be explained and analyzed by the
double revolving ﬁeld theory, as explained in this section.

Rotor at Standstill
First consider that the rotor is stationary and the stator winding is connected to a single-phase
ac supply. A pulsating mmf, hence a pulsating ﬂux Φs as shown in Fig. 7.1b, is established in the
machine along the axis of the stator winding. This pulsating stator ﬂux induces current by
transformer action in the rotor circuit, which in turn produces a pulsating ﬂux Φr acting along
the same axis as the stator ﬂux Φs . By Lenz’s law, these two ﬂuxes tend to oppose each other.
As the angle between these ﬂuxes is zero, no starting torque is developed.

Rotor Running
Now assume that the rotor is running. This can be done either by spinning the rotor or by using
auxiliary circuits. The single-phase induction motor can develop torque when it is in the
running condition, which can be explained as follows.
A pulsating ﬁeld (mmf or ﬂux) is equivalent to two rotating ﬁelds of half the magnitude but
rotating at the same synchronous speed in opposite directions. This can be proved either
analytically or graphically.
Consider two vectors of equal magnitude 0P, f moving forward in the anticlockwise direction
and b moving backward in the clockwise direction as shown in Fig. 7.2. They rotate at the same
speed in opposite directions. Their vector sum 0R alternates in magnitude between + 20P and
− 20P and always lies along the same straight line. Moreover, 0R is a sine function of time if
the vectors rotate at the same constant speed. Therefore, the pulsating ﬁeld (represented by 0R)
produced by the current in the stator winding may be regarded as the resultant of two rotating
ﬁelds (represented by f and b) of the same magnitude but rotating in opposite directions. The
pulsating stator ﬂux Φs , pulsating along the axis of the stator winding, is equivalent to two
rotating ﬂuxes Φf and Φb , as shown in Fig. 7.2b.
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FIGURE 7.2

Pulsating ﬁeld and rotating ﬁeld.

Mathematically, for a sinusoidally distributed stator winding, the mmf along a position θ as
shown in Fig. 7.3 is
FðθÞ = Ni cos θ
where N is the effective number of turns of the stator winding.
Let i = Imax cos ωt. Therefore,
Fðθ, tÞ = NImax cos θ cos ωt
NImax
NImax
cosðωt − θÞ +
cosðωt + θÞ
2
2
= Ff + Fb
=

where Ff represents a rotating mmf in the direction of θ, and Fb represents a rotating mmf in
the opposite direction. Both of these rotating mmfs produce induction motor torque, although
in opposite directions. These component torques and the resultant torque are shown in Fig. 7.4.
At standstill, these two torques, forward and backward, are equal in magnitude, and therefore
the resultant starting torque is zero. At any other speed, the two torques are unequal, and the
resultant torque keeps the motor rotating in the direction of rotation.
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FIGURE 7.3 Cross section of a single-phase induction motor.

Slip
Assume that the rotor is rotating in the direction of the forward rotating ﬁeld at a speed n rpm
and the synchronous speed is ns rpm.
The slip with respect to the forward ﬁeld is
sf =

ns − n
=s
ns

ð7:1Þ

The rotor rotates opposite to the rotation of the backward ﬁeld. Therefore, the slip with
respect to the backward ﬁeld is
ns − ð − nÞ
ns
ns + n 2ns − ns + n
=
=
ns
ns

sb =

=2−s

ð7:2Þ

The rotor circuits for the forward- and backward-rotating ﬂuxes are shown in Fig. 7.5. At
standstill, the impedances are equal, and so are the currents ðI2f = I2b Þ. Their mmfs affect
equally (oppose) the stator mmfs and therefore the rotating forward and backward ﬂuxes in the
air gap are equal in magnitude. However, when the rotor rotates, the impedances of the rotor

FIGURE 7.4 Torque-speed characteristic of a single-phase induction motor
based on constant forward and backward ﬂux waves.
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FIGURE 7.5 Rotor equivalent circuits. (a) For forwardrotating ﬂux wave. (b) For backward-rotating ﬂux wave.

circuits (Fig. 7.5) are unequal, and the rotor current I2b is higher (and also at a lower power
factor) than the rotor current I2f . Their mmfs, which oppose the stator mmfs, will result in a
reduction of the backward-rotating ﬂux. Consequently, as the speed increases, the forward ﬂux
increases while the backward ﬂux decreases; but the resultant ﬂux remains essentially constant
to induce voltage in the stator winding, which is almost the same as the applied voltage, if the
voltage drops across the winding resistance and the leakage reactance are neglected. Hence,
with the rotor in motion, the forward torque increases and the backward torque decreases
compared with those shown in Fig. 7.4. The actual torque–speed characteristics are approximately those shown in Fig. 7.6.

Torque Pulsation
In a single-phase motor, instantaneous power pulsates at twice the supply frequency as shown
in Fig. 7.7. Consequently, there are torque pulsations at double the stator frequency. The
pulsating torque is present in addition to the torque shown in Fig. 7.6. The torque shown on the
torque–speed curves of Fig. 7.6 is the time average of the instantaneous torque. The pulsating
torque results from the interactions of the oppositely rotating ﬂuxes and mmfs, which cross
each other at twice the synchronous speed—such as interaction of the forward ﬂux with the
backward rotor mmf and of the backward ﬂux with the forward rotor mmf. The interaction of
the forward ﬂux with the rotor forward mmf and that of the backward ﬂux with rotor backward
mmf produce constant torque.

FIGURE 7.6 Actual torque–speed
characteristic of a single-phase induction motor taking into account changes
in the forward and backward ﬂux
waves.
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FIGURE 7.7 Waveforms of voltage,
current, and power in single-phase
induction machine.

The pulsating torque produces no average torque, but rather produces a humming effect and
makes single-phase motors noisier than polyphase motors. The effects of the pulsating torque
can be minimized by using elastic mounting, rubber pads, and so forth.

7.1.2 EQUIVALENT CIRCUIT OF A SINGLE-PHASE
INDUCTION MOTOR
It was stated earlier that when the stator of a single-phase induction motor is connected to the
power supply, the stator current produces a pulsating mmf that is equivalent to two constantamplitude mmf waves revolving in (opposite directions at the synchronous speed. Each of these
revolving waves induces currents in the rotor circuits and produces induction motor action
similar to that in a polyphase induction machine. This double revolving ﬁeld theory can be used
for the analysis to assess the qualitative and quantitative performance of the single-phase
induction motor.
Let us ﬁrst consider that the rotor is stationary, and the stator winding is excited from a
single-phase supply. This is equivalent to a transformer with its secondary short-circuited. The
equivalent circuit is shown in Fig. 7.8a,
where
R1

= resistance of the stator winding

X1 = leakage reactance of the stator winding
Xmag = magnetizing reactance
X20

= leakage reactance of the rotor referred to the stator

R02

= resistance of the rotor referred to the stator
= supply voltage

V1
E

= voltage induced in the stator winding (or air gap voltage) by the stationary pulsating air
gap ﬂux wave produced by the combined effects of the stator and rotor currents

and
E = 4:44fNΦ
where Φ is the air gap ﬂux.

ð7:3Þ
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FIGURE 7.8 Equivalent circuits of 1φ induction motors. ðaÞ and (b) ! Rotor at
standstill. ðcÞ and ðdÞ ! Rotor rotating at slip s.

According to the double revolving ﬁeld theory, the equivalent circuit can be split into two
halves, as shown in Fig. 7.8b, representing the effects of forward and backward ﬁelds.
Ef = 4:44fNΦf

ð7:4Þ

Eb = 4:44fNΦb

ð7:5Þ

At standstill, as Φf = Φb (these being the revolving air gap ﬂuxes), Ef = Eb .
Now consider that the motor is running at some speed in the direction of the forward
revolving ﬁeld, the slip being s. The rotor current induced by the forward ﬁeld has frequency sf ,
where f is the stator frequency. As in the polyphase motor, the rotor mmf rotates at the slip rpm
with respect to the rotor but at synchronous rpm with respect to the stator. The resultant of the
forward stator mmf and the rotor mmf produces a forward air gap ﬂux that induces the voltage
Ef . The rotor circuit as reﬂected in the stator has impedance j0:5X20 + 0:5R02 =s, as shown in
Fig. 7.8c.
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Now consider the backward-rotating ﬁeld, which induces current in the rotor circuit at a slip
frequency of ð2 − sÞf . The corresponding rotor mmf rotates in the air gap at synchronous speed
in the backward direction. The resultant of the backward stator mmf and the rotor mmf
produces a backward air gap ﬂux, which induces a voltage Eb . The reﬂected rotor circuit has
impedance j0:5X20 + 0:5R02 =ð2 − sÞ, as shown in Fig. 7.8c. At small slip, the waveform of the rotor
current will show a high-frequency component ½at ð2 − sÞf ’ 2f  due to the backward ﬁeld,
superimposed on a low-frequency component (at sf ) due to the forward ﬁeld.
It is obvious from the equivalent circuit that in the running condition, Zf > Zb , Ef > Eb , and
therefore the forward air gap ﬂux Φf will be greater than the backward air gap ﬂux Φb .
The parameters of the circuit in Fig. 7.8c can be obtained by performing two tests on the
single-phase induction motor, as illustrated by Example 7.1. This equivalent circuit can be used
to assess the performance of the motor by computation of the stator current, input power,
developed torque, efﬁciency, and so forth for a particular speed, as illustrated by Example 7.2.
To simplify the calculations, the simpliﬁed equivalent circuit of Fig. 7.8d can be used.
Zf = Rf + jXf =

j0:5Xmag ð j0:5X20 + 0:5R02 =sÞ
0:5R02 =s + j0:5ðXmag + X20 Þ

Zb = Rb + jXb =

j0:5Xmag ½ j0:5X20 + 0:5R02 =ð2 − sÞ
0:5R02 =ð2 − sÞ + j0:5ðXmag + X20 Þ

The air gap powers due to the forward ﬁeld and backward ﬁeld are
Pgf = I12 Rf

ð7:6Þ

Pgb = I12 Rb

ð7:7Þ

The corresponding torques are
Tf =

Pgf
ωsyn

ð7:8Þ

Tb =

Pgb
ωsyn

ð7:9Þ

The resultant torque is
T = Tf − Tb =

I12
ðRf − Rb Þ
ωsyn

ð7:10Þ

The mechanical power developed is
Pmech = Tωm

ð7:11Þ

= Tωsyn ð1 − sÞ

ð7:12Þ

= I12 ðRf − Rb Þð1 − sÞ

ð7:13Þ

= ðPgf − Pgb Þð1 − sÞ

ð7:14Þ
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The power output is
Pout = Pmech − Prot

ð7:15Þ

where Prot includes friction and windage losses, and it is assumed that core losses are also
included in the rotational losses. The two air gap ﬁelds produce currents in the rotor circuit at
different frequencies. Therefore, the rotor copper loss (i.e., I2 R loss) is the numerical sum of the
losses produced by each ﬁeld.
The rotor copper loss produced by the forward ﬁeld is
P2f = sPgf

ð7:16Þ

and that produced by the backward ﬁeld is
P2b = ð2 − sÞPgb

ð7:17Þ

P2 = sPgf + ð2 − sÞPgb

ð7:18Þ

The total rotor copper loss is

The total air gap power is the numerical sum of the air gap powers absorbed from the stator by
the two component air gap ﬁelds. Thus,
Pg = Pgf + Pgb

ð7:19Þ

EXAMPLE 7.1
The following test data are obtained from a 1=4 hp, 1φ, 120 V, 60 Hz, 1730 rpm induction motor.
Stator winding (main) resistance = 2.9 ohms
Blocked rotor (standstill) test: The rotor is prevented from rotating,
V = 43 V, I = 5 A, P = 140 W
No-load test: Motor is running freely,
V = 120 V, I = 3:5 A, P = 125 W
(a) Obtain the double revolving ﬁeld equivalent circuit for the motor.
(b) Determine the rotational loss.
Note: Single-phase induction motors have a main winding and an auxiliary winding on the
stator. The auxiliary winding is for starting (discussed in Section 7.1.3). For the standstill rotor
test, the auxiliary winding is disconnected and only the main winding is connected to the ac
supply. For the no-load test, both the main and auxiliary windings are used for starting the
motor, but in the running condition the auxiliary winding is automatically disconnected from
the supply. Therefore, in both the standstill test and the no-load test, only the main winding is
in operation when the test data are taken.
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Solution
(a)

At standstill, s = 1 and the equivalent circuit is shown in Fig. 7.8b. In a single-phase
induction machine,
j0:5X20 þ 0:5R02  0:5Xmag
The approximate equivalent circuit at standstill is shown in Fig. E7.1a.
R1 = 2:9 ohms
PBL = 52 ð2:9 + R02 Þ = 140 W
so
R02 = 2:7 ohms
ZBL = 43=5 = 8:6 ohms
8:62 = ð2:9 + 2:7Þ2 + ðX1 + X20 Þ2
X1 + X20 = 6:53 ohms
Assume X1 = X20 = 6:53=2 = 3:26 ohms.

FIGURE E7.1
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At no load, the slip is very small. For the circuit shown in Fig. 7.8c,
R02
> 0:5Xmag
s
R02
 0:5Xmag
j0:5X20 þ 0:5
ð2 − sÞ
j0:5X20 þ 0:5

The approximate equivalent circuit at no load is shown in Fig. E7.1b. The resistances
0:5R02 =s and 0:5R02 =ð2 − sÞ in Fig. 7.8c represent cu-losses as well as the mechanical
powers due to two rotating ﬂuxes.


0:5R02
1−s
0
0
= 0:5R2 + 0:5R2
s
s
= Rcu ðf Þ + Rmech ðf Þ


1 − ð2 − sÞ
= 0:5R02 + 0:5R02
ð2 − sÞ
2−s
0:5R02

= Rcu ðbÞ + Rmech ðbÞ
The mechanical power developed at no load represents rotational loss, which will
include core loss. The rotational loss is represented by a resistance Rrot in Fig. E7.1b.
The rotor current due to the forward ﬂux is small, and the corresponding cu-loss is
neglected. Therefore the effect of Rcu ðf Þ is neglected. The rotor current due to the backward ﬂux is signiﬁcant, and the corresponding cu-loss is represented by 0:5R02 ð = Rcu ðbÞÞ
as shown in Fig. E7.1b.
PNL = I2 ðR1 + Rrot + 0:5R02 Þ
= I2 RNL
125 = 3:52 RNL
RNL =

125
= 10:2 Ω
3:52

The no-load impedance ZNL from Fig. E7.1b is
ZNL = ½R2NL + ð0:5Xmag + X1 + 0:5X20 Þ2 1=2
120
= 34:3 = ½10:22 + ð0:5Xmag + 3:26 + 1:63Þ2 1=2
3:5
Xmag = 55:72 Ω
The equivalent circuit with the parameter values is shown in Fig. E7.1c.
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From the equivalent circuit at no load (Fig. E7.1b),
P = I2 ðR1 + 0:5R02 Þ + Prot = 125 watts
Prot = 125 − 3:52 ð2:9 + 1:35Þ
= 72:94 watts

▪

EXAMPLE 7.2
For the single-phase induction motor of Example 7.1, determine the input current, power,
power factor, developed torque, output power, efﬁciency of the motor, air gap power, and rotor
copper loss if the motor is running at the rated speed when connected to a 120 V supply.
Solution
At rated speed,
s=

1800 − 1730
= 0:039
1800

From Fig. E7.1c,
Zf = Rf þ jXf
=

j27:86½ð1:35=0:039Þ þ j1:63
1:35=0:039 þ jð27:86 þ 1:63Þ

= 13 þ j16:79
Zb = Rb þ jXb
=

j27:86½1:35=ð2 − 0:039Þ þ j1:63
1:35=ð2 − 0:039Þ þ jð27:86 þ 1:63Þ

= 0:61 þ j1:55
Zinput = ðR1 þ Rf þ Rb Þ þ jðX1 þ Xf þ Xb Þ
= ð2:9 þ 13 þ 0:61Þ þ jð3:26 þ 16:79 þ 1:55Þ
= 16:51 þ j21:60 = 27:19= 52:61 Ω
Iinput =

120
= − 52:61 = 4:41= − 51:61 amperes
27:19

Power factor = cos 52:61 = 0:61 lagging
Pinput = VI cos θ
= 120 × 4:41 × 0:61
= 322:81 W
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Synchronous speed is ωsyn = 1800 × 2 × π=60 = 188:5 rad=sec. From Eq. 7.10, the torque
developed is
T=
=

I2
ðRf − Rb Þ
ωsyn
4:412 ð13 − 0:61Þ
188:5

= 1:28 N  m
From Eq. 7.12, the mechanical power developed is
Pmech = Tωsyn ð1 − sÞ
= 1:28 × 188:5ð1 − 0:039Þ
= 231:87 W
Output power = Pmech − Prot
= 231:87 = 72:94
Pout = 158:93 watts
Efficiency =

Pout
158:93
=
Pin
322:81

= 49:23%
From Eqs. 7.6 and 7.7, the air gap powers due to the forward- and backward-rotating ﬁelds are
Pgf = I2 Rf = 4:412 × 13 = 252:83 W
Pgb = 4:412 × 0:61 = 11:86 W
The air gap power
Pg = 252:83 + 11:86 = 264:69 W
From Eq. 7.18, the rotor copper loss is
P2 = 0:039 × 252:83 + ð2 − 0:039Þ11:86
= 9:86 + 23:26
= 33:12 W

7.1.3

▪

STARTING OF SINGLE-PHASE INDUCTION MOTORS

As explained earlier, a single-phase induction motor with one stator winding inherently does
not produce any starting torque. In order to make the motor start rotating, some arrangement
is required so that the motor produces a starting torque. In the running condition, of course,
the motor will produce torque with only one stator winding.
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The simplest method of starting a single-phase induction motor is to provide an auxiliary
winding on the stator in addition to the main winding and start the motor as a two-phase
machine. The two windings are placed in the stator with their axes displaced 90 electrical
degrees in space. The impedances of the two circuits are such that the currents in the main and
the auxiliary windings are phase-shifted from each other. The motor is equivalent to an
unbalanced two-phase motor. However, the result is a rotating stator ﬁeld that can produce the
starting torque. The two windings can be properly designed to make the motor behave as a
balanced two-phase motor. This is illustrated in Example 7.3.
In the running condition a single-phase induction motor can develop a torque with only the
main winding. Therefore, as the motor speeds up, the auxiliary winding can be taken out of
the circuit. In most motors, this is done by connecting a centrifugal switch in the auxiliary
circuit. At about 75 percent of the synchronous speed, the centrifugal switch operates and
disconnects the auxiliary winding from the supply.
EXAMPLE 7.3
The currents in the main and the auxiliary windings are as follows:
pﬃﬃﬃ
im = 2Im cos ωt
pﬃﬃﬃ
ia = 2Ia cosðωt + θa Þ
The effective numbers of turns for the main and auxiliary windings are Nm and Na .
The windings are placed in quadrature.
(a) Obtain expressions for the stator rotating mmf wave.
(b) Determine the magnitude and the phase angle of the auxiliary winding current to produce
a balanced two-phase system.
Solution
(a)

The stator mmf along a position deﬁned by an angle θ (where θ = 0 deﬁnes the axis of the
main winding) is contributed by both windings.
Fðθ, tÞ = Fm ðθ, tÞ + Fa ðθ, tÞ
= Nm im cos θ + Na ia cosðθ + 90 Þ
pﬃﬃﬃ
pﬃﬃﬃ
= Nm 2Im cos ωt cos θ + Na 2Ia cosðωt + θa Þcosðθ + 90 Þ
pﬃﬃﬃ
pﬃﬃﬃ
= 2Nm Im cos ωt cos θ − 2Na Ia sin θ cosðωt + θa Þ
pﬃﬃﬃ
pﬃﬃﬃ
= 2Nm Im cos ωt cos θ − 2Na Ia sin θ½cos ωt cosθa − sin ωt sin θa 
pﬃﬃﬃ
pﬃﬃﬃ
pﬃﬃﬃ
= 2Nm Im cos ωt cos θ − 2Na Ia cos θa cos ωt sin θ + 2Na Ia sin θa sin ωt sin θ
1
1
= pﬃﬃﬃ Nm Im ½cosðωt + θÞ + cosðωt − θÞ − pﬃﬃﬃ Na Ia cos θa ½sinðωt + θÞ − sinðωt − θÞ
2
2
1
+ pﬃﬃﬃ Na Ia sin θa ½ − cosðωt + θÞ + cosðωt − θÞ
2
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1
Fðθ, tÞ = pﬃﬃﬃ ½ðNm Im − Na Ia sin θa Þ cosðωt + θÞ − ðNa Ia cos θa Þ sinðωt + θÞ
2
1
+ pﬃﬃﬃ ½ðNm Im + Na Ia sin θa Þ cosðωt − θÞ + ðNa Ia cos θa Þ sinðωt − θÞ
2

ð7:20Þ

Terms with cosðωt − θÞ and sinðωt − θÞ form the forward-rotating ﬁeld. Terms with
cosðωt + θÞ and sinðωt + θÞ form the backward-rotating ﬁeld.
(b)

If Nm Im = Na Ia and θa = 90 (i.e., the phase difference between Im and Ia is 90 ), it follows from Eq. 7.20 that the backward-rotating mmf vanishes, and the forward-rotating
mmf is
pﬃﬃﬃ
Ff ðθ, tÞ = 2Nm Im cosðωt − θÞ

7.1.4

▪

CLASSIFICATION OF MOTORS

Single-phase induction motors are known by various names. The names are descriptive of
the methods used to produce the phase difference between the currents in the main and
auxiliary windings. Some of the commonly used types of single-phase induction motors are
described here.

Split-Phase Motors
A schematic diagram of the split-phase induction motor is shown in Fig. 7.9a. The auxiliary
winding has a higher resistance-to-reactance ratio than the main winding, so the two currents
are out of phase, as shown in Fig. 7.9b. The high resistance-to-reactance ratio is usually
obtained by using ﬁner wire for the auxiliary winding. This is permissible because the auxiliary
winding is in the circuit only during the starting period. The centrifugal switch cuts it out at
about 75 percent of the synchronous speed.
The typical torque–speed characteristic of this motor is shown in Fig. 7.9c. This motor has
low to moderate starting torque, which depends on the two currents and the phase angle
between them (Eq. 7.27). The starting torque can be increased by inserting a series resistance
in the auxiliary winding.

Capacitor-Start Motors
Higher starting torque can be obtained if a capacitor is connected in series with the auxiliary
winding, as shown in Fig. 7.10a. This increases the phase angle between the winding currents,
as shown in Fig. 7.10b. The torque–speed characteristic is shown in Fig. 7.10c. The capacitor
is an added cost. A typical capacitor value for a 0:5 hp motor is 300 μF. Because the capacitor is
in the circuit only during the starting period, it can be an inexpensive ac electrolytic type. High
starting torque is the outstanding feature of this arrangement.
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FIGURE 7.9 Splitphase (resistance-start)
induction motor.

FIGURE 7.10 Capacitorstart induction motor.
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FIGURE 7.11 Capacitorrun induction motor.

Capacitor-Run Motors
In this motor, as shown in Fig. 7.11a, the capacitor that is connected in series with the auxiliary
winding is not cut out after starting and is left in the circuit all the time. This simpliﬁes the
construction and decreases the cost, because the centrifugal switch is not needed. The power
factor, torque pulsation, and efﬁciency are also improved because the motor runs as a twophase motor. The motor will run more quietly.
The capacitor value is of the order of 2050 μF and because it operates continuously, it is an
ac paper oil type. The capacitor is a compromise between the best starting and running values,
and therefore starting torque is sacriﬁced. The typical torque–speed characteristic is shown in
Fig. 7.11b.

Capacitor-Start Capacitor-Run Motors
Two capacitors, one for starting and one for running, can be used, as shown in Fig. 7.12a.
Theoretically, optimum starting and running performance can be achieved by having two
capacitors. The starting capacitor Cs is larger in value and is of the ac electrolytic type. The
running capacitor Cr, permanently connected in series with the starting winding, is of smaller

FIGURE 7.12 Capacitor-start capacitor-run induction motor.
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Shaded-pole induction motor.

value and is of the paper oil type. Typical values of these capacitors for a 0:5 hp motor are
Cs = 300 μF, Cr = 40 μF. The typical torque–speed characteristic is shown in Fig. 7.12b. This
motor is, of course, expensive compared to others; however, it provides the best performance.

Shaded-Pole Motors
These motors have a salient pole construction. A shaded band consisting of a short-circuited
copper turn, known as a shading coil, is used on one portion of each pole, as shown in
Fig. 7.13a. The main single-phase winding is wound on the salient poles. The result is that the
current induced in the shading band causes the ﬂux in the shaded portion of the pole to lag
the ﬂux in the unshaded portion of the pole. Therefore, the ﬂux in the shaded portion reaches
its maximum after the ﬂux in the unshaded portion reaches its maximum. This is equivalent to
a progressive shift of the ﬂux from the unshaded to the shaded portion of the pole. It is similar
to a rotating ﬁeld moving from the unshaded to the shaded portion of the pole. As a result, the
motor produces a starting torque.
The typical torque–speed characteristic is shown in Fig. 7.13b. Shaded-pole motors are the
least expensive of the fractional horsepower motors and are generally built for low horsepower
rating, up to about 1=20 hp.

7.1.5

CHARACTERISTICS AND TYPICAL APPLICATIONS

The main features and the applications of single-phase induction motors are summarized in
Table 7.1. Note that for applications below 1=20 hp, shaded-pole motors are invariably used.
However, for applications above 1=20 hp, the choice of the motor depends primarily on the
starting torque and to some extent on the quietness of operation. If low noise is desired and
low starting torque is adequate, such as for driving fans or blowers, capacitor-run motors can
be chosen. If low noise is to be combined with high starting torque, as may be required for a
compressor or refrigerator drive, then the expensive capacitor-start, capacitor-run motor is
better. If the compressor is located in a noisy environment, the choice should be a capacitorstart motor, which will be less expensive.
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Up to 250
Up to 250

140

100–200
200–300

40–60

Capacitor-run

Capacitorstart,
capacitorrun
Shaded-pole

Up to 350

250–400

Capacitorstart

Up to 300

Breakdown

100–250

Starting

Torque as % of Rated
Torque

25–40

75–90

75–90

50–65

50–65

Power
Factor

25–40

60–70

60–70

55–65

55–65

Efﬁciency

Rated Load

1/200–1/20

1/8–1

1/8–1

1/8–1

1/20–1

Horsepower
Range
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Split-phase
(resistancestart)

Type of
Motor

TABLE 7.1

60

180

140

125

100

Approx.
Comparative
Price (%)

Fans, blowers, centrifugal pumps,
washing machines, etc. Loads
requiring low or medium
starting torque
Compressors, pumps, conveyors,
refrigerators, air-conditioning
equipment, washing machines,
and other hard-to-start loads
Fans, blowers, centrifugal pumps,
etc. Low noise applications
Compressors, pumps, conveyors,
refrigerators, etc. Low noise
and high starting torque
applications
Fans, hair driers, toys, etc. Loads
requiring low starting torque

Application
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STARTING WINDING DESIGN

The main purpose of the starting (auxiliary) winding is to develop a starting torque. However,
the starting winding can be designed to provide maximum starting torque or to optimize
starting torque per ampere of the starting current. In this section, a design procedure is outlined to achieve these objectives. First, an expression for the starting torque is derived.

Starting Torque
Consider the starting of the single-phase induction motor. The two stator windings and the
currents ﬂowing in them are shown in Fig. 7.14a. The cage rotor can be represented by an
equivalent two-phase winding, represented by the coils a–b and c–d. Assume that each of these
coils has an effective number of turns N2 , resistance R2 , and reactance X2 (at the stator frequency f ). The current ﬂowing through the main winding produces ﬂux that induces voltage
e2m (by transformer action) and current i2m in the a–b coil of the rotor. The current i2m ﬂows in
such a direction as to oppose ﬂux Φm . Similarly, ﬂux Φa in the auxiliary winding induces voltage
e2a and current i2a in the c–d coil of the rotor.
E2m = 4:44fN2 Φm

ð7:21Þ

E2a = 4:44fN2 Φa

ð7:22Þ

The current i2m lags e2m and i2a lags e2a by an angle θ2 , where
cos θ2 =

R2
ðR22

+ X22 Þ1=2

=

R2
Z2

ð7:23Þ

The various ﬂuxes, currents, and voltages are shown in the phasor diagram of Fig. 7.14b.
Note that a torque is developed through the interaction of Φm and I2a , and it acts in the
clockwise direction. Torque is also developed through the interaction of Φa and I2m , and it acts

FIGURE 7.14
condition.
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in the counterclockwise direction. No torques are developed through the interaction of Φm and
i2m or Φa and i2a .
Tm ∝ Φm I2a cos= Φm , I2a
∝ Φm I2a cosð90 þ θ2 − αÞ
Torque developed by Φa and I2m is
Ta ∝ Φa I2m cos= Φa , I2m
∝ Φa I2m cosð90 þ θ2 þ αÞ
Net starting torque is
Ts ∝ fΦm I2a cosð90 + θ2 − αÞ − Φa I2m cosð90 + θ2 + αÞg
but
Φm
E2m
I2m
=
=
Φa
E2a
I2a
or
Φm I2a = Φa I2m
Therefore,
Ts ∝ I2m Φa sin α cos θ2

ð7:24Þ

E2a
I2a Z2
=
4:44fN2
444fN2

ð7:25Þ

From Eq. 7.22,
Φa =
From Eqs. 7.23, 7.24, and 7.25,
Ts ∝

I2m I2a R2 sin α
4:44fN2

From the transformer theory, I2m is proportional to Im and I2a is proportional to Ia . Therefore,
Ts ∝ Im Ia sin α

ð7:26Þ

Ts = KIm Ia sin α

ð7:27Þ

or

This is a very useful expression. It indicates that the starting torque depends on the magnitudes of currents in the main and the auxiliary winding, and the phase difference between
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these currents. An expression for the starting torque is derived later (Eq. 7.51) based on double
revolving ﬁeld theory and the equivalent circuit.

7.2.1

DESIGN OF SPLIT-PHASE (RESISTANCE-START) MOTORS

In split-phase motors, the main winding is designed to satisfy the running operation of the
motor, whereas the auxiliary winding is designed so that, operating in conjunction with
the main winding, it produces the desired starting torque without excessive starting current.
A convenient approach is to assume a number of turns for the starting winding and calculate
the value of the starting winding resistance for the desired starting torque. If this does not
yield the optimum design for starting torque and current, a range of values for the starting
winding turns can be tried until an optimum design is obtained.

Maximum Starting Torque
If the number of turns ðNa Þ for the starting winding is speciﬁed, the resistance in the auxiliary
winding can be determined so as to maximize the starting torque. For the standstill condition,
the motor can be represented by the circuit shown in Fig. 7.15a. Let
Zm = Rm + jXm , impedance of the main winding
Za = R2 + jXa,

impedance of the auxiliary winding

The phasor diagram for the standstill condition of the motor is shown in Fig. 7.15b. The
phasor Im ð= 0AÞ lags V by θm . For a particular value of Ra , Ia = AC and I = Im + Ia = 0C.
Note that Im remains ﬁxed and Ia will change if Ra changes. If Ra is inﬁnitely large, Ia is zero,
and the input current I is the same as the current Im . If Ra is zero, Ia = jVj=Xa and Ia will lag V
by 90 , as represented by the phasor AB in Fig. 7.15b. The locus of Ia and the input current I is a
semicircle having diameter AB = jVj=Xa .
From Eq. 7.26, since Im is ﬁxed,
Ts ∝ Ia sin α
∝ length CK in Fig: 7:15b
For maximum starting torque, the operating point is D, midway between A and E, for which
Ia sin α ð= DK 0 Þ is maximum. The phasor diagram for the maximum starting condition is drawn
in Fig. 7.15c.
Obviously, AD = DE, AK 0 = K 0 E, and
θa =
Therefore,

θm
=α
2

θm
2
cosðθm =2Þ
=
sinðθm =2Þ

cot θa = cot

=

1 + cos θm
sin θm
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FIGURE 7.15

Split-phase induction motor at starting condition.

or
Ra 1 + Rm =jZm j Rm + jZm j
=
=
Xa
Xm =jZm j
Xm
Xa
Ra =
ðRm + jZm jÞ
Xm
 2
 Na 
=   ðRm + jZm jÞ
Nm

ð7:28Þ

ð7:29Þ

The starting winding current is
jIa j =
=

=

jVj
jVj
=
jZa j ðR2a + Xa2 Þ1=2
jVj
4

2 1=2
½ðNa =Nm Þ ðRm + jZm jÞ2  + ðNa =Nm Þ4 Xm

jVj
2

2 1=2
ðNa =Nm Þ ½ðRm + jZm jÞ2 + Xm

ð7:30Þ
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For a particular value of turns Na for the starting winding, Eq. 7.29 (or 7.28) gives the value
of Ra for maximum starting torque, and Eq. 7.30 gives the starting winding current. A range of
values for Na can be tried and an optimum design can be achieved. If Ia increases, I ð = Im + Ia Þ
will increase too, as seen from Figs. 7.15b or 7.15c.

7.2.2

DESIGN OF CAPACITOR-START MOTORS

For the starting condition, the capacitor-start motor (Fig. 7.10) can be represented by
the circuit shown in Fig. 7.16a. The phasor diagram for the standstill condition is shown in
Fig. 7.16b. The main winding current Im = ðOAÞ lags V by θm . The auxiliary winding current
Ia ð = ACÞ leads V by θa . The starting current is I = Im + Ia = OC. If Xc is inﬁnitely large, Ia is zero
and I = Im = OA. If Xc = Xa , Ia is a maximum, is equal to jVj=Ra , and is in phase with the supply
voltage V as represented by the vertical line AB in Fig. 7.16b. The locus of Ia is the semicircle
ACB having diameter AB = jVj=Ra .
Since Im is ﬁxed,
Ts ∝ Ia sin α
∝ length CK in Fig: 7:16b
The length CK is maximum when it passes through the center of the circle as shown in
Fig. 7.16b. Note that the phasor diagram in Fig. 7.16b is drawn for the maximum starting
torque condition. From the geometry of the diagram,
θa =

FIGURE 7.16

90 − θm
2

Capacitor-start induction motor at starting condition.
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Now
1 − cos 2θa
1 + cos 2θa

tan θa =

!1=2

"

1 − cosð90 − θm Þ
=
1 + cosð90 − θm Þ
"

1 − ðXm =jZm jÞ
=
1 + ðXm =jZm jÞ
=

#1=2
=

#1=2
=

1 − sin θm
1 + sin θm

jZm j − Xm
jZm j + Xm

!1=2

!1=2

Rm
jZm j + Xm

ð7:31Þ

Also,
tan θa =

Xc − Xa
Ra

ð7:32Þ

From Eqs. 7.31 and 7.32,
Xc =

1
Ra Rm
= Xa +
jZm j + Xm
ωC

or
C=


ω  Xa +

1
Ra Rm
jZm j + Xm



ð7:33Þ

For a given starting winding, the value of C, given by Eq. 7.33, when connected in series with
the starting winding will yield maximum starting torque.

Maximum Starting Torque per Ampere of Starting Current
If maximizing the starting torque is the sole criterion, the value of C can be selected by using
Eq. 7.33. However, this may not be the best design for the motor. Maximizing the starting
torque per ampere of starting current is perhaps the most desirable criterion.
The phasor diagram for the starting condition is shown in Fig. 7.17. The starting current is
represented by 0C, and the starting torque is represented by CK. The ratio CK=0C (i.e., starting
torque per ampere of the starting current) is maximum when 0C is tangential to the circle
ACBD, which is the locus of Ia and I. Note that the phasor diagram of Fig. 7.17 is drawn for the
condition that 0C is tangent to the circle ACBD whose center is F. Now
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FIGURE 7.17 Phasor diagram for maximum starting torque
per ampere of starting current in a capacitor-start induction
motor.

=0CF = 90
=0AF = 180 − θm
jIj2 = 0C2
= 0F2 − AF2
= 0A2 þ AF2 − 20A AF cos=0AF − AF2
= 0A2 þ 20A AF cos θm
= jIm j2 þ 2jIm j

2

= jIm j
jIj2
2

jIm j

=

1þ

jVj Rm
2Ra Zm


Rm
Ra

Ra þ Rm
Ra

ð7:34Þ

Also,
Im =

V
Zm

Ia =

V
Za

I = Im + Ia = V

Za + Zm
Zm Za
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so
I
Za + Zm
=
Im
Za
jIj2

jZa + Zm j2

jIm j

jZa j2

=
2

ð7:35Þ

From Eqs. 7.34 and 7.35,
Ra + Rm jZa + Zm j2
=
Ra
jZa j2
=

ðRa + Rm Þ2 + ðXm − XA Þ2
R2a + XA2

ð7:36Þ

where XA = Xc − Xa .
Equation 7.36 is a quadratic equation in XA . From it, the following result is obtained:
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
− Xm Ra ± jZm j Ra ðRa + Rm Þ
XA =
Rm
If Ia has to lead V, the net reactance in the starting winding XA has to be positive. Hence,
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
− Xm Ra + jZm j Ra ðRa + Rm Þ
Xa = Xc − Xa =
Rm
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
− Xm Ra + jZm j Ra ðRa + Rm Þ
1
ð7:37Þ
= Xa +
Xc =
Rm
ωC
The value of C obtained from Eq. 7.37 will maximize the starting torque per ampere of
starting current.
EXAMPLE 7.4
A four-pole, single-phase, 120 V, 60 Hz induction motor gave the following standstill impedances when tested at rated frequency:
Main winding :

Zm = 1:5 + j4:0 ohms

Auxiliary winding :

Za = 3 + j6:0 ohms

(a) Determine the value of external resistance to be inserted in series with the auxiliary
winding to obtain maximum starting torque as a resistor split-phase motor.
(b) Determine the value of the capacitor to be inserted in series with the auxiliary winding to
obtain maximum starting torque as a capacitor-start motor.

Starting Winding Design

389

(c) Determine the value of the capacitor to be inserted in series with the auxiliary winding to
obtain maximum starting torque per ampere of the starting current as a capacitor-start
motor.
(d) Compare the starting torques and starting currents in parts (a), (b), and (c) expressed as
per unit of the starting torque without any external element in the auxiliary circuit, when
operated at 120 V, 60 Hz.
Solution
(a)

From Eq. 7.28,
Ra =
=

Xa
ðRm + jZm jÞ
Xm
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 
6
1:5 + 1:52 + 42
4

= 8:66 ohms
External resistance to be added is 8:66 − 3 = 5:66 ohms.
(b)

From Eq. 7.33,
1:0

C=
2π60 6 +

3 × 1:5
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4 + 1:52 + 42

! × 106 μF

= 405 μF
(c)

From Eq. 7.37,
Xc = 6 +
=6+

−4×3+

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1:52 + 42 Þ 3ð3 + 1:5Þ
1:5

− 12 + 15:69
1:5

= 8:46 ohms
C=

(d)

1:0
× 106 μF = 313:54 μF
2π60 × 8:46

If Im is ﬁxed, the starting torque is
Ts ∝ Ia sin α = KIa sin α

390

chapter 7 Single-Phase Motors

Split-phase motor with no external resistance:
Ia =

120
3 þ j6

= 17:88= − 63:43 A
Im =

120
1:5 þ j4

= 28:1= − 69:44 A
α = 69:44 − 63:43
= 6:01
Ts = KIa sin α = K17:88 sin 6:01 = 1:87 K
I = 28:1= − 69:44 þ 17:88= − 63:43
= 45:92= − 67:1 A
Split-phase motor with external resistance:
Ia =

120
8:66 þ j6:0

= 11:39= − 34:72 amperes
α = 69:44 − 34:72
= 34:72
Ts = KIa sin α = K11:39 sin 34:72 = 6:49 K
I = 28:1= − 69:44 þ 11:39= − 34:72 = 38:02= − 59:6 A
Capacitor-start motor with C = 405 μF:
Xc = 1=ð2 × π × 60 × 405 × 10 − 6 Þ
= 6:55 ohms
Ia =

120
3 þ j6 − j6:55

= 39:34=10:4 A
α = 69:44 þ 1:04 = 79:84
Ts = KIa sin α = K39:34 sin 79:84 = 38:72 K
I = 28:1= − 69:44 þ 39:34=10:4 = 52:22= − 21:56 A
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Capacitor-start motor with C = 313:54 μF:
Xc = 8:46 ohms
Ia =

120
3 þ j6 − j8:46

= 30=39:35 A
α = 69:44 þ 39:35
= 108:79
Ts = KIa sin α = K30 sin 108:79 = 28:4 K
I = 28:1= − 69:44 þ 30=39:35 = 33:86= − 12:43 A
The comparison is shown in the following table.
Type

I ðAÞ

1. Split-phase without external element
2. Split-phase with resistance for maximum
starting torque
3. Capacitor-start for maximum starting torque
4. Capacitor-start motor for maximum starting
torque per ampere of starting current

45.9
38
52.2
33.9

Ts ðpuÞ

I ðpuÞ

Ts =I

1.87 K
6.49 K

1
3.47

1
0.83

1
4.2

38.72 K
28.4 K

20.71
15.19

1.14
0.74

18.2
20.5

Ts

▪
7.3

EQUIVALENT CIRCUIT OF A CAPACITOR-RUN MOTOR

It was pointed out in Section 7.1.4 that there are three types of capacitor motors: capacitorstart, capacitor-run, and capacitor-start capacitor-run. In the latter two types, the auxiliary
winding stays in operation all the time, and the motor operates as a two-phase induction
motor. An equivalent circuit can be derived for the capacitor-run motor based on the double
revolving ﬁeld theory.
The main winding and the auxiliary winding are excited by currents im and ia , as shown in
Fig. 7.18. The main winding ﬂux Φm can be resolved into two revolving ﬂuxes Φfm (forward
revolving) and Φbm (backward revolving). Similarly, the auxiliary winding ﬂux Φa is resolved
into two revolving ﬂuxes Φfa and Φba . These four revolving ﬂuxes all induce voltages in the two
windings.
The main winding can be represented by the equivalent circuit shown in Fig. 7.19a, where
Efm and Ebm are the voltages induced by its own ﬂuxes Φfm and Φbm , respectively. The voltages
induced, − j Efa =a and j Eba =aða = Na =Nm Þ, in the main winding by the respective ﬂuxes Φfa and
Φfb of the auxiliary winding are shown as internal voltages.
The forward-rotating ﬂux Φfa of the auxiliary winding induces a voltage Efa in the auxiliary
winding. From Fig. 7.18, this ﬂux Φfa will also induce a voltage in the main winding that will
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FIGURE 7.18
motor.

Revolving ﬁelds in the capacitor-run induction

peak π=2 radian later. If a is the turns ratio of the auxiliary and main winding, the induced
voltage is − j Efa =a, where − j represents a phase lag of π=2 radian. Similarly, the ﬂux Φba will
induce a voltage Eba in the auxiliary winding and a voltage j Eba =a in the main winding that
will peak π=2 radian earlier.
The auxiliary winding is represented by an equivalent circuit as shown in Fig. 7.19b, where
the internal voltages jaEfm and − jaEbm are the voltages induced in the auxiliary winding by the
revolving ﬂuxes Φfm and Φbm of the main winding.

FIGURE 7.19 Equivalent circuit of a capacitor-run induction motor, a = Na =Nm .
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The following are the voltage and current equations for the two windings:
Vm = Im ðZ1m + Zf + Zb Þ − j

Efa
Eba
+j
a
a

ð7:38Þ

Va = Ia ðZc + Z1a + a2 Zf + a2 Zb Þ + jaEfm − jaEbm

ð7:39Þ

Vm = Va

ð7:40Þ

Ia = Im + Ia = input current

ð7:41Þ

where Z1m = R1m + jX1m is the leakage impedance of the main winding
Z1a = R1a + jX1a is the leakage impedance of the auxiliary winding
Zc = − jXc is the capacitor impedance connected in series with the auxiliary winding
Now
Efa = Ia a2 Zf

ð7:42Þ

Eba = Ia a2 Zb

ð7:43Þ

Efm = Im Zf

ð7:44Þ

Ebm = Im Zb

ð7:45Þ

From Eqs. 7.42 to 7.45 and 7.38 and 7.39,
Vm = ðZ1m + Zf + Zb ÞIm − jaðZf − Zb ÞIa

ð7:46Þ

Va = jaðZf − Zb ÞIm + ðZc + Z1a + a2 Zf + a2 Zb ÞIa

ð7:47Þ

Equations 7.46 and 7.47 can be solved to obtain the winding currents Im and Ia .

Torque
The torque developed by the machine can be expressed as the difference between the forward
torque and the backward torque.
T = Tf − Tb =

Pgf − Pgb
ωsyn

ð7:48Þ

From Fig. 7.19,
*
+ jaEf Ia* Þ
Pgf = ReðEf Im
*
− jaEb Ia* Þ
Pgb = ReðEb Im
*
+ jaðEf + Eb ÞIa* 
Pgf − Pgb = Re½ðEf − Eb ÞIm

ð7:49Þ

Equation 7.49 can be simpliﬁed to the following form:
Pgf − Pgb = ðjIm j2 + jaIa j2 ÞðRf − Rb Þ + 2ajIa jIm jðRf + Rb Þsinðθa − θm Þ

ð7:50Þ
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where

Im = jIm j= θm
Ia = jIa j= θa

Note that the foregoing analysis is valid for starting and other operating conditions of singlephase induction motors as long as both main and auxiliary windings stay in operation.
For starting, slip s = 1 and Rf = Rb . From Eqs. 7.48 and 7.50, the starting torque is
Tst =

2ajIa jIm jðRf + Rb Þ
sinðθa − θm Þ
ωsyn

= KIa Im sin α

ð7:51Þ
ð7:52Þ

Note that Eq. 7.52 is the same as Eq. 7.27 derived earlier.
EXAMPLE 7.5
A single-phase 120 V, 60 Hz, four-pole capacitor-run motor has the following equivalent circuit
parameters:
X1m = 2:0 Ω,

R1m = 1:5 Ω,

R02 = 1:5 Ω

X1a = 2:0 Ω,

R1a = 2:5 Ω,

X20 = 2:0 Ω

Xmag = 4:8 Ω
Running capacitor

C = 30 μF

Turns ratio

a = Na =Nm = 1

(a) Draw an equivalent circuit based on the double revolving ﬁeld theory when the motor is
running at a slip of 0.05.
(b) Determine the total starting current and the starting torque of the motor at rated voltage.
(c) Determine the value of the starting capacitor to be inserted in parallel with the running
capacitor to maximize the starting torque per ampere of starting current.
(d) Determine the maximum starting torque per ampere.
Solution
(a)

The equivalent circuit for slip 0.05 is shown in Fig. E7.5a.
Xc =

(b)

1
106
= 88:4 Ω
=
2πfc 2π60 × 30

At start s = 1.
Zf = Zb = j24==ð0:75 þ j1:0Þ
= 0:69 þ j0:98
= 1:2=54:85 Ω

Equivalent Circuit of a Capacitor-Run Motor
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FIGURE E7.5

Also Efm = Ebm and Efa = Eba . The equivalent circuit for the starting condition is shown
in Fig. E7.5b. Therefore,
V
Im =
Z1m þ Zf þ Zb
=

120=0
1:5 þ j2 þ 2ð0:69 þ j0:98Þ

= 24:5= − 54 A
Ia =
=

V
Z1a − jXc þ a2 ðZf þ Zb Þ
120=0
2:5 þ j2 − j88:4 þ 2ð0:69 þ j0:98Þ

= 1:42=87:4 A
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The starting current is
Is = 24:5= − 54 þ 1:42=87:4
= 23:4= − 51:82 A
From Eq. 7.51, the starting torque is
Ts =
=

2jIm jIa jðRf + Rb Þ sinðθa − θm Þ
ωsyn
2ð24:5Þð1:42Þ2 × 0:69 sinð87:4 + 54Þ
1800 × 2π=60

= 0:318 N  m
(c)

Equation 7.37 will be used to determine the total capacitance.
Zm = Rm þ jXm = input impedance of the main winding at start
= Z1m þ Zf þ Zb
= 1:5 þ j2 þ 2ð0:69 þ j0:98Þ
= 2:88 þ j3:96
= 4:9=54 Ω
Za = Ra þ jXa = input impedance of the auxiliary winding ðexcluding
capacitorsÞ at start
= 2:5 þ j2:0 þ 2ð0:69 þ j0:98Þ
= 3:88 þ j3:96 Ω
From Eq. 7.37,
2

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ3
3:96
×
3:88
−
4:9
ð3:88 + 2:88Þ3:885
Xc = 3:96 − 4
2:88
= 7:34 Ω
C=

1
106
μF
=
377 × 7:34
ωXc

= 361:5 μF
The external capacitor Cs to be added in parallel with the running capacitor is
Cs = 361:54 − 30 = 331:54 μF

Single-Phase Series (Universal) Motors
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With the starting capacitor and running capacitor in series with the auxiliary winding,
Ia =
=

V
Za − jXc ðtotalÞ
120=0
3:88 þ j3:96 − j7:34

= 23:33=41 A
Im = 24:5= − 54 A
The starting current is
Is = 24:5= − 54 þ 23:33=41
= 32:33= − 8 A
From Eq. 7.51, the starting torque is
Ts =

2ð24:5Þð23:33Þ2ð0:69Þsinð41 + 54 Þ
1800 × 2π=60

= 8:34 N  m
Maximum starting torque per ampere of input current:
=

7.4

8:34
= 0:258 N  m=A
32:33

▪

SINGLE-PHASE SERIES (UNIVERSAL) MOTORS

Single-phase series motors can be used with either a dc source or a single-phase ac source and
therefore are called universal motors. They are widely used in fractional horsepower ratings in
many domestic appliances such as portable tools, drills, mixers, and vacuum cleaners and
usually are light in weight and operate at high speeds (1500 to 10,000 rpm). Large ac series
motors in the range of 500 hp are used for traction applications.
Universal motors are mostly operated from a single-phase ac source. Therefore, both the
stator and rotor structures are made of laminated steel to reduce core losses and eddy current.
Figure 7.20 shows a schematic diagram of the series motor. The armature current ia
ﬂowing through the series ﬁeld produces the d-axis ﬂux Φd and ﬂowing through the armature

FIGURE 7.20 AC series motor.
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winding produces the q-axis ﬂux Φq . If eddy current is neglected, both Φd and Φq are in phase
with ia .

DC Excitation
The behavior with dc excitation was discussed in Section 4.4.2. The torque developed and
voltage induced are given by
T = Ka Φd Ia

ð7:53Þ

Ea = Ka Φd ωm

ð7:53aÞ

If magnetic linearity is assumed
T = Ksr Ia2
Ea = Ksr Ia ωm

ð7:54Þ
ð7:54aÞ

The torque–speed characteristic is shown in Fig. 4.55, indicating high torque at low speed
and low torque at high speed.

AC Excitation

If eddy current effects are neglected, the current ia and the ﬂux Φd are in phase. Let
ia = Iam cos ωt

ð7:55Þ

Φd = Φdm cos ωt

ð7:55aÞ

ea = Ka Φd ωm = Ka Φdm ωm cos ωt

ð7:56Þ

The back emf is

The rms value of the back emf is
Φdm
Ea = Ka pﬃﬃﬃ ωm = Ka Φd ωm
2

ð7:56aÞ

where Φd is the rms value of the d-axis ﬂux.
Note from Eqs. 7.55 and 7.56 that ea and ia are in phase. The instantaneous torque is
T = Ka Φd ia = Ka Φdm Iam cos2 ωt
T = Ka

Φdm
Iam ð1 + cos 2ωtÞ
2

ð7:57Þ

Figure 7.21 shows the variation of ia , Φd , ea , and T with time. Note that although the current
reverses in alternate half-cycles, the instantaneous torque is unidirectional and therefore
makes the motor run in the direction of rotation. The instantaneous torque, however, varies at
twice the supply frequency, and this ﬂuctuating torque makes the motor operation noisy.

Single-Phase Series (Universal) Motors

FIGURE 7.21
waveforms.
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Voltage, current, ﬂux, and torque

From Eq. 7.57, the average torque developed is
T = Ka

Φdm Iam
= Ka Φd Ia
2

ð7:58Þ

where Φd is the rms value of the d-axis ﬂux and Ia is the rms value of the motor current.
If magnetic linearity is assumed,
T = Ksr Ia2
Ea = Ksr Ia ωm

ð7:58aÞ
ð7:58bÞ

The electromagnetic (or mechanical) power developed is
Pmech = Ea Ia

ð7:59Þ

The developed torque can also be obtained as
T=

Ea Ia
ωm

ð7:60Þ

The voltage equation for ac excitation is
V = Ia ðRf + Ra Þ + Ia jðXf + Xa Þ + Ea
The phasor diagram is shown in Fig. 7.22.

FIGURE 7.22

Phasor diagram for ac series motor (uncompensated).
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DC versus AC Excitation
If it is assumed that the armature current for dc excitation and the rms value of the armature
current for ac excitation are the same, the ratio of the back emfs is
Ka ΦdðdcÞ ωmðdcÞ ωmðdcÞ
EaðdcÞ
=
’
EaðacÞ
Ka ΦdðacÞ ωmðacÞ ωmðacÞ

ð7:61Þ

Note that if magnetic saturation occurs with ac excitation, ΦdðacÞ will be slightly less than ΦdðdcÞ .
Now
EaðdcÞ
V − Ia ðRf + Ra Þ
=
EaðacÞ Vcos θ − Ia ðRf + Ra Þ
=

1 − ðIa =VÞðRf + Ra Þ
cos θ − ðIa =VÞðRf + Ra Þ

Since Ia ðRf þ Ra Þ=V  1,
EaðdcÞ
1
’
EaðacÞ cos θ
>1

ð7:62Þ
ð7:63Þ

It can be concluded from Eq. 7.63 that for the same terminal voltage and armature current
(i.e., same torque) the speed will be lower for ac excitation. The torque–speed characteristics
for both dc and ac excitations are shown in Fig. 7.23. Note that ac excitation produces pulsating
torque, poor power factor, and lower speed. The latter two undesirable effects are caused by
the reactance voltage drop produced by Xf and Xa .

Compensated Motor
A compensating coil (Fig. 7.24) can be connected in series with the armature and will produce
ﬂux in opposition to the q-axis ﬂux Φq produced by ia ﬂowing through the armature. The net
inductance of the armature winding and the compensating winding is
Leff = La + Lc − 2M

FIGURE 7.23

Torque–speed characteristics in series motors.

Single-Phase Series (Universal) Motors

FIGURE 7.24
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Compensated series motor.

FIGURE 7.25

Phasor diagram for compensated series motor.

where La is the inductance of the armature winding
Lc is the inductance of the compensating winding
M is the mutual inductance between La and Lc
It is possible to make Leff  La . The phasor diagram for the compensated series motor is shown
in Fig. 7.25.
Note that the compensating winding adds additional resistance Rc in the circuit. However, it
greatly reduces the effect of the armature reactance Xa . The net result is increased Ea (hence
speed), decreased power factor angle θ (hence increased power factor), and increased efﬁciency. As discussed in Section 4.3.5, a decrease in the q-axis ﬂux due to compensation will
improve the commutation of current.

Alternative Design for Compensation Coil
As shown in Fig. 7.26, a shorted compensation coil can be installed in the q-axis so that induced
current in this coil can oppose the q-axis ﬂux Φq produced by ia . This coil is predominantly
inductive (i.e., high L=R ratio). Compensation by this arrangement is possible with ac excitation only.

FIGURE 7.26

Inductive compensation.
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FIGURE E7.6

EXAMPLE 7.6
A 120 V, 60 Hz, 14 hp universal motor runs at 2000 rpm and takes 0.6 ampere when connected to
a 120 V dc source. Determine the speed, torque, and power factor of the motor when it is
connected to a 120 V, 60 Hz supply and is loaded to take 0.6 (rms) ampere of current.
The resistance and inductance measured at the terminals of the machine are 20 Ω and
0:25 H, respectively.

Solution
DC operation:
Ea jdc = 120 − 0:6 × 20 = 108 V
AC excitation:
X = 2πfL = 2π60 × 0:25 = 94:25 Ω
From the phasor diagram shown in Fig. E7.6,
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Ea jac = − 0:6 × 20 + 1202 − ð0:6 × 94:25Þ2
= − 12 + 105:84
= 93:84 V
Assuming the same ﬂux for the same current (i.e., 0:6 A dc and 0:6 A rms),
Ea jdc rpmdc
ndc
=
=
Ea jac rpmac
nac
nac = 2000 ×

93:84
108

= 1737:78 rpm
Power factor, cos θ =
=

Ea + I a R a
V
93:84 + 12
120

= 0:88 lag
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Mechanical power developed is
Pmech = Ea Ia = 93:84 × 0:6 = 56:3 W
Torque developed is
T=

7.5

Pmech
56:3
=
= 0:309 N  m
ωm
1737:78 × 2π=60

▪

SINGLE-PHASE SYNCHRONOUS MOTORS

The three-phase synchronous motors discussed in Chapter 6 are usually large machines of the
order of several hundred kilowatts or megawatts. However, many low-power applications
require constant speed. Single-phase synchronous motors of small ratings are ideally suited to
such applications as clocks, timers, and turntables. Two types of small synchronous motors are
widely used, reluctance motors and hysteresis motors. These motors do not require dc ﬁeld
excitation, nor do they use permanent magnets. Therefore, they are simple in construction.

7.5.1

RELUCTANCE MOTORS

A single-phase synchronous reluctance motor is essentially the same as the single-phase
induction motor discussed in Section 7.1, except that some saliency is introduced in the rotor
structure by removing some rotor teeth at the appropriate places to provide the required
number of poles. Figure 7.27a shows the four-pole structure of the rotor for a four-pole reluctance-type synchronous motor. The squirrel-cage bars and end rings are left intact, so that the
reluctance motor can start as an induction motor. In Section 6.9.1 it was shown that if the motor
rotates at synchronous speed, the saliency of the motor will cause a reluctance torque to be
developed. This torque arises from the tendency of the rotor to align itself with the rotating ﬁeld.

FIGURE 7.27

Torque–speed characteristics of reluctance motor.
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The stator of the single-phase reluctance motor has a main winding and an auxiliary
(starting) winding. When the stator is connected to a single-phase supply, the motor starts as
a single-phase induction motor. At a speed of about 75 percent of the synchronous speed, a
centrifugal switch disconnects the auxiliary winding, and the motor continues to speed up as
a single-phase motor with the main winding in operation. When the speed is close to the
synchronous speed, the rotor tends to align itself with the synchronously rotating forward air
gap ﬂux wave and eventually snaps into synchronism, and continues to rotate at synchronous
speed. The performance of the motor will be affected, however, by the torque of the backwardrotating ﬁeld, and this effect will be similar to an additional shaft load. Figure 7.27b shows the
typical torque–speed characteristic of the single-phase reluctance motor.
Large-power reluctance motors of integral horsepower rating are invariably of the threephase type. The reluctance motor has a low power factor, because it requires a large amount of
reactive current for its excitation. The absence of dc excitation in the rotor greatly reduces the
maximum torque, as discussed in Section 6.9.1. A reluctance motor is therefore several times
larger than a synchronous motor with dc excitation having the same horsepower and speed
ratings. However, in some applications these disadvantages may be offset by simplicity of
construction (no slip rings, no brushes, and no dc ﬁeld winding), low cost, and practically
maintenance-free operation.

7.5.2

HYSTERESIS MOTORS

Hysteresis motors use the hysteresis property of magnetic materials to produce torque. The rotor
has a ring of special magnetic material such as magnetically hard steel, cobalt, or chromium
mounted on a cylinder of aluminum or other nonmagnetic material. The stator windings
are distributed windings to produce a sinusoidal space distribution of ﬂux. The stator windings are normally the capacitor-run type. The capacitor is chosen to make the two stator
windings behave as much like a balanced two-phase system as possible. When the stator
windings are connected to a single-phase supply, a rotating ﬁeld is produced, revolving at synchronous speed. This revolving ﬁeld induces eddy currents in the rotor and, because of hysteresis, the magnetization of the rotor lags behind the inducing revolving ﬁeld. In Fig. 7.28a the axes
SS0 and RR0 of the stator and rotor ﬂux waves are displaced by the hysteresis lag angle δ. As long
as the rotor speed is less than the synchronous speed, the rotor material is subjected to a

FIGURE 7.28 Hysteresis motor. (a) Stator
and rotor ﬁeld. (b) T–n characteristic.
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repetitive hysteresis cycle at slip frequency. The angle δ depends on the hysteresis loop and is
independent of the rate at which the rotor materials are subjected to these hysteresis loops. A
constant torque is therefore developed up to the synchronous speed, as shown in Fig. 7.28b. As
the rotor approaches synchronous speed, the frequency of the eddy currents decreases, and at
synchronous speed the rotor materials become permanently magnetized in one direction as a
result of the high retentivity of the rotor material.
The constant torque–speed characteristic is one of the advantages of a hysteresis motor.
Because of this feature it can synchronize any load that it can accelerate, no matter how great
the inertia is. On the other hand, a reluctance motor must “snap” its load into synchronism from
an induction motor torque–speed characteristic. The hysteresis motor is quiet and smoothrunning because of the smooth rotor periphery. However, a high-torque hysteresis motor of
good quality is more expensive than a reluctance motor of the same horsepower rating.

7.6

SPEED CONTROL

In many applications of single-phase motors, speed must be varied over a certain range. For
example, the speed of juice makers, blenders, and hand tools, is often changed. A convenient
and economical way of achieving speed control is to control the voltage applied to the motor
terminals. In the classical method, shown in Fig. 7.29a, speed is changed by changing the value
of an external resistance connected in series with the motor. This method is easy to implement,
but the power loss in the resistance, its physical size, and the problems of durability and
maintenance of the resistance are some of the disadvantages of this method. Recently, a solidstate controller, as shown in Fig. 7.29b, has been widely used to vary the speed. Because
most single-phase motors (induction or series) are of fractional horsepower rating, a triac
(Fig. 7.30a) can be used to control the voltage in both positive and negative half-cycles. If the
ﬁring angle α is changed, it changes the value of the rms voltage applied to the motor terminals
(see Chapter 10, Section 10.3, on ac voltage controllers). This process is illustrated by the
waveforms in Fig. 7.30b. At low motor terminal voltage, the ﬁring angle α is large and the input
current is very distorted (i.e., highly nonsinusoidal), as shown in Fig. 7.30b. The harmonic
current increases the heating of the motor.

FIGURE 7.29 Speed control of single-phase motors. (a) Resistance control.
(b) Solid-state control.
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FIGURE 7.30 Speed control using
triacs. (a) Circuit. (b) Waveforms.

PROBLEMS
7.1

7.2

A 1ϕ, 120 V, 60 Hz, 4-pole induction motor is rotating in the clockwise direction at a speed of 1728
rpm. Calculate per unit slip of the motor for:
(a)

The direction of rotation.

(b)

The backward direction.

A 1ϕ, 120 V, 60 Hz, 1=4 hp, 1720 rpm split-phase motor gave the following reduced voltage test
results when the motor is locked:

Applied voltage
Current
Power

Main winding

Auxiliary winding

V = 25 V
Im = 4:5 A
Pm = 65 W

V = 25 V
Ia = 1:7 A
Pa = 32 W

Problems
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Calculate

7.3

(a)

The phase angle between Im and Ia .

(b)

The locked rotor current if full voltage is applied to the winding.

The nameplate speciﬁcations for a single-phase capacitor-start induction motor are 1φ, 110 V,
hp, 1720 rpm, 8:0 A, 60 Hz. The following test data are obtained for this motor:

1
2

Stator main winding resistance = 2:0 Ω
Blocked motor test (auxiliary winding disconnected),
V = 52 V, I = 8:0 A, P = 255 W
No-load test,
V = 110 V, I = 4:5 A, P = 100 W

7.4

(a)

Obtain the double revolving ﬁeld equivalent circuit for the motor.

(b)

Determine the no-load rotational loss.

A 1φ, 14 hp, 115 V, 1725 rpm, 60 Hz, four-pole, capacitor-start induction motor has the following
equivalent circuit parameters for the main winding:
R1 = 2:2 Ω,
X1 = 2:5 Ω,

R02 = 3:5 Ω
X20 = 2:5 Ω,

Xmag = 60 Ω

The core loss at 115 V is 20 W, and the friction and windage loss is 15 W. The motor is connected
to a 115 V, 60 Hz supply and runs at a slip of 0.04. While running, the starting winding remains
disconnected. Determine the speed, input current, power factor, input power, developed torque,
output power, efﬁciency, and rotor copper loss.
7.5

The motor in Examples 7.1 and 7.2 runs at rated speed. Determine the ratio of the forward ﬂux to
the backward ﬂux.

7.6

A 1φ, 120 V, 60 Hz split-phase induction motor has the following standstill impedances:
Main winding :

Zm = 2:8 + j4:8

Auxiliary winding :

Za = 8 + j6

Determine the value of the capacitor to be connected in series with the auxiliary winding and the
turns ratio a ð = Na =Nm Þ to produce a pure forward mmf wave.
7.7

A single-phase, 120 V, 60 Hz, 12 hp, 1740 rpm split-phase fan motor gave the following test results:

No load test
Standstill test (main winding)
Standstill test (auxiliary winding)

V

I

P

120.0
41.0
38.0

4.0
5.8
7.0

110.0
115.0
200.0
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Main winding resistance = 1.85 Ω.

7.8

(a)

Obtain an equivalent circuit for the motor for running conditions.

(b)

Determine the no-load rotational loss.

(c)

Determine the efﬁciency at the rated speed.

For the motor in Problem 7.7:
(a)

Determine the standstill impedances of the main and auxiliary windings.

(b)

An external starting resistance Rs = 2 Ω is added in series with the auxiliary windings, and
the motor is connected to a 1φ, 120 V, 60 Hz supply.

(i) Draw a phasor diagram of the currents Im and Ia , and the voltage V, with and without
the added resistance Rs .

(ii) Compare the starting torques and starting currents with and without the added resistance.
7.9

Repeat Problem 7.8 if an external starting capacitor Cs = 500 μF is added in series with the auxiliary winding.

7.10

A single-phase, 120 V, 60 Hz, four-pole, capacitor-start induction motor has the following standstill impedances:
Main winding :
Auxiliary winding :

7.11

Zm = 5:5 + j4:8
Za = 8:5 + j5:0

(a)

Determine the value of the starting capacitor required to produce a 90 phase shift between
the currents in the main and auxiliary windings.

(b)

Compare the starting torques with and without the starting capacitor.

(c)

Draw phasor diagrams for Im , Ia , and V, with and without the starting capacitor.

A single-phase, 14 hp, 230 V, 60 Hz, four-pole, 1710 rpm induction motor has the following
equivalent circuit parameters for the main winding:
R1m = 9:5 Ω,
X1m = X20 = 12:0 Ω,

R02 = 10:8 Ω
Xmag = 260 Ω

At 230 V and rated speed, the core loss is 30 W, and the friction and windage loss is 15 W. The
motor is connected to an 1 φ, 230 V, 60 Hz supply and runs at the rated speed. Determine
(a)

The slip.

(b)

The motor current.

(c)

The input power factor.

(d)

The input power.

(e)

The developed torque.

(f)

The output shaft power and shaft torque.

(g)

The efﬁciency.

(h)

The rotor circuit frequencies and the rotor cu-losses.

(i)

The ratio of the forward ﬂux to the backward ﬂux.

Problems
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A single-phase, 120 V, 60 Hz, four-pole, split-phase induction motor gave the following blocked
rotor test data:

Main winding
Auxiliary winding

7.13
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V

I

P

32
40

4
4

80
128

(a)

Determine the standstill impedances of the main and auxiliary windings.

(b)

Determine the values of the resistances to be added in series with the auxiliary winding to
obtain maximum starting torque.

(c)

Compare the starting torques and starting currents with and without the added resistance in
the auxiliary winding circuit if the motor is connected to a 120 V, 60 Hz supply.

A single-phase, 120 V, 60 Hz, four-pole, split-phase induction motor has the following standstill
impedances:
Main winding :
Zm = 5 + j6:25
Auxiliary winding : Za = 8 + j6

7.14

(a)

Determine the value of capacitance to be added in series with the auxiliary winding to obtain
maximum starting torque.

(b)

Compare the starting torques and starting current with and without the added capacitance
in the auxiliary winding circuit when operated from a 120 V, 60 Hz supply.

A four-pole, 115 V, 60 Hz, 1710 rpm, capacitor-start single-phase induction motor has been
designed to produce maximum starting torque per unit starting current. The motor has the following parameters:
R1m = 1:5 ohms,

X1m = 2:6 ohms

R1a = 2:5 ohms,

X1a = 2:5 ohms

Xmag = 40 ohms
R02 = l:0 ohms,

X20 = 1:6 ohms

Na =Nm = l
Capacitor in series with auxiliary winding = 375 μF.

7.15

(a)

Draw the equivalent circuit for the motor under starting conditions. Determine the value of
the starting torque.

(b)

Draw the equivalent circuit for the motor when it runs at the rated (i.e., full-load) speed.
Determine the torque developed at this speed.

(c)

Determine the ratio of the starting torque to the torque developed at the rated speed.

A single-phase, 120 V, 60 Hz, four-pole, split-phase induction motor has the following equivalent
circuit parameters:
R1m = 1:5 Ω,
X1m = 2:5 Ω,

R1a = 2:5 Ω,
X1a = 2:5 Ω,
Xmag = 40 Ω

R02 = 1:0 Ω
X20 = 1:5 Ω
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(a)

Determine the standstill impedances ðZm , Za Þ of the windings.

(b)

Determine the starting torque and the starting current of the motor if it is started from rated
voltage mains as a resistor split-phase motor.

(c)

Determine the value of the capacitor to be connected in series with the auxiliary winding to
produce maximum starting torque per ampere of starting current. Determine the value of
the starting torque and starting current.

(d)

Compare the starting torque per ampere of starting current for cases (b) and (c).

Determine the operating power factor, output power, and efﬁciency for the following single-phase
motors when operated from a 120 V, 60 Hz supply at 1728 rpm. Assume the rotational loss to
be 40 W.
(a)

A four-pole, capacitor-start, single-phase induction motor with the following main winding
equivalent circuit parameters:
R1m = 1:2 Ω,
R02 = 1:6 Ω,

(b)

7.17

X1m = 1:9 Ω,
X20 = 2:0 Ω

Xmag = 36 Ω

A compensated series motor with the same standstill input impedance as the main winding
of the above induction motor. At 1728 rpm, both motors draw the same line current from the
120 V supply. Assume the same rotational loss as in the induction motor.

A single-phase, 400 V, 60 Hz, series motor has the following standstill impedance at 60 Hz.
Z1 = 1:6 + j10:0
(a)

DC supply: The motor is connected to a 400 V dc supply and rotates at 2000 rpm when
loaded to draw a current of 20 A. Neglect rotational loss. Determine

(i) The mechanical power developed.
(ii) The efﬁciency.
(b)

AC supply: The motor is connected to a 1φ, 400 V, 60 Hz supply and loaded to draw a current
of 20 A. Determine

(i) The speed of the motor.
(ii) The supply power factor.
(iii) The mechanical power developed.
(iv) The efﬁciency.
(v) The starting torque. (Assume magnetic linearity.)
7.18

A single-phase, 120 V, 60 Hz series motor gave the following standstill impedances:

(a)

Without the compensating winding,

Z1 = 5 + j25

With the compensating winding,

Z1 = 5:5 + j3:0

Uncompensated motor: The uncompensated motor is connected to a 120 V, 60 Hz supply
and rotates at 1800 rpm when loaded to draw a current of 1:6 A. The rotational loss is 30 W.
Determine the

(i) Supply power factor.
(ii) Mechanical power developed.
(iii) Efﬁciency.

Problems

(b)
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Compensated motor: The compensated motor is connected to a 120 V, 60 Hz supply and
loaded to draw a current of 1:6 A. Determine the

(i) Speed of the motor.
(ii) Supply power factor.
(iii) Mechanical power developed.
(iv) Efﬁciency [assume the same rotational loss as in part (a)].
(c)
7.19

The uncompensated motor is connected to a 120 V, 60 Hz supply. Determine the starting
torque. Assume magnetic linearity—that is, no saturation.

Write a computer program to study the performance characteristics of the single-phase induction
motor of Problem 7.4. For various speeds (1600 rpm to 1795 rpm in steps of 5 rpm) calculate the
following:
Input impedance ðZin Þ, input current ðIin Þ, input power factor (PF), input powerðPin Þ, torque
ðTÞ, mechanical power developed ðPmech Þ, output (shaft) power ðPout Þ, air gap power ðPg Þ, rotor
copper loss ðP2 Þ, and efﬁciency (Eff).
Assume that rotational losses remain constant over the speed range.
(a)

Write a computer ﬂowchart.

(b)

Obtain a computer printout for the performance characteristics mentioned above in
tabular form.

chapter eight
SPECIAL MACHINES
Large electric machines, dc or ac, are used primarily for continuous energy conversion. However, there are many special applications where continuous energy conversion is not required.
For example, robots require position control for movement of the arm from one position to
another. The printer of a computer requires that the paper move by steps in response to signals
received from the computer. Such applications require special motors of low power rating. The
basic principle of operation of these motors is the same as that of other electromagnetic motors.
However, their construction, design, and mode of operation may be different. In this chapter the
operation of servomotors, synchro motors, and stepper motors is discussed.

8.1

SERVOMOTORS

Servomotors, sometimes called control motors, are electric motors that are specially designed
and built, primarily for use in feedback control systems, as output actuators. Their power
rating can vary from a fraction of a watt up to a few hundred watts. They have a high speed of
response, which requires low rotor inertia. These motors are therefore smaller in diameter and
longer. They normally operate at low or zero speed and thus have a larger size for their torque
or power rating than conventional motors of similar rating. They may be used for various
applications, such as robots, radars, computers, machine tools, tracking and guidance systems,
and process controllers. Both dc and ac servomotors are used at present.

8.1.1

DC SERVOMOTORS

DC servomotors are separately excited dc motors or permanent magnet dc motors. A schematic
diagram of a separately excited dc servomotor is shown in Fig. 8.1a. The basic principle of
operation is the same as that of the conventional dc motors discussed in Chapter 4. These dc
servomotors are normally controlled by the armature voltage. The armature is designed to
have large resistance so that the torque–speed characteristics are linear and have a large negative slope, as shown in Fig. 8.1c. The negative slope provides viscous damping for the servo
drive system. Recall that the armature mmf and excitation ﬁeld mmf are in quadrature in a dc
machine (Fig. 8.1b). This provides a fast torque response, because torque and ﬂux are decoupled.
Therefore, a step change in the armature voltage (or current) results in a quick change in the
position or speed of the rotor.

8.1.2

AC SERVOMOTORS

The power rating of dc servomotors ranges from a few watts to several hundred watts. In fact,
most high-power servomotors are dc servomotors. At present, ac servomotors are used for
412
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FIGURE 8.1 DC servomotor.
(a) Schematic diagram.
(b) Armature mmf and ﬁeld
mmf. (c) Torque–speed
characteristics.

low-power applications. AC motors are robust in construction and have lower inertia. However, in general, they are nonlinear and highly coupled machines, and their torque–speed
characteristics are not as ideal as those of dc servomotors. Besides, they are low-torque devices
compared to dc servomotors of the same size.
Most ac servomotors used in control systems are of the two-phase squirrel-cage induction
type. The frequency is normally rated at 60 or 400 Hz; the higher frequency is preferred in
airborne systems.
A schematic diagram of a two-phase ac servomotor is shown in Fig. 8.2. The stator has two
distributed windings displaced 90 electrical degrees apart. One winding, called the reference or
ﬁxed phase, is connected to a constant-voltage source, Vm =−0 . The other winding, called the
control phase, is supplied with a variable voltage of the same frequency as the reference phase but
is phase-displaced by 90 electrical degrees. The control phase voltage is usually supplied from a

FIGURE 8.2 Two-phase ac servomotor. (a) Schematic diagram. (b) Torque–speed characteristics.
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FIGURE 8.3 Drag-cup rotor construction.

servo ampliﬁer. The direction of rotation of the motor depends on the phase relation, leading or
lagging, of the control phase voltage with respect to the reference phase voltage.
For balanced two-phase voltages, jVa j = jVm j, the torque–speed characteristic of the motor is
similar to that of a three-phase induction motor. For low rotor resistance, this characteristic
is nonlinear, as shown in Fig. 8.2b. Such a torque–speed characteristic is unacceptable in
control systems. However, if the rotor resistance is high the torque–speed characteristic, as
shown in Fig. 8.2b, is essentially linear over a wide speed range, particularly near zero speed.
To control the machine it is operated with ﬁxed voltage for the reference phase and variable
voltage for the control phase. The torque–speed characteristics are essentially linear (high rotor
resistance assumed) for various control phase voltages, as shown in Fig. 8.2b.
In low-power control applications (below a few watts), a special rotor construction is used to
reduce the inertia of the rotor. A thin cup of nonmagnetic conducting material is used as the
rotor, as shown in Fig. 8.3. Because of the thin conductor, the rotor resistance is high, resulting
in high starting torque. A stationary iron core at the middle of the conducting cup completes
the magnetic circuit. With this type of construction the rotor is called a drag-cup rotor.

8.1.3

ANALYSIS: TRANSFER FUNCTION AND BLOCK DIAGRAM

Consider the servo system shown in Fig. 8.4. The input variable is the control phase voltage Va
and the output variable is either position θ or speed ωm . Most loads are a combination of inertia
JL and viscous friction FL .
The torque–speed characteristics of the unbalanced two-phase motor shown in Fig. 8.2b are
assumed to be linear and equally spaced for equal increments of the control phase voltage. The
motor torque can be written as
T = Km Va − Fm ωm
where

Km is the motor torque constant in N  m=volt
Fm is the motor viscous friction in N  m=radian=sec

FIGURE 8.4 Servo system using a two-phase motor.

ð8:1Þ
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Note that Fm is just the slope of the torque–speed curves at constant control phase voltage Va .
Also, Km is the change in torque per unit change in control phase voltage at constant speed.
The equation of motion of the servomotor driving the load is
T = Km Va − Fm ωm = ðJm + JL Þ

dωm
+ FL ω m
dt

ð8:2Þ

where JL is the load inertia
Jm is the motor inertia
If θ is the angular position of the load
dθ
= ωm
dt

is the speed of the system

Equation 8.2 can also be written as
Km Va − Fm

dθ
d2 θ
dθ
= ðJm + JL Þ 2 + FL
dt
dt
dt

ð8:3Þ

Equations 8.2 and 8.3 can also be written as
Km Va = ðJm + JL Þ

dωm
+ ðFm + FL Þωm
dt

ð8:4Þ

Km Va = ðJm + JL Þ

d2 θ
dθ
+ ðFm + FL Þ
dt2
dt

ð8:5Þ

Note that the negative slope (Fm ) of the torque–speed characteristic of the motor corresponds
to viscous friction and therefore provides damping for the system.
Taking the Laplace transforms of Eqs. 8.4 and 8.5,
ωm ðsÞ
Km =F
=
Va ðsÞ
1 + sτ m

ð8:6Þ

θðsÞ
Km =F
=
Va ðsÞ sð1 + sτ m Þ

ð8:7Þ

where F = FL + Fm
J = JL + Jm
τ m = J=F is the mechanical time constant of the drive system.
Equations 8.6 and 8.7 are shown in block diagram forms in Fig. 8.5.

FIGURE 8.5 Transfer functions.

416

chapter 8 Special Machines

Time Response for a Step Change in Control Phase Voltage:
Open-Loop Operation
Consider a step change in the control phase voltage Va , as shown in Fig. 8.6a.
V
s

Va ðsÞ =
From Eq. 8.6,
ωm ðsÞ =

Km =F V
1 + sτ m s

Km V
=
F

1
1
−
s s + 1=τ m

!

The corresponding time function is
ωm ðtÞ =

Km V
ð1 − e−t=τ m Þ
F

ð8:8Þ

The steady-state speed is
ωm ð1Þ =

Km V
F

ð8:9Þ

FIGURE 8.6 Step
response in a two-phase
servo system.
(a) Step change in Va .
(b) Response in speed.
(c) Response in position.
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From Eq. 8.7,
θðsÞ =
=

Km =F V
sð1 + sτ m Þ s
Km V
Km Vτ m
Km Vτ m
+
−
2
Fs
Fðs + 1=τ m Þ
Fs

The corresponding time function is
θðtÞ =

Km V
Km Vτ m
Km Vτ m −t=τ m
+
e
t−
F
F
F

ð8:10Þ

The speed response and the position response are shown in Figs. 8.6b and 8.6c, respectively.
EXAMPLE 8.1
A two-phase servomotor has rated voltage applied to its reference phase winding. The torque–
speed characteristic of the motor with Va = 115 V, 60 Hz applied to its control phase winding is
shown in Fig. E8.1. The moment of inertia of the motor and load is 10−5 kg  m2 , and the
viscous friction of the load is negligible (Fig. 8.4).
(a) Obtain the transfer function between shaft position θ and control voltage Va .
(b) Obtain an expression for the shaft position due to the application of a step voltage
Va = 115 V to the control phase winding.
Solution
(a)


T 
Km = 
Va ωm =

T 
Fm =
ω m  Va =

constant


0:2 
=
= 0:00174 N  m=V
115 ωm = 0
=

constant

0:2
= 0:0006366 N  m=rad=sec
3000 × 2π=60

FIGURE E8.1
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F = Fm + FL = Fm + 0 = Fm
J = 10−5 Kg  m2
τm =

J
10−5
= 15:71 × 10−3 sec
=
0:0006366
F

Km
0:00174
=
= 2:733
F
0:0006366
From Eq. 8.7,
θðsÞ
2:733
=
Va ðsÞ sð1 + 0:01571sÞ
Va ðsÞ =

(b)

115
s

Km V
= 2:733 × 115 = 314:3
F
Km V
τ m = 314:3 × 0:01571 = 4:94
F
From Eq. 8.10,
θðtÞ = 314:3t − 4:94 + 4:94 e−t=0:01571
’ 314:3t

▪

Application: Radar Position Control
A typical closed-loop position control system using a two-phase ac servomotor is shown in
Fig. 8.7. With this system the position of a radar antenna can be controlled.

FIGURE 8.7 Radar
position control system.
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Two potentiometers are used as position transducers. The reference potentiometer generates
a voltage Eref depending on the desired position command θref . The second potentiometer
coupled to the shaft of the servomotor produces a voltage E proportional to the output
shaft position θ. The difference in the two voltages, Eerror ð= Eref − EÞ, is therefore proportional
to the position error θref − θ. This error is fed to a servo ampliﬁer, which generates the necessary voltage Va for the control phase winding of the servomotor to reduce the position error
to zero.

EXAMPLE 8.2
For the position control system shown in Fig. 8.7, let the potentiometer transducers give a
voltage of 1 volt per radian of position. The transfer function of the servo ampliﬁer is
GðsÞ = 10ð1 + 0:01571sÞ=ð7 + sÞ. Assume that the initial angular position of the radar is zero.
The transfer function between the motor control phase voltage Va and radar position θ is
MðsÞ = 2:733=sð1 + 0:01571sÞ.
(a) Derive the transfer function of the system.
(b) For a step change in the command angle of 180 (= π radians), ﬁnd the time response of
the angular position of the antenna.
Solution
(a) The block diagram is shown in Fig. E8.2a. This can be simpliﬁed to the block diagram
shown in Fig. E8.2b. From Fig. E8.2b,
θðsÞ
27:33=sðs + 7Þ
27:33
=
=
θref ðsÞ 1 + 27:33=sðs + 7Þ s2 + 7s + 27:33
This equation represents a second-order system. The corresponding block diagram is
shown in Fig. E8.2c.
π
(b)
θref ðsÞ =
s
θðsÞ =

s2

=π
=π
where

27:33
π
+ 7s + 27:33 s

sðs2

27:33
+ 7s + 27:33Þ

sðs2

ω2n
+ 2ξωn s + ω2n Þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ωn = 27:33 = 5:228 rad=sec
7
7
=
= 0:67
ξ=
2ωn
2 × 5:288
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FIGURE E8.2

The time response is
3

 qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e
7
6
θðtÞ = π41− qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ sin ωn 1 − ξ 2 t + cos−1 ξ 5
2
1−ξ
2

−ξωn t

= π½1 − 1:347e−3:5t sinð3:88t + 48 Þ radian
The position response is shown in Fig. E8.2d.

8.1.4

▪

THREE-PHASE AC SERVOMOTORS

DC servomotors have dominated the area of high-power servo systems. Recently, however, a
great deal of research has been conducted on the use of three-phase squirrel-cage induction
motors as servomotors for application in high-power servo systems. A three-phase induction motor is normally a highly nonlinear coupled-circuit device. Many researchers have
operated this machine successfully as a linear decoupled machine, similar to a dc machine,
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using a control method known as vector control or ﬁeld-oriented control.1 In this method, the
currents in the machine are controlled so that torque and ﬂux are decoupled as in a dc
machine. This provides a high-speed response and high-torque response. In Japan, three-phase
induction motors with vector control are being increasingly used as servomotors.

8.2

SYNCHROS

Synchros are ac electromagnetic devices that convert a mechanical displacement into an
electrical signal. Synchros are widely used in control systems for transmitting shaft position
information or for maintaining synchronism between two or more shafts. They are used primarily to synchronize the angular positions of two shafts at different locations where it is not
practical to make a mechanical interconnection of the shafts.
There are many types of synchros and a wide variety of applications. In this section only the
synchro control transmitter (CX), synchro control receiver (CR), and synchro control transformer
(CT) are discussed.
The control transmitter (CX) has a balanced three-phase stator winding similar to the stator
winding of a three-phase synchronous machine. The rotor is of the salient pole type using
dumbbell construction with a single winding, as shown in Fig. 8.8a. If a single-phase ac voltage
is applied to the rotor through a pair of slip rings, an alternating ﬂux ﬁeld is produced along the
axis of the rotor. This alternating ﬂux induces voltages in the stator windings by transformer
action. If the rotor is aligned with the axis of stator winding 2, ﬂux linkage of this stator
winding is maximum, and this position is deﬁned as the electrical zero position of the rotor.
Figure 8.8b shows the rotor position displaced from the electrical zero by the angle α.
The control transformer (CT) has a uniform air gap because of the cylindrical shape of the
rotor, as shown in Fig. 8.9a. This feature is important for the control transformer, because
the rotor terminals are normally connected to an ampliﬁer and the latter should see a constant
impedance irrespective of rotor position. The electrical zero is deﬁned as the position of the

FIGURE 8.8
diagram.
1

Synchro control transformer (CX). (a) Construction. (b) Schematic

W. Leonhard, Control of Electrical Drives, Springer-Verlag, New York, 1985.
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FIGURE 8.9 Synchro
control transformer (CT).
(a) Construction.
(b) Schematic diagram,
rotor winding at electrical
zero position.

rotor that makes the coupling with stator winding 2 zero. This position is shown in Fig. 8.9b.
The stator has a balanced three-phase winding. However, the impedance per phase is greater in
the transformer than in the transmitter. This feature allows several control transformers to be
fed from a single control transmitter.
The control receiver (CR) has essentially the same basic structure as the control transmitter,
that is, three-phase stator winding and single-phase salient pole rotor. However, in the control
receiver a mechanical viscous damper is provided on the shaft to permit the receiver rotor to
respond without causing the rotor to overshoot its mark.

8.2.1

VOLTAGE RELATIONS

To understand the various applications of synchros, it is necessary to know how the stator
phase voltages vary with the rotor displacement. Let us consider the schematic diagram of the
control transmitter shown in Fig. 8.10. A single-phase ac voltage is applied to the rotor winding,
and the rotor is displaced by an angle a from its electrical zero position and held fast. The rotor
voltage is
pﬃﬃﬃ
ð8:11Þ
er = 2Er sin ωt

FIGURE 8.10
transmitter.

Voltages in rotor and stator of a synchro

Synchros

423

Single-phase voltages having the same frequency as the rotor voltage are induced in each
stator phase by transformer action. The value of the induced stator phase voltage depends on
the coupling between the stator phase and the rotor winding.
Let
a=

effective stator turns
effective rotor turns

ð8:12Þ

The voltages induced in the stator phases are
pﬃﬃﬃ
e1n = 2aEr sin ωt cosðα + 120 Þ
pﬃﬃﬃ
e2n = 2aEr sin ωt cos α
pﬃﬃﬃ
e3n = 2aEr sin ωt cosðα − 120 Þ

ð8:14Þ

E1n = aEr cosðα + 120 Þ

ð8:16Þ

E2n = aEr cos α

ð8:17Þ

E3n = aEr cosðα − 120 Þ

ð8:18Þ

ð8:13Þ

ð8:15Þ

The rms voltages are

The rms line-to-line voltages are
pﬃﬃﬃ
E12 = E1n − E2n = 3aEr sinðα − 120 Þ
pﬃﬃﬃ
E23 = E2n − E3n = 3aEr sinðα + 120 Þ
pﬃﬃﬃ
E31 = E3n − E1n = 3aEr sin α

ð8:19Þ
ð8:20Þ
ð8:21Þ

These terminal voltages are shown in Fig. 8.11 as a function of the rotor shaft position. Note
that each rotor position corresponds to one unique set of stator voltages. This characteristic
can be exploited to identify the angular position of the rotor shaft.

FIGURE 8.11 Variation of terminal voltages in a
synchro transmitter as a function of the rotor
position.
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8.2.2

APPLICATIONS

Synchros are extensively used in servomechanism and other applications. Two major applications are discussed here.

Torque Transmission
Synchros can be used to transmit torque over a long distance without the use of a rigid
mechanical connection. Figure 8.12 illustrates such an arrangement for maintaining alignment of two shafts. The arrangement requires a control transmitter (CX) and a control
receiver (CR). The rotor windings of the two synchros are to be connected to the same singlephase ac supply and the stator windings of the two synchros are connected together, as shown
in Fig. 8.12. Let us assume that the rotor of the transmitter is displaced by an angle α and its
winding is connected to the single-phase ac supply by closing the switch SW1 (Fig. 8.12).
Voltages are induced in the stator windings of the transmitter and make currents ﬂow in the
stator windings of the receiver. These currents produce a ﬂux ﬁeld in the transmitter whose
axis is ﬁxed by the angle α. If the rotor winding of the receiver is now connected to the singlephase supply by closing the switch SW2 (Fig. 8.12), a ﬂux ﬁeld is created along the axis of the
receiver rotor, which interacts with the ﬂux ﬁeld of the stator windings to produce a torque.
This torque rotates the receiver rotor, which is free to run, to a position of correspondence
with the transmitter rotor—that is, to the same displacement angle α, as shown in Fig. 8.12.
Note that at this position the induced stator voltages of the receiver have the same magnitudes
and phases as those prevailing in the stator windings of the transmitter. Therefore, no current
ﬂows in the stator windings and no torque is produced. However, if the transmitter rotor,
called the master, is displaced to a new position, the receiver rotor, called the slave, will take a
similar position of correspondence. Note that master–slave roles are not uniquely assigned,
because a displacement of the receiver rotor will also cause the transmitter rotor to be displaced in similar fashion.

FIGURE 8.12 Synchro
transmitter (CX) and synchro
receiver (CR) arrangement for
shaft alignment.
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Error Detection
Synchros can be used for error detection in a servo control system. The arrangement of the
synchros for this purpose is shown in Fig. 8.13. The synchros required are a control transmitter
(CX) and a control transformer (CT). In this arrangement a command in the form of a
mechanical displacement of the CX rotor is converted to a voltage signal appearing across the
CT rotor winding.
Let the rotor winding of the transmitter be connected to a single-phase supply, and let the
rotor be displaced to an angle a, as shown in Fig. 8.13. Currents ﬂow in the stator windings of
the control transformer (CT) as a result of induced voltages in the CX stator windings. The CT
stator currents establish a ﬂux ﬁeld along a. If the CT rotor is held at its electrical zero position,
as shown in Fig. 8.13, a voltage is induced in the CT rotor winding, whose rms value is
E = Emax sin α

ð8:22Þ

where Emax is the maximum rms voltage induced at α = 90 . In general, if αx is the position of
the CX rotor and αT is the position of the CT rotor, measured from their respective electrical
zero positions, the rms voltage available at the CT rotor winding is
E = Emax sin ðαx − αT Þ

ð8:23Þ

The corresponding instantaneous voltage is
pﬃﬃﬃ
e = 2Emax sinðαR −αT Þsin ωt

ð8:24Þ

The application of the synchro error detector in a position servo control system is illustrated
in Fig. 8.14. The objective of this servo system is to make an output shaft follow the angular
displacement of a reference input shaft as closely as possible. The CX rotor is mechanically
connected to an input shaft. As shown in Fig. 8.14, the rotor of the control transformer is
mechanically connected to the output shaft, and the rotor winding is electrically connected to
the input of an ampliﬁer.

FIGURE 8.13 Synchro arrangement for error detection.
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FIGURE 8.14

Servo system using synchros for error detection.

The electrical zero positions for CX and CT rotors are 90 apart. Therefore, when the output
shaft is 90 from the input shaft position, error voltage e is zero, making the input voltage Va to
the servomotor zero, and the motor does not turn. If the input shaft is moved from this 90
relative position, an error voltage e is produced, which, after ampliﬁcation by the ampliﬁer, will
turn the servomotor in a direction such that the output shaft follows the input shaft until the
error voltage is zero and the 90 relative position of the input and output shafts is restored.

8.3

STEPPER MOTORS

A stepper motor rotates by a speciﬁc number of degrees in response to an input electrical pulse.
Typical step sizes are 2 , 2.5 , 5 , 7.5 , and 15 for each electrical pulse. The stepper motor is an
electromagnetic incremental actuator that can convert digital pulse inputs to analog output
shaft motion. It is therefore used in digital control systems. A train of pulses is made to turn
the shaft of the motor by steps. Neither a position sensor nor a feedback system is normally
required for the stepper motors to make the output response follow the input command.
Typical applications of stepper motors requiring incremental motion are printers, tape drives,
disk drives, machine tools, process control systems, X–Y recorders, and robotics. Figure 8.15
illustrates a simple application of a stepper motor in the paper drive mechanism of a printer.
The stepper motor is directly coupled to the platen so that the paper is driven a certain
incremental distance whenever the controller receives a digital command pulse.
Typical resolution of commercially available stepper motors ranges from several steps per
revolution to as many as 400 steps per revolution and even higher. Stepper motors have been
built to follow signals as rapid as 1200 pulses per second with power ratings up to several
horsepower.
Two types of stepper motors are widely used: (1) the variable-reluctance type and (2) the
permanent magnet type.

Stepper Motors

FIGURE 8.15

8.3.1

427

Paper drive using stepper motor.

VARIABLE-RELUCTANCE STEPPER MOTOR

A variable-reluctance stepper motor can be of the single-stack type or the multiple-stack type.

Single-Stack Stepper Motor
A basic circuit conﬁguration of a four-phase, two-pole, single-stack, variable-reluctance stepper
motor is shown in Fig. 8.16. When the stator phases are excited with dc current in proper
sequence, the resultant air gap ﬁeld steps around and the rotor follows the axis of the air gap
ﬁeld by virtue of reluctance torque. This reluctance torque is generated because of the tendency
of the ferromagnetic rotor to align itself along the direction of the resultant magnetic ﬁeld.
Figure 8.17 shows the mode of operation for a 45 step in the clockwise direction. The
windings are energized in the sequence A, A + B, B, B + C, and so forth, and this sequence is
repeated. When winding A is excited, the rotor aligns with the axis of phase A. Next, both
windings A and B are excited, which makes the resultant mmf axis move 45 in the clockwise
direction. The rotor aligns with this resultant mmf axis. Thus, at each transition the rotor
moves through 45 as the resultant ﬁeld is switched around. The direction of rotation can be
reversed by reversing the sequence of switching the windings—that is, A, A + D, D, D + C, etc.

FIGURE 8.16 Basic circuit for a four-phase, two-pole
stepper motor.
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FIGURE 8.17 Operating modes of
stepper motor for 45 step.

A multipole rotor construction is required in order to obtain smaller step sizes. The construction of a four-phase, six-pole stepper motor is shown in Fig. 8.18. When phase A winding
is excited, pole P1 is aligned with the axis of phase A, as shown in Fig. 8.18. Next, phase A and
phase B windings are excited. The resultant mmf axis moves in the clockwise direction by 45 ,
and pole P2, nearest to this new resultant ﬁeld axis, is pulled to align with it. The motor
therefore steps in the anticlockwise direction by 15 . Next, phase A winding is de-excited,
and the excitation of phase B winding pulls pole P3 to align with the axis of phase B. Therefore,
if the windings are excited in the sequence A, A + B, B, B + C, C, . . . , the rotor rotates in steps
of 15 in the anticlockwise direction.

Stepper Motors

FIGURE 8.18
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Multiple stepper motor for 15 step.

Multistack Stepper Motor
Multistack variable-reluctance-type stepper motors are widely used to give smaller step sizes.
The motor is divided along its axial length into magnetically isolated sections (“stacks”), and
each of these sections can be excited by a separate winding (“phase”). Three-phase arrangements are most common, but motors with up to seven stacks and phases are available.
Figure 8.19 shows the longitudinal cross section (i.e., parallel to the shaft) of a three-stack
variable-reluctance stepper motor. The stator of each stack has a number of poles. Figure 8.20
shows an example with four poles. Adjacent poles are wound in the opposite sense, and this
produces four main ﬂux paths, as shown in Fig. 8.20. Both stator and rotor have the same
number of teeth (12 in Fig. 8.20a). Therefore, when a particular phase is excited, the position of
the rotor relative to the stator in that stack is accurately deﬁned, as shown in Fig. 8.20a. The
rotor teeth in each stack are aligned, whereas the stator teeth have a different orientation
between stacks, as shown in the developed diagram of rotor and stator teeth in Fig. 8.20b.
Therefore, when stack A is energized, the rotor and stator teeth in stack A are aligned but those
in stacks B and C are not aligned, as shown in Fig. 8.20b. Next, if excitation is changed from
stack A to stack B, the stator and rotor teeth in stack B are aligned. This new alignment is made

FIGURE 8.19 Cross section of a three-stack,
variable-reluctance stepper motor parallel to
the shaft.
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FIGURE 8.20 Teeth position in a four-pole,
three-stack, variable-reluctance stepper
motor. (a) Phase A excited. Rotor and stator
teeth are aligned. (b) Developed diagram for
rotor and stator teeth for phase A excitation.

possible by a rotor movement in the clockwise direction; that is, the motor moves one step as a
result of changing excitation from stack A to stack B. Another step motion in the clockwise
direction can be obtained if excitation is changed from stack B to stack C. Another change of
excitation from stack C to stack A will once more align the stator and rotor teeth in stack A.
However, during this process (A ! B ! C ! A) the rotor has moved one rotor tooth pitch, that
is, the angle between adjacent rotor teeth. Let x be the number of rotor teeth and N the number
of stacks or phases. Then
Tooth pitch

τp =

360
x

ð8:25Þ

Step size

Δθ =

360
xN

ð8:26Þ
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Number of steps per revolution is
n=

360
= xN
Δθ

ð8:26aÞ

For the motor illustrated in Fig. 8.20,
τp =
Δθ =
n=

360
= 30
12
360
= 10
12 × 3
360
= 36
10

Typical step sizes for the multistack variable-reluctance stepping motor are in the range 2 to
15 degrees.

8.3.2

PERMANENT MAGNET STEPPER MOTOR

The permanent magnet stepper motor has a stator construction similar to that of the singlestack variable-reluctance type, but the rotor is made of a permanent magnet material. Figure
8.21 shows a two-pole, permanent magnet stepper motor. The rotor poles align with two stator
teeth (or poles) according to the winding excitation. Figure 8.21 shows the alignment if phase A
winding is excited. If the excitation is switched to phase B, the rotor moves by a step of 90 .

FIGURE 8.21
motor.

Permanent magnet stepper
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FIGURE 8.22

Rotor of a hybrid stepper motor.

Note that current polarity is important in the permanent magnet stepper motor, because it
decides the direction in which the motor will move. Figure 8.21 illustrates the rotor position for
positive current in phase A. A switch over to positive current in phase B winding will produce a
clockwise step, whereas a negative current in phase B winding will produce an anticlockwise
step. It is difﬁcult to make a small permanent magnet rotor with a large number of poles, and
therefore stepper motors of this type are restricted to larger step sizes in the range 30 to 90 .
Permanent magnet stepper motors have higher inertia and therefore slower acceleration
than variable-reluctance stepper motors. The maximum step rate for permanent magnet
stepper motors is 300 pulses per second, whereas it can be as high as 1200 pulses per second for
variable-reluctance stepper motors. The permanent magnet stepper motor produces more
torque per ampere stator current than the variable-reluctance stepper motor.
Hybrid stepper motors are also commercially available in which the rotor has an axial
permanent magnet at the middle and ferromagnetic teeth at the outer sections as shown in
Fig. 8.22. Smaller step sizes can be obtained from these motors, but they are more expensive
than the variable-reluctance-type stepper motors.

8.3.3

DRIVE CIRCUITS

The command signals for a stepper motor are normally obtained from low-power logic circuits
that are built with TTL or CMOS digital integrated circuits (ICs). The driving current available
is either 20 mA at 5 V (TTL) or 1 mA at 5−15 V(CMOS). However, a typical variable-reluctance
stepper motor producing a torque of 1:2 N  m has a rated winding excitation of 5 V and 3 A.
Therefore, power ampliﬁcation stages are required between the low-power command signals
and the high-power stepper motors.
Variable-reluctance stepper motors require more than two phases (three phases are typical).
The phase currents need only be switched on or off and current polarity is irrelevant for torque
production. Permanent magnet stepper motors require two phases, and the current polarity is
important.

Unipolar Drive Circuit
Figure 8.23 shows a simple unipolar drive circuit suitable for a three-phase variable-reluctance
stepper motor. Each phase winding is excited by a separate drive circuit. The main switching
device is a transistor. A phase winding is excited by applying a control signal to the base of the
transistor. The control signal may require several stages of ampliﬁcation before it attains
the required current level for the base of the transistor.
In order to excite a phase winding, a sufﬁciently high base current is passed through the base
of the transistor. The transistor is saturated and its collector–emitter path behaves like a short
circuit. The supply voltage Vs appears across the phase winding, and the resistance Rext
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FIGURE 8.23 Unipolar drive circuit for a three-phase variable-reluctance
stepper motor.

connected in series with the winding. The dc supply voltage Vs is chosen so that it produces the
rated current I in the winding.
Vs = IðRw + Rext Þ

ð8:27Þ

where Rw is the phase winding resistance. The phase winding has a large inductance and
therefore the electrical time constant (ratio of inductance to resistance) is large. As a result,
buildup of current in the phase winding to its rated value is slow, causing unsatisfactory
operation of the motor at high stepping rates. The addition of the external resistance Rext
decreases the electrical time constant, thereby speeding up the current buildup.
When the base drive current is removed to switch off the transistor, a large induced voltage
will appear across the transistor if the winding current is suddenly interrupted. The large
voltage may permanently damage the transistor. This possibility is avoided by providing an
alternative path for the phase winding current—known as a freewheeling path. Therefore,
when the transistor is switched off, the phase winding current will continue to ﬂow in the
freewheeling diode Df and a freewheeling resistance Rf . The maximum voltage across
the transistor occurs at the instant of switchoff, and is
VCEðmaxÞ = Vs + IRf

ð8:28Þ

Subsequently, the phase current will decay in the closed circuit formed by the phase winding,
Df , Rf , and Rext . The magnetic energy stored in the phase inductance at turnoff of the transistor
is dissipated in the resistances of this closed circuit.
EXAMPLE 8.3
A three-phase variable-reluctance stepper motor has the following parameters:
Rw = 1 Ω
Lw = 30 mH
I=3 A

ðaverage phase winding inductanceÞ
ðrated winding currentÞ
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Design a simple unipolar drive circuit such that the electrical time constant is 2 msec at
phase turn-on and 1 msec at turnoff. The stepping rate is 300 steps per second.
Solution
The turn-on time constant
τ on =

Lw
Rw + Rext

Rw + Rext =

30
= 15 Ω
2

Rext = 15 − 1 = 14 Ω
This resistance must be able to dissipate the power lost when rated current ﬂows through the
phase winding continuously—namely,
PRext = 32 × 14 = 126 W
The required dc supply voltage, from Eq. 8.27, is
Vs = 3 × 15 = 45 V
The turnoff time constant
τ off =
Rw + Rext + Rf =

Lw
Rw + Rext + Rf
30
= 30 Ω
1

Rf = 30 − 15 = 15 Ω
Energy stored in the phase winding at turnoff = 12 Lw I2
= 12 × 30 × 10−3 × 32 J
= 0:135 J
This energy is dissipated in Rf , Rext , and Rw . Since Rf = Rext + Rw ð= 15 ΩÞ, the energy dissipated
in Rf is 0:0675 J.
Stepping rate = 300 steps=sec
Number of turnoffs in each phase = 100
Average power dissipated in Rf = 100 × 0:0675 W = 6:75 W
When the transistor conducts, the reverse voltage across the diode Df is Vs = 45 V. The peak
current of the freewheeling diode is 3 A, which is the phase winding current at the instant the
transistor turns off.
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From Eq. 8.28,
VCEðmaxÞ = 45 + 3 × 15 = 90 V
Current rating of the transistor is 3 A.

▪

Bipolar Drive Circuit
Figure 8.24 shows one phase of a bipolar drive circuit suitable for a permanent magnet or
hybrid-type stepper motor. The transistors are switched in pairs according to the current
polarity required for the phase winding. For example, transistors T1 and T2 are turned on
simultaneously so that current can ﬂow from left to right in the phase winding, as shown in
Fig. 8.24. If transistors T3 and T4 are turned on simultaneously, current will ﬂow in the opposite
direction.
The four diodes D1 to D4 connected in antiparallel with the switching transistors provide
the paths for the freewheeling currents. For example, when T1 and T2 are switched on,
current ﬂows from dc supply to T1 , phase winding (left to right), T2 , and back to dc supply.
When T1 and T2 are switched off (by removing their base currents) current in the phase
winding cannot decay instantaneously because of winding inductance. The current therefore ﬂows through diodes D3 and D4 to the dc supply, as shown in Fig. 8.24 by dashed lines.
Note that when current ﬂows through D3 and D4 to the dc supply, some of the energy stored
in the phase winding inductance at turnoff (of the transistors) is returned to the supply.
This improves the overall system efﬁciency, and is a signiﬁcant advantage of the bipolar
drive circuit over the unipolar drive circuit. Most large stepper motors (greater than 1 kW),
including variable reluctance types, are operated from bipolar drive circuits. Of course,
bipolar drive circuits require more switching devices and are therefore more expensive than
unipolar drive circuits.
Note that the freewheeling currents in the bipolar drive circuit decay more rapidly than in
the unipolar drive circuit, because the dc supply opposes them. Consequently, no additional
freewheeling resistance is necessary in the bipolar drive circuit.

FIGURE 8.24
circuit.

One phase of a bipolar drive
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EXAMPLE 8.4
A stepper motor driven by a bipolar drive circuit has the following parameters:
Winding inductance ðaverageÞ

Lw = 30 mH

Rated current = 3 A
Total resistance in each phase

R = 15 Ω

DC supply = 45 V
When transistors are turned off, determine the
(a) Time taken by the phase current to decay to zero.
(b) Proportion of the stored inductive energy returned to the dc supply.
Solution
(a) The equivalent circuit at turnoff is shown in Fig. E8.4. The current can be considered to
have two components:
(i) One component of current is the initial current 3 A, which decays in Lw and R, with
zero supply voltage, that is, i1 ¼ 3e−t=τ where τ = Lw =R = 30=15 msec = 2 msec.
(ii) The other component of current is i2 , which is produced by the supply voltage Vs ,
assuming no initial current: i2 ¼ −3ð1 − e−t=τ Þ.
Hence the net current is
i = 3e−t=τ − 3ð1 − e−t=τ Þ
= −3 + 6e−t=τ
Let i fall to zero in time t1 .
0 = −3 + 6e−t=τ
e−t1 =τ = 36
τ1
= 0:7
or
τ
t1 = 0:7 × 2 msec = 1:4 msec
or

or

FIGURE E8.4

Equivalent circuits at turnoff. ið0Þ = 3 A.

Problems

(b) Energy returned to the supply, Ws :
Z t1
Z
Vs i dt =
Ws =
Z

0

0
t1

=

t1

45ð−3 + 6e−t=τ Þ dt

Z

t1

−135 dt +

0
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270e−t=τ dt

0

t1
t1


= −135t + 270ð−τÞe−t=τ 
0

0

= −135t1 − 270τðe−t1 =τ − 1Þ
Now t1 = 1:4 × 10−3 sec and τ = 2 × 10−3 sec. Therefore,
Ws = −135 × 1:4 × 10−3 −270 × 2 × 10−3 ð0:5−1Þ
= 0:081 joules
= 81 mJ
Stored energy = 12 Lw I2
= 12 × 30 × 32 mJ
= 135 mJ
Proportion of energy returned to supply:
=

81
× 100%
135

= 60%

▪

PROBLEMS
8.1

A closed-loop speed control system using a two-phase ac servomotor is shown in Fig. P8.1. The
transfer function between speed and control phase voltage is
ωðsÞ
2:733
=
Va ðsÞ 1 + 0:0157s
The servo ampliﬁer is a PI (proportional–integral) type of controller whose transfer function is
GðsÞ = Kp +

Kp s + Ki
Ki
=
s
s

(a) Derive the transfer function for the speed control system ωm ðsÞ=ω*m ðsÞ.
(b)

If KP =Ki = 0:0157, derive the transfer function for the system. Determine the values of KP and
Ki if the time constant of the speed response is 1.0 second.
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FIGURE P8.1

8.2

For the position control system shown in Fig. 8.7, the transfer function of the servo ampliﬁer is
GðsÞ =

5ð1 + 0:02sÞ
s+5

The transfer function between the motor control phase voltage Va and shaft position θ is
MðsÞ =

8.3

2
sð1 + 0:02sÞ

(a)

Derive the transfer function of the system.

(b)

For a step change in the command angle of 180 , ﬁnd the time response of the speed and
position of the shaft. Sketch the responses.

For the synchro transmitter of Fig. 8.10, the rms voltage induced in winding S2 is 50 V at the
electrical zero position. When the rotor is at 30 from electrical zero position in a counterclockwise direction,
(a) Determine the rms voltages in the windings.
(b)

Determine the rms voltages between lines.

8.4

For the synchro system of Fig. 8.13, the maximum rms voltage induced in the rotor of the CT is
10 V. The rotor of the CT is held at the electrical zero position. Determine the voltage induced in
the rotor of the CT in response to a displacement of the rotor of the CX from its electrical zero
position by 20 .

8.5

Consider the multipole stepper motor shown in Fig. 8.18. Determine the sequence of excitation for
a 30 step.

8.6

A single-stack, four-phase (stator) multipole stepper motor is required to produce an 18 step
motion. Determine the number of rotor poles and the sequence of excitation of the stator phases.
Draw a cross-sectional view of the stepper motor.

8.7

A single-stack, eight-phase (stator), multipole, stepper motor has six rotor teeth. The phases are
excited one at a time.

8.8

(a)

Determine the step size.

(b)

Determine the steps per revolution.

(c)

Determine the rpm, if the excitation frequency is 120 Hz.

Repeat Problem 8.7 for a rotor with four teeth.
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8.9

A three-stack, four-pole stepper motor has eight teeth on the rotor, as well as on the stator.
Determine the step size as excitation is changed from one stack to the next.

8.10

A three-stack stepper motor is used to produce a step size of 2 .
(a) Determine the steps per revolution.
(b)

Determine the number of rotor teeth.

8.11

Consider the permanent magnet stepper motor shown in Fig. 8.21. Determine the sequence of
excitation for a 45 step.

8.12

A two-pole, permanent magnet, stepper motor requires six steps per revolution.
(a) Determine the number of stator phases.

8.13

(b)

Determine the sequence of excitation.

(c)

Draw a cross-sectional view of the stepper motor.

The motor in Fig. 8.16 is controlled by a 4-bit digital signal from a microcomputer. The 4 bits
represent excitation of phases A to D, respectively. For example, a digital signal 1000 will cause
excitation of phase A and 0110 will cause excitation of phase B and phase C.
(a) Write a table for the 4-bit digital signals for 45 step rotation. Show the angle of rotation and
phases excited.
(b)

8.14

Continuous sequencing of the digital signals of part (a) causes the motor rotate at constant
speed. Determine the number of signals per second (i.e., nibbles/sec) if the motor rotates at
720 rpm.

A four-phase, permanent magnet, stepper motor is shown in Fig. P8.14. The phases are excited by
a 4-bit digital signal from a microcomputer.

FIGURE P8.14
(a)

Write a table for the 4-bit digital signals for a 90 step revolution. Show the angle of rotation
and the phases excited.

(b)

Determine the rpm of the stepper motor if the number of pulses per second is 100.
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A 3φ variable-reluctance stepper motor has the following parameters:
Rw = 2:0 Ω
Lw = 50 mH
I=5 A

ðaverageÞ

ðrated winding currentÞ

Each phase is controlled by a unipolar drive circuit. The resistance connected in series with the
winding is Rext = 10 Ω, and that with the freewheeling diode is Rt = 5 Ω.
(a) Determine the electrical time constants (τ on and τ off ) at turn-on and turnoff of a phase.

8.16

(b)

Determine the value of the supply voltage Vs .

(c)

Determine the voltage and current ratings of the transistor and diode.

(d)

If phase current conducts for 3ðτ on + τ off Þ, determine the maximum value of the stepping
rate (steps per second) of the motor.

A stepper motor is driven by bipolar drive circuits. The stepper motor has the following parameters:
Lw = 50 mH
Rw = 2 Ω
Irated = 5:0 A
Determine the supply voltage (Vs ) and external resistance (Rext ) to be connected in series with the
phase winding such that rated current ﬂows when the transistor is on and phase current decays to
zero in 1:0 msec when the transistor is off.

chapter nine
TRANSIENTS AND DYNAMICS
In earlier chapters the steady-state operation and performance of dc and ac machines have
been discussed. However, when a disturbance is applied, the machine behavior can be quite
different. A transient period of readjustment occurs between the initial and ﬁnal steadystate operating conditions. In many applications it is necessary to know the behavior of the
machine (i.e., its response to the disturbance) during this transient period. In this chapter
both the electrical transient behavior and the mechanical transient behavior (the dynamics) of
dc and ac machines are studied. The study of transients and of dynamic behavior is quite
complex, and simplifying assumptions are frequently made.

9.1

DC MACHINES

DC machines can be controlled with ease and are used in applications requiring control of
speed over a wide range of applications requiring precise control of other variables such as
position in servo drives. The following assumptions are made to reduce the complexity of the
analysis when the dc machine is used as a system component.
1. Magnetic saturation is neglected. This assumption implies that inductances are independent of currents.
2. The ﬁeld mmf is assumed to act along the d-axis and the armature mmf to act along the
q-axis. Consequently, there is no mutual inductance between the ﬁeld circuit and
the armature circuit. A further consequence is that there is no demagnetizing effect due to
armature reaction.
We ﬁrst study electrical transients in a dc generator. Following this analysis we study the
dynamic behavior of a dc motor. For this purpose the machine behavior is described by
equations, and transfer functions relating the output variables to the input variables are
derived to obtain the response of the system resulting from a sudden input change.

9.1.1

SEPARATELY EXCITED DC GENERATOR

A schematic representation of a separately excited dc generator is shown in Fig. 9.1. The
armature inductance is represented by the q-axis inductance Laq , because the armature
mmf acts along the q-axis. The basic equations for the dc machine are
ea = Ka Φωm

ð9:1Þ

T = Ka Φia

ð9:2Þ

441

442

chapter 9 Transients and Dynamics

FIGURE 9.1 Schematic representation of a separately excited
dc generator.

If magnetic linearity is assumed,
e a = K f if ω m

ð9:3Þ

T = Kf if ia

ð9:4Þ

1. Field circuit transient. Let us ﬁrst consider the electrical transients in a separately excited dc
generator resulting from changes in the excitation (i.e., in the ﬁeld circuit voltage). The armature
circuit is open-circuited, and the generator is assumed to be running at a constant speed ωm .
From Fig. 9.1, the voltage equation for the ﬁeld circuit, after the switch SW is closed, is
Vf = Rf if + Lf

dif
dt

ð9:5Þ

The Laplace transform of Eq. 9.5 with zero initial conditions is
Vf ðsÞ = Rf If ðsÞ + Lf sIf ðsÞ = If ðsÞðRf + sLf Þ

ð9:6Þ

The transfer function relating the ﬁeld current to the ﬁeld voltage is
If ðsÞ
1
1
=
=
Vf ðsÞ Rf + sLf
Rf ð1 + sτ f Þ

ð9:7Þ

where τ f = Lf =Rf is the time constant of the ﬁeld circuit.
The generated voltage in the armature circuit, from Eq. 9.3, is
e a = K f if ω m = K g if

ð9:8Þ

where Kg = ðKf ωm Þ is the slope of the linear portion of the magnetization curve, at speed
ωm , representing ea plotted against if . The Laplace transform of Eq. 9.8 is
Ea ðsÞ = Kg If ðsÞ

ð9:9Þ

From Eqs. 9.7 and 9.9, the transfer function relating the armature (generated) voltage to
the ﬁeld circuit voltage is
Kg
Ea ðsÞ Ea ðsÞ If ðsÞ
=

=
Vf ðsÞ
If ðsÞ Vf ðsÞ Rf ð1 + sτ f Þ

ð9:10Þ
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Field circuit transients. (a) Block diagram. (b) Response.

Equations 9.7, 9.9, and 9.10 are represented in block diagram form in Fig. 9.2. The
time domain response corresponding to the transfer function of Eq. 9.10 (for a step change
of Vf ) is
ea ðtÞ =

Kg Vf
ð1  et=τ f Þ
Rf

= Ea ð1  et=τ f Þ
where

ð9:11Þ
ð9:12Þ

Ea = ea ð1Þ = Kg Vf =Rf = Kg If is the steady-state generated voltage
If = Vf =Rf is the steady-state ﬁeld current

The response is shown in Fig. 9.2b. It is a ﬁrst-order response with time constant τ f . The
ﬁeld circuit time constant τ f is quite large, and varies in the range 0.1 to 2 seconds.
2. Armature circuit transient. Let us now consider an electrical transient in the armature circuit.
In Fig. 9.3a, the load, consisting of resistance RL and inductance LL , is connected to the

FIGURE 9.3 Armature circuit transient. (a) Schematic circuit. (b) Block diagram.
(c) Response.
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armature terminal by closing the switch SW at t = 0. It is assumed that the armature rotates
at constant speed, and that the ﬁeld current also stays constant. After the switch is closed,
Ea = Ra ia + Laq

dia
dia
+ RL ia + LL
dt
dt

ð9:13Þ

or
Ea = ðRa + RL Þia + ðLaq + LL Þ

dia
dt

ð9:14Þ

or
Ea = Rat ia + Lat
where

dia
dt

ð9:15Þ

Rat = Ra + RL is the total resistance in the armature circuit
Lat = Laq + LL is the total inductance in the armature circuit

The Laplace transform of Eq. 9.15 is

The transfer function is

Ea ðsÞ = Rat Ia ðsÞ + Lat sIa ðsÞ

ð9:16Þ

Ia ðsÞ
1
=
Ea ðsÞ Rat ð1 + sτ at Þ

ð9:17Þ

where τ at = Lat =Rat is the armature circuit time constant.
A block diagram representation of the transfer function of Eq. 9.17 is shown in Fig. 9.3b.
The time domain response is
Ea
ð1  et=τ at Þ
ð9:18Þ
ia ðtÞ =
Rat
The response is shown in Fig. 9.3c. This is also a ﬁrst-order response with time constant τ at .
Normally, τ at is low, and therefore armature current ia builds up quickly.
From Eqs. 9.10 and 9.17, the total transfer function relating the armature current to the
ﬁeld circuit voltage is
Kg
Ia ðsÞ
Ia ðsÞ Ea ðsÞ
=

=
Rf Rat ð1 + sτ f Þð1 + sτ at Þ
Vf ðsÞ Ea ðsÞ Vf ðsÞ
The corresponding block diagram representation is shown in Fig. 9.4a.

FIGURE 9.4

Field and armature circuit transient. (a) Block diagram. (b) Response.

ð9:19Þ
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For a step change of voltage in the ﬁeld circuit,
Vf ðsÞ =

Vf
s

ð9:20Þ

From Eqs. 9.19 and 9.20,
Ia ðsÞ =

Kg Vf
Rf Rat sð1 + sτ f Þð1 + sτ at Þ

ð9:21Þ

Ia ðsÞ =

Kg Vf
Rf Rat τ f τ at sðs + 1=τ f Þðs + 1=τ at Þ

ð9:22Þ

Ia ðsÞ =

A
sðs + 1=τ f Þðs + 1=τ at Þ

ð9:23Þ

or

or

where

A = Kg Vf =Rf Rat τ f τ at

or
A1
A2
A3
+
+
s
s + 1=τ f
s + 1=τ at


A
 = Aτ f τ at
A1 =
ðs + 1=τ f Þðs + 1=τ at Þ s=0


A

A2 =
sðs + 1=τ at Þ s=1=τ f


A

A3 =
sðs + 1=τ f Þ s=1=τ at
Ia ðsÞ =

where

ð9:24Þ

The time domain response of ia is
ia ðtÞ = A1 + A2 et=τ f + A3 et=τ at

ð9:25Þ

Note that A1 represents the steady-state value of the armature current—that is, A1 =
ia ð1Þ = ðKg Vf Þ=ðRf Rat Þ = Kg If =Rat = Ea =Rat . Figure 9.4b shows the response of armature
current ia for a step change in the ﬁeld circuit voltage.
EXAMPLE 9.1
A separately excited dc generator has the following parameters:
Rf = 100 Ω,

Lf = 25 H

Ra = 0:25 Ω,

Laq = 0:02 H

Kg = 100 V

per field ampere at rated speed
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(a) The generator is driven at rated speed and a ﬁeld circuit voltage Vf = 200 V is suddenly
applied to the ﬁeld winding.
(i) Determine the armature-generated voltage as a function of time.
(ii) Determine the steady-state armature voltage.
(iii) Determine the time required for the armature voltage to rise to 90 percent of its
steady-state value.
(b) The generator is driven at rated speed and a load consisting of RL = 1 Ω and LL = 0:15 H in
series is connected to the armature terminals. A ﬁeld circuit voltage Vf = 200 V is suddenly
applied to the ﬁeld winding. Determine the armature current as a function of time.
Solution
(a) Field circuit time constant τ f = 25=100 = 0:25 sec:
(i) From Eq. 9.11,
ea ðtÞ =


100 × 200
1  et=0:25
100

= 200ð1  e4t Þ
ea ð1Þ = 200 V

(ii)

0:9 × 200 = 200 1  e4t

(iii)



t = 0:575 sec
τ f = 0:25 sec

(b)

τ at =

0:15 + 0:02
= 0:136 sec
1 + 0:25

From Eq. 9.22,
Ia ðsÞ =

where

A1 =

100 × 200
100 × 1:25 × 0:25 × 0:136sðs + 4Þðs + 7:35Þ

=

4705:88
sðs + 4Þðs + 7:35Þ

=

A1
A2
A3
+
+
s
s + 4 s + 7:35



4705:88
 = 160
ðs + 4Þðs + 7:35Þ s=0


4705:88 
= 351
A2 =
sðs + 7:35Þ s=4
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4705:88 
= 191
sðs + 4Þ s=7:35

From Eq. 9.25,
ia ðtÞ = 160  351e4t + 191e7:35t

9.1.2

▪

DC MOTOR DYNAMICS

DC motors are extensively used in applications where precise control of speed and torque is
required over a wide range. A common method of control is the use of a separately excited dc
motor with constant ﬁeld excitation. The speed is controlled by changing the voltage applied to
the motor terminals. We now investigate how the speed of the motor responds to changes
in the terminal voltage. The study involves electrical transients in the armature circuit and
mechanical transients in the mechanical system driven by the motor.
A separately excited dc motor system is shown in Fig. 9.5a. Assuming magnetic linearity, the
basic motor equations are
T = K f if ia = K m ia

ð9:26Þ

ea = K f i f ω m = K m ω m

ð9:27Þ

where Km = Kf if is a constant, which is also the ratio ea =ωm , ea being the generated voltage
corresponding to the ﬁeld current if at the speed ωm .
The Laplace transforms of Eqs. 9.26 and 9.27 are
TðsÞ = Km Ia ðsÞ

ð9:28Þ

Ea ðsÞ = Km ωm ðsÞ

ð9:29Þ

In Fig. 9.5a, let the switch SW be closed at t = 0. After the switch is closed,
Vt = ea + Ra ia + Laq

dia
dt

ð9:30Þ

From Eqs. 9.27 and 9.30,
Vt = Km ωm + Ra ia + Laq

dia
dt

ð9:31Þ

The Laplace transform of Eq. 9.31 for zero initial conditions is
Vt ðsÞ = Km ωm ðsÞ + Ra Ia ðsÞ + Laq sIa ðsÞ

ð9:32Þ

Vt ðsÞ = Km ωm ðsÞ + Ia ðsÞRa ð1 + sτ a Þ

ð9:33Þ

or
where τ a = Laq =Ra is the electrical time constant of the armature.
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FIGURE 9.5 Separately excited dc motor. (a) Schematic diagram. (b) Block
diagram representation. (c) Response.

The dynamic equation for the mechanical system is
T = K m ia = J

dωm
+ Bωm + TL
dt

ð9:34Þ

where J is the combined polar moment of inertia of the load and the rotor of the motor, B is the
equivalent viscous friction constant of the load and motor, and TL is the mechanical load
torque. The term Bωm represents the rotational loss torque of the system.
The Laplace transform of Eq. 9.34 is
TðsÞ = Km Ia ðsÞ = Jsωm ðsÞ + Bωm ðsÞ + TL ðsÞ

ð9:35Þ

From Eqs. 9.35 and 9.28,
ωm ðsÞ =

TðsÞ  TL ðsÞ Km Ia ðsÞ  TL ðsÞ
=
Bð1 + sJ=BÞ
Bð1 + sτ m Þ

ð9:36Þ
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where τ m = J=B is the mechanical time constant of the system. From Eqs. 9.29 and 9.33,
Ia ðsÞ =

Vt ðsÞ  Ea ðsÞ Vt ðsÞ  Km ωm ðsÞ
=
Ra ð1 + sτ a Þ
Ra ð1 + sτ a Þ

ð9:37Þ

A block diagram representation of Eqs. 9.36 and 9.37 is shown in Fig. 9.5b.
Let us consider a few special cases:
1. Load torque proportional to speed.
TL ∝ ω m
= BL ω m

ð9:38Þ

Let the total inertia of the system be
J = Jmotor + Jload

ð9:38aÞ

Km Ia ðsÞ = Jsωm ðsÞ + Bm ωm ðsÞ + BL ωm ðsÞ

ð9:39Þ

Equation 9.35 can be written as

= Jsωm ðsÞ + ðBm + BL Þωm ðsÞ

ð9:39aÞ

= Jsωm ðsÞ + Bωm ðsÞ

ð9:39bÞ

The load therefore increases the viscous friction of the mechanical system. From Eqs. 9.33
and 9.39b,
BRa
ð1 + sτ m Þð1 + sτ a Þ ωm ðsÞ
ð9:40Þ
Vt ðsÞ = Km ωm ðsÞ +
Km
ωm ðsÞ
1
=
Vt ðsÞ
Km + ðBRa =Km Þð1 + sτ m Þð1 + sτ a Þ

ð9:40aÞ

The speed response due to a step change in the terminal voltage Vt is a second-order
response because of the two time constants τ m and τ a . The response can be underdamped
or overdamped depending on the values of these time constants and the other parameters
Km , B, and Ra . Two typical responses are shown in Fig. 9.5c.
2. Laq = 0. If the armature circuit inductance is neglected, the electrical time constant τ a is
zero. From Eq. 9.40a, the transfer function becomes
ωm ðsÞ
1
=
Vt ðsÞ
Km + ðRa B=Km Þð1 + sτ m Þ

ð9:41Þ

or
ωm ðsÞ
Km
1
= 2

Km + Ra B 1 + sτ 0m
Vt ðsÞ

ð9:42Þ

where
τ 0m =

Ra B
τ < τm
2 +R B m
Km
a

ð9:43Þ
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3. B = 0, inertia load. If the viscous friction is zero, Eq. 9.39b becomes
Km Ia ðsÞ = Jsωm ðsÞ

ð9:44Þ

From Eqs. 9.33 and 9.44,
Vt ðsÞ = Km ωm ðsÞ +
or

Jsωm ðsÞRa ð1 + sτ a Þ
Km

ωm ðsÞ
1
=
Vt ðsÞ
Km + ðJRa =Km Þsð1 + sτ a Þ

ð9:45Þ

4. Supply disconnected. Let us now investigate what happens if the supply is suddenly disconnected—that is, the switch SW in Fig. 9.5a is opened at t = 0. The dynamic equation for
the mechanical system is
dωm
+ Bωm = 0
ð9:46Þ
T = K m ia = J
dt
or
Bωm =  J

dωm
dt

ð9:47Þ

The Laplace transform of Eq. 9.47 is
Bωm ðsÞ =  J½sωm ðsÞ  ωm0 

ð9:48Þ

where ωm0 is the initial speed. From Eq. 9.48,
Jωm0
ωm0
=
ωm ðsÞ =
B + sJ
ðs + B=JÞ
or

ωm0
s + 1=τ m

ð9:49Þ

ωm ðtÞ = ωm0 et=τ m

ð9:50Þ

ωm ðsÞ =

The time domain response of speed is
The speed decreases exponentially with time constant τ m . The deceleration of speed is
shown in Fig. 9.6. The intersection of the initial slope on the time axis represents the
mechanical time constant τ m ð= J=BÞ.

FIGURE 9.6 Deceleration of the dc motor.
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EXAMPLE 9.2
A separately excited dc motor has the following parameters:
Ra = 0:5 Ω,

Laq ’ 0,

B’0

The motor generates an open-circuit armature voltage of 220 V at 2000 rpm and with a ﬁeld
current of 1.0 ampere.
The motor drives a constant load torque TL = 25 N  m. The combined inertia of motor and
load is J = 2:5 kg  m2 . With ﬁeld current If = 1:0 A, the armature terminals are connected to a
220 V dc source.
(a) Derive expressions for speed ðωm Þ and armature current ðia Þ as a function of time.
(b) Determine the steady-state values of the speed and armature current.
Solution
(a)

Ea = K m ω m
Km =

220
= 1:05 V=rad=sec
ð2000=60Þ × 2π

Vt = ea + ia Ra = Km ωm + ia Ra
T = K m ia = J

dωm
+ TL
dt

From the last two equations,
0

1

Vt = Km ω m + Ra @

J dωm
TL A
+
Km
Km dt

= Km ω m +

Ra J dωm
Ra TL
+
Km
Km dt

= 1:05ωm +

0:5 × 2:5 dωm
0:5 × 25
+
dt
1:05
1:05

= 1:05ωm + 1:19
Vt ðsÞ =
ωm ðsÞ =
=

dωm
+ 11:9
dt

220
11:9
= 1:05ωm ðsÞ + 1:19sωm ðsÞ +
s
s
220  11:9
sð1:05 + 1:19sÞ
174:874
sðs + 0:8824Þ
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=

198:2
198:2

s
s + 0:8824

ωm ðtÞ = 198:2ð1  e0:8824t Þ
ia =

=

Vt  Km ωm
Ra
220  1:05ωm
0:5

= 440  2:1 × 198:2ð1  e0:8824t Þ
= 23:8 + 416:2e0:8824t
(b) Steady-state speed is ωm ð1Þ = 198:2 rad=sec.
Steady-state current is Ia = ia ð1Þ = 23:8 A. ▪

9.2

SYNCHRONOUS MACHINES

Synchronous machines are used primarily as generators, either supplying power to an individual load or connected to an inﬁnite bus. A disturbance may occur in a synchronous machine
in various ways. An accidental short circuit may occur between line and ground, between line
and line, or between all three lines. A disturbance may also be caused by the sudden application
of a load to the machine. Any kind of disturbance will cause electrical and mechanical transients. The machine may even lose synchronism because of a disturbance. Transient phenomena in a synchronous machine are inherently very complex. The study of synchronous
machine transients and dynamics has been a formidable challenge to power system engineers
for many years. The general subject is so broad and complicated that many books have been
written, and many courses offered, on this topic.
In this section we provide only a basic understanding of transient phenomena in a synchronous machine. We consider two particular cases: (1) a sudden three-phase short circuit at
the stator terminals and (2) mechanical transients caused by a sudden load change. The
development of an understanding will be based primarily on physical or semi-intuitive reasoning. A rigorous analysis of this complex subject matter is beyond the scope of this book.

9.2.1

THREE-PHASE SHORT CIRCUIT

Short Circuit on an Open-Circuited Synchronous Generator
Figure 9.7 shows a schematic representation of a three-phase synchronous machine. The rotor
is rotating at some speed ωm , and the ﬁeld current If generates an open-circuit voltage Ef in
each phase. If the stator terminals are now shorted, a large transient current will ﬂow through
them. However, when the transient dies down, the steady-state short-circuit current is
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FIGURE 9.7 Schematic diagram of a synchronous generator with
short on stator terminals.

Isc =

Ef
Xs

ð9:51Þ

If Ef = 1 pu and Xs = 1 pu (typically) the steady-state short-circuit current is 1 pu. This is a good
feature of the synchronous machine. If the short circuit is sustained, it will not damage the
machine. However, at the instant the short is applied, the armature current can be very high—
as high as 5 to 10 pu. To determine the circuit breaker rating or relay setting of the protective
system, a prior knowledge of the armature current during the transient period is essential.
Before the short is applied, the ﬂux linkages of the ﬁeld winding and damper (or amortisseur)
winding are constant. No current is present in the damper winding because it rotates at the
same speed as the ﬁeld winding. The only current present is the dc current in the ﬁeld winding.
However, when the short is applied, armature current ﬂows whose mmf directly opposes the
mmf of the ﬁeld winding. The ﬂux linkages of both ﬁeld winding and damper winding are
affected. To maintain the component ﬂuxes constant at their initial values, induced components of current will ﬂow in both ﬁeld winding and damper winding. This phenomenon can be
explained as follows. Consider a ring of conductor, as shown in Fig. 9.8, having an inductance
L. If a magnetic ﬁeld is suddenly applied, the loop resists change in the ﬂux linkage. Consequently, a current i is induced in the loop,
Φ
ð9:52Þ
i=
L
where Φ is the applied ﬂux on the loop. If the loop has no resistance, the current is sustained,
thereby maintaining the initial zero ﬂux linkage. If the loop has resistance, the current
decays, thereby allowing the ﬂux linkage to change.
The induced currents in the ﬁeld winding and damper winding decay because of the resistances in these circuits. The change in the ﬁeld current resulting from an armature short circuit
is shown in Fig. 9.9. These induced currents are equivalent to an increase of the ﬁeld excitation,
and therefore a large current will ﬂow in the armature circuit immediately after the short
circuit is applied.

FIGURE 9.8 Flux linkage in a
conductive loop.
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FIGURE 9.9 Change in ﬁeld current following
armature short circuit.

In a salient pole machine the damper winding is placed in the rotor pole faces. Solid
cylindrical rotor machines do not generally have damper windings. However, during transient
periods, currents that are induced directly in the rotor body produce essentially the same
effects as the damper currents in a salient pole machine.
Figure 9.10a shows the trace of short-circuit current in a stator phase resulting from a threephase short suddenly applied at the stator terminals. This symmetrical trace can be obtained
oscillographically if the short is applied at the instant when the preshort ﬂux linkage of the phase is
zero. The envelope of the wave is shown in Fig. 9.10b. The envelope shows three distinct periods:
the subtransient period, lasting only the ﬁrst few cycles, during which current decreases very
rapidly; the transient period, lasting a relatively longer time, during which the current decrease is
more moderate; and ﬁnally the steady-state period, during which the current is determined by
Eq. 9.51. The three successive periods merge through nearly exponential decays. In Fig. 9.10b the
current difference Δi0 is the difference between the transient envelope and the steady-state
amplitude. Similarly, Δi00 is the difference between the subtransient envelope and an extrapolation of the transient envelope. When these quantities (Δi0 , Δi00 ) are plotted on semilog coordinates,
they decay linearly, as shown in Fig. 9.10c, indicating that they are exponential decays.
During the subtransient period, because of the demagnetizing effect of armature current (the
mmf of armature current opposes the mmf of the ﬁeld winding), currents are induced in both
damper winding and ﬁeld winding to maintain the ﬂux constancy of the prefault condition.
This, in effect, is similar to a large increase in rotor excitation, and therefore a large armature
current ﬂows during the subtransient period. The damper current decays rapidly because of the
small time constant of the damper circuit. The behavior of the stator current during this period
is determined primarily by the damper current.
During the transient period, the damper current has decayed to zero. The behavior of the
armature current during this period is determined by the ﬁeld winding current, which decays
with a larger time constant.

Short-Circuit Current
The armature current can be determined for the various periods by using appropriate reactances
and time constants. During short circuit, mmfs act along the d-axis. The equivalent circuits during
the various periods of short circuit are shown in Fig. 9.11. The d-axis synchronous reactances
for the various periods can be determined from Figs. 9.10b and 9.11, as follows:
pﬃﬃﬃ Ef
Xd = 2 , steady-state d-axis reactance
ð9:53Þ
0a
pﬃﬃﬃ Ef
Xd0 = 2 , d-axis transport reactance
0b
p
ﬃﬃﬃ
Ef
Xd00 = 2 , d-axis subtransient reactance
0c

ð9:54Þ
ð9:55Þ
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FIGURE 9.10 Armature
short circuit. (a) Symmetrical
armature current. (b) Envelope
of current. (c) Decay of current
difference.
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FIGURE 9.11 Equivalent circuits for calculation of fault current during various
periods of armature short circuit (open-circuited generator). (a) Steady-state short
circuit. (b) Transient period (Ia decays). (c) Subtransient period (Ia decays).

The short-circuit current of an armature phase is
isc = ½varying amplitude sin ωt
0

00

= ½0a + ð0b  0aÞet=τd0 + ð0c  0bÞet=Td0  sin ωt
or

where





pﬃﬃﬃ Ef
Ef Ef t=T 0
Ef Ef t=T 00
d0 +
d0 sin ωt
e
e
+


= 2
Xd
Xd0 Xd
Xd00 Xd0

ð9:56Þ

ð9:57Þ

0
Td0
is the time constant during the transient period and is so deﬁned that it determines
the decay of the transient envelope bde,
00
Td0
is the time constant during the subtransient period and is so deﬁned that it
determines the decay of the subtransient envelope cd.

DC Component
The symmetrical wave of Fig. 9.10a is a special case rather than a general case. The more usual
short-circuit currents are shown in Fig. 9.12. These currents are not symmetrical about the
zero-current axis and deﬁnitely show the dc components responsible for the offset waves. A
symmetrical wave, as shown in Fig. 9.10a, can be obtained by replotting the offset wave with
the dc component subtracted from it.
The dc component in the short-circuit armature current is due to the ﬂux linkage of a phase
at the instant the short is applied. If the ﬂux linkage of a phase is zero at the instant the short
circuit is applied, no dc component is required to maintain the ﬂux linkage at that zero value
and the short-circuit current wave for that phase is symmetrical. On the other hand, if the ﬂux
linkage of a phase is nonzero at the instant the short circuit is applied, the dc component must
appear in the current of that phase to keep the ﬂux linkage constant. The dc component decays
with the armature time constant.
Idc = Idc0 et=Ta

ð9:58Þ

where Ta is the armature time constant and is so deﬁned that it determines the decay of the dc
component.
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FIGURE 9.12 Three-phase short-circuit currents of a synchronous generator.

Note that in a three-line system the sum of the dc components in the three phases at any
instant is zero. The short-circuit armature current with the dc offset is
2
0
1
0
1
3
pﬃﬃﬃ Ef
E
E
E
E
00
0
f
f
f
f
ð9:59Þ
isc = 24 + @ 0  Aet=Td0 + @ 00  0 Aet=Td0 5sin ωt + Idc0 et=Ta
Xd
Xd Xd
X d Xd
The largest dc component occurs in a phase current when the ﬂux linkage of that phase is
maximum at the instant the short circuit is applied. The largest possible dc component is equal
to the amplitude of the subtransient current t = 0.
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FIGURE 9.13 Field current following a
three-phase armature short circuit.

pﬃﬃﬃ Ef
ðIdc0 Þmax = 2 00
Xd

ð9:60Þ

The dc components in the stator phases establish a stationary ﬁeld in the air gap, and this
induces voltage and current at the fundamental frequency in the synchronously rotating rotor
circuits. Figure 9.13 shows this ac component superimposed on the ﬁeld current immediately
following the short circuit at the armature terminals.
Typical values of the machine constants of a salient pole synchronous generator are:
Xd = 1:0 pu,

0
Td0
= 6:0 sec

Xd0 = 0:3 pu,

00
Td0
= 0:06 sec

X 00d = 0:2 pu,

Ta = 0:15 sec

Short Circuit on a Loaded Synchronous Generator
Let us now consider a three-phase generator that is delivering power to a load or to an inﬁnite
bus. If a short circuit is applied across the machine terminals, the short-circuit armature current
will pass through a subtransient period and a transient period and ﬁnally will settle down to a
steady-state condition. When the short is applied, the machine reactance changes from Xd to Xd00 .
The excitation voltages must also change to satisfy the initial condition of ﬂux linkage constancy.
The equivalent circuits during the three periods of the short circuit are shown in Fig. 9.14.
These equivalent circuits are models for the synchronous machine after the short circuit is

FIGURE 9.14 Equivalent circuit for calculation of short-circuit current of a
loaded synchronous generator. (a) Steady state. (b) Transient (Ia decays).
(c) Subtransient (Ia decays).

Synchronous Machines

459

applied. The voltages Ei , E0i , and E00i are the internal voltages and can be computed from the
prefault condition as follows:
Ei ð= Ef Þ = Vt + Ia jXd ,
E0i = Vt + Ia jXd0 ,
E00i = Vt + Ia jX 00d ,

voltage behind synchronous reactance
before fault

ð9:61Þ

voltage behind transient reactance
before fault

ð9:62Þ

voltage behind subtransient reactance
before fault

ð9:63Þ

where Ia is the prefault steady-state current. The short-circuit current is
2
0
1
0
1
3
00
0
0
pﬃﬃﬃ Ei
E
E
E
E
0
00
i
isc = 24 + @ 0i  Aet=Td + @ 00i  0i Aet=Td 5sin ωt + Idc0 et=Ta
Xd
Xd Xd
X d Xd

ð9:64Þ

where
Td0 ’

Xd0 0
T
Xd d0

ð9:65Þ

Td00 ’

Td00 00
T
Xd0 d0

ð9:66Þ

A rigorous analysis of the phenomena resulting from the application of a short circuit (shortcircuiting) to a loaded synchronous generator is quite complex, because it involves detailed
study of many coupled circuits with initial currents. The discussion above is a simplistic
analysis of a very complex problem. However, this simpliﬁed analysis provides results that are
reasonably accurate.

EXAMPLE 9.3
A 3φ, 50 MVA, 15 kV, 60 Hz synchronous generator has the following parameters:
Xd = 0:9 pu,
0
= 4 sec,
Td0

Xd0 = 0:4 pu,

Xd00 = 0:2 pu

00
Td0
= 0:6 sec,

Ta = 0:2 sec

The generator is delivering full load to the inﬁnite bus at 0.9 lagging power factor. A threephase short circuit suddenly occurs at the machine terminals.
(a) Determine the prefault values of the voltages behind the reactances.
(b) Determine the initial value of the maximum possible dc offset current in the machine.
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(c) Obtain an expression for the machine fault current as a function of time. Consider the
maximum possible dc offset current in the machine.
(d) Determine the rms value of the machine fault current at t = 0:1 sec.
Solution
(a) Prefault condition: Vt = 1=0 pu, Ia = 1=25:8 pu
Ei = Vt + Ia jXd
= 1=0 + 1=25:8 × 0:9=90
= 1:61 pu
E0i

= 1 + 1=25:8 × 0:4=90
= 1:23 pu

E00i

= 1 + 1=25:8 × 0:2=90
= 1:1 pu
pﬃﬃﬃ E00 pﬃﬃﬃ 1:1
= 7:78 pu
Idc0ðmaxÞ = 2 00i = 2 ×
Xd
0:2

(b)

(c)

Td0 =

Xd0 0
0:4
T =
× 4 = 1:78 sec
Xd d0 0:9

T 00d =

X 00d 00
0:2
× 0:6 = 0:3 sec
Td0 =
0
Xd
0:4

2
3
0
1
0
1
pﬃﬃﬃ 1:61
1:23
1:61
1:1
1:23
Aet=1:78 + @
Aet=0:3 5sin ωt + 7:78et=0:2
isc ðtÞ = 24
+@


0:9
0:4
0:9
0:2 0:4
pﬃﬃﬃ
= 2ð1:79 + 1:29e0:562t + 2:42e3:3t Þ sin ωt + 7:78e5t
(d)

pﬃﬃﬃ

isc t=0:1 sec = 2ð1:79 + 1:29e0:562×0:1 + 2:42e3:3×0:1 Þ sin ωt + 7:78e5 × 0:1
pﬃﬃﬃ
= 2ð4:75Þ sin ωt + 4:72
isc jt=1:0 sec = ð4:752 + 4:722 Þ1=2
= 6:7 pu

9.2.2

▪

DYNAMICS: SUDDEN LOAD CHANGE

A sudden change in the operating condition of a synchronous machine connected to a power
system may result in loss of synchronism. For a synchronous generator, the most severe disturbance arises if a short circuit accidentally occurs across the machine terminals. For a
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FIGURE 9.15 Tδ characteristic of a
synchronous machine.

synchronous motor, a disturbance may arise from a sudden application of load torque to the
shaft. It is important to predict the ability of a synchronous machine to remain in synchronism
after a disturbance occurs. In this section we study the dynamic behavior of a synchronous
machine resulting from a load torque disturbance and discuss some techniques for predicting
whether or not the machine will stay in synchronism after the disturbance is applied.

Steady-State Stability Limit
The power and torque developed by a three-phase synchronous machine connected to a power
system are given by the following expressions:
3Vt Ef
sin δ
ð9:67Þ
P=
Xd
T=

3Vt Ef
sin δ
ωsyn Xd

ð9:68Þ

or
T = Tmax sin δ

ð9:69Þ

The Tδ characteristic is shown in Fig. 9.15. If a load torque TL is slowly applied on the shaft,
the torque angle δ will increase. The load torque can be increased to the value Tmax , for which
δ = 90 . If the load torque is further increased, the machine will lose synchronism, because the
torque developed by the machine will be less than the load torque. The load torque, therefore,
can be slowly increased to the maximum value of the torque the machine can develop, which is
called the steady-state stability limit or static stability limit.

Dynamic Stability
If a load torque TL is applied suddenly, the machine may lose synchronism even if the load
torque is less than the maximum torque the machine can develop. The maximum value of the
load torque that can be applied suddenly without losing synchronism can be ascertained from
the dynamic behavior of the synchronous machine.
Consider an unloaded synchronous motor connected to a power system. If losses are
neglected, the angle δ is zero. Now a load torque is suddenly applied to the shaft of the
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FIGURE 9.16 Sudden load disturbance on a synchronous motor. (a) Tδ
characteristic. (b) Equivalent circuit during disturbance.

synchronous motor. The motor slows down, increasing the torque angle δ. As δ increases, the
machine develops torque to meet the load torque. As the machine slows down, the kinetic
energy of the moving mass provides the load torque. The torque angle δ reaches the value δL at
which load torque is same as the torque developed by the machine, as shown in Fig. 9.16a.
However, because of inertia, δ increases beyond δL and the machine develops more torque than
required for the load. The deceleration decreases, and δ reaches a maximum value δmax and
then swings back. The torque angle oscillates around δL . Because of damping in the system, the
torque angle will settle down to the required value δL .
The subtransient period lasts a very short time, say less than three cycles. However, the
oscillation of δ lasts for several cycles, say 20 or more. It can be assumed that the transient
equivalent circuit of Fig. 9.16b provides a satisfactory representation of the electrical system.
The Tδ relationship, shown graphically in Fig. 9.16a, is given by
T=

3Vt E0i
sin δ
ωXd0

ð9:70Þ

where E0i is the voltage behind the transient reactance before the disturbance and is determined by the equation E0i = Vt  Ia jXd0 . Equation 9.70 can also be written as
T = Tmax sin δ

ð9:71Þ

The oscillation in δ as a function of time can be obtained by solving the differential equation
that describes the dynamics of the system. The torque balance equation for a synchronous
motor is
T = Ta + Td + T L
where

T = Tmax sin δ is the torque developed by the motor
Ta = Kj d2 δ=dt2 is the acceleration torque
Td = Kd dδ=dt is the damping torque
TL is the load torque

ð9:72Þ
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Equation 9.72 can be written as
Tmax sin δ = Kj

d2 δ
dδ
+ TL
+ Kd
2
dt
dt

ð9:73Þ

This is a nonlinear equation and can be solved by numerical methods to determine the oscillation in δ as a function of time.

Equal-Area Method
In most cases we are only interested in knowing whether synchronism is restored—that is,
whether the angle δ settles down to a steady operating value after the disturbance occurs. A
graphical approach known as the equal-area method will enable us to determine this.
Let us consider the speciﬁc case of a synchronous motor having the torque–angle curve of
Fig. 9.17, based on Eq. 9.70. Assume that the motor is initially unloaded, and therefore that the

FIGURE 9.17 Swing curves for sudden load
torque disturbance (no damping).
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operating point is at the origin of the curve. Now a load torque TL is suddenly applied. The
rotor decelerates toward δ = δL , where the torque produced by the machine equals the load
torque TL . During this deceleration, kinetic energy is removed from the rotating mass. The area
OAB represents this energy. At δ = δL , the speed is somewhat less than the synchronous speed.
The angle δ continues to increase, making the machine produce more torque than required for
the load. This makes the motor accelerate and restore its lost kinetic energy. At δ = δmax , the
speed reaches its synchronous value. Therefore, the total change in kinetic energy is zero. Thus,
the areas OAB and BCD are equal.
At δ = δmax the machine is being accelerated, and when δ swings back to δL , the speed is above
synchronous value. The angle δ swings beyond δL and, if damping is neglected, reaches its
initial value and repeats the oscillation. In practice, the oscillation in δ damps out and δ settles
down to the value δL .
The equal-area method provides the following information:

▪
▪
▪

An easy means of ﬁnding the maximum angle of swing.
An estimate of whether synchronism will be maintained.
The maximum amount of disturbance that can be allowed without losing synchronism.

If the load disturbance is such that the area BCEDB in Fig. 9.17a is less than the area
OAB, synchronism will never be restored, and δ will continue to increase with time, as
shown by curve X in Fig. 9.17b. On the other hand, if area BCEDB is less than OAB synchronism will be restored and the δt curve will follow curve Y in Fig. 9.17b. If the areas
BCEDB and OAB are equal, the system will remain in unstable equilibrium, δ following
curve Z of Fig. 9.17b.
The maximum value of the load torque TLðmaxÞ that can be applied suddenly without losing
synchronism is called the dynamic stability limit, as shown in Fig. 9.18.
Note that when the transient period is over, the maximum torque developed by the machine
is determined by Ef and Xd and is smaller than the maximum torque developed during the
transient period. Therefore, if the load disturbance is greater than the maximum value of
torque for the steady-state condition, the system may stay in synchronism during the transient
period, but not during the steady state.

FIGURE 9.18

Dynamic stability limit.
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EXAMPLE 9.4
A 3φ synchronous machine has the following parameters:
Xd0 = 0:3 pu

Xd = 0:8 pu,

The ﬁeld current of the synchronous machine is adjusted to produce an open-circuit voltage of
1 pu and the machine is synchronized to an inﬁnite bus.
(a) Determine the maximum per-unit torque that can be applied slowly without losing
synchronism.
(b) Determine the maximum per-unit torque that can be applied suddenly after initial synchronization without losing synchronism. Can this torque be sustained for long?
Solution
(a) For gradually changing torque, use the steady-state equivalent circuit.
T=



jVt jEf j
1×1
sin δ =
sin δ = 1:25 sin δ pu
ωsyn Xd
1 × 0:8

Tmax = 1:25 pu

jVt jEf j
Note: pu T = P =
sin δ:
Xd

(b) For rapidly changing conditions, use the transient equivalent circuit. Before load torque
was applied,
Vt = E f ;

therefore Ia = 0

Hence,
E0i = Vt  Ia jXd0  Vt = 1 pu
T=

jVt jE0i j
1 × 1 sin δ
= 3:33 sin δ pu
sin δ =
ωsyn Xd
1 × 0:3

The Tδ relation is shown in Fig. E9.4. The area A is
Z δ1
3:33 sin δ dδ
A = T1 δ 1 
0

= T1 δ1  3:33ð1  cos δ1 Þ
The area B is

Z
B=

πδ1
δ1

3:33 sin δ dδ  T1 ðπ  2δ1 Þ

= 3:33ð2 cos δ1 Þ  T1 ðπ  2δ1 Þ
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FIGURE E9.4

If area A = area B, then
T1 ðπ  δ1 Þ  3:33  3:33 cos δ1 = 0

ðE9:4aÞ

T1 = 3:33 sin δ1

ðE9:4bÞ

Also,
From Eqs. E9.4a and E9.4b,
ðπ  δ1 Þ sin δ1  cos δ1 = 1
Solving for δ1 ,
δ1 = 46:5
Therefore,
T1 = 3:33 sin 46:5
= 2:42 pu
This torque cannot be sustained for a long time, because in the steady state the maximum
torque the machine can produce is only 1.25 pu. ▪

9.3

INDUCTION MACHINES

The transient behavior of induction machines can be studied by following the same approach
used for synchronous machines.

Short-Circuit Transients
During a fault condition, the cage bars in the rotor of the induction machine behave in
essentially the same way as the amortisseur winding on the pole faces of a synchronous
machine. Therefore, a large subtransient current will ﬂow in the induction machine following a
short circuit across the terminals. Further, because of the absence of any ﬁeld winding circuit
in an induction machine, the long transient period of a synchronous machine will be absent.
Therefore, short-circuit current in an induction machine will be large but will decay quickly,
as shown in Fig. 9.19. Note that the current decay is characterized by one time constant, the
subtransient time constant.
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FIGURE 9.19 Symmetrical three-phase short on an induction machine.
(a) Schematic diagram. (b) Waveform of short-circuit current in a phase
(dc component not considered).

Dynamics
The induction machine has no synchronization problem. It can develop torque at speeds other
than the synchronous speed. The common dynamic problems are associated with starting and
stopping the machine, and also with mechanical load change on the motor shaft.
Consider the case of starting an induction motor by connecting it directly to the power system.
The initial starting current is high—it can be as high as three to eight times its rated value.
The motor current decays as the motor speeds up. Figure 9.20a shows the steady-state torque–
speed characteristic of the motor. Also shown is the steady-state load–torque characteristic of a
typical load. The initial electrical transients decay very quickly, and also, because of the high
inertia of the motor and its load, the change in speed during one cycle of the supply frequency is
very small. The electrical system can be considered to be in a slowly varying steady state during
the starting period, and the steady-state torque–speed characteristic can be assumed to represent
performance under starting conditions with sufﬁcient accuracy. In other words, at any speed
during the motor start-up the electrical system is assumed to be in quasi-steady-state condition.
From Fig. 9.20a the torque difference T  TL is the accelerating torque.
J

dωm
= T  TL
dt

or
ωm =

1
J

Z

t

ðT  TL Þdt

ð9:74Þ

ð9:75Þ

0

The integration in Eq. 9.75 can be performed graphically or by use of numerical methods. A
typical speed–time curve for the starting of an induction machine is shown in Fig. 9.20b. In
practice, it may take about 15 seconds for an induction motor to reach the steady-state speed.
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FIGURE 9.20 Starting transient in an
induction motor. (a) Torque–speed curves for
motor and load. (b) Speed–time curve during
starting.

Speed transients also occur if the mechanical load on the motor shaft is changed suddenly.
Let us consider that an unloaded induction motor is running near the synchronous speed and
suddenly a load torque TL is applied to the motor shaft. Near the synchronous speed the torque–speed curve is assumed to be linear and is
T = Ks

ð9:76Þ

ωsyn  ωm
=K
ωsyn

ð9:77Þ

dωm
Kωm
=K 
 TL
dt
ωsyn

ð9:78Þ

dωm
K
+
ωm = K  TL
dt
ωsyn

ð9:79Þ

From Eqs. 9.74 and 9.77,
J
or
J
The speed–time solution is
ωm = ωsyn 

TL ωsyn
ð1  et=τ m Þ
K

ð9:80Þ

Transformer; Transient Inrush Current

469

where the mechanical time constant is
τm =

9.4

Jωsyn
K

ð9:81Þ

TRANSFORMER; TRANSIENT INRUSH CURRENT

In normal steady-state operation the exciting current of a transformer is usually very low—less
than 5 percent of rated current. However, at the moment when a transformer is connected to
the power system, a large inrush current will ﬂow in the transformer during the transient
period. This current may be as high as 10 to 20 times the rated current. Knowledge of this large
inrush current is important in determining the maximum mechanical stresses that could occur
in the transformer windings and also in designing the protective system for the transformer.
The magnitude of the inrush current depends on the instant of the voltage wave at which the
transformer is connected to the power supply. Consider a transformer whose core is initially
unmagnetized. The transformer primary winding is now connected to a supply voltage
pﬃﬃﬃ
v = 2 V sin ωt

ð9:82Þ

If we neglect the core losses and the primary-winding resistance,
v=N
Φ=

1
N

dΦ
dt
Z

ð9:83Þ
ð9:84Þ

v dt

Consider two cases, as follows:
1. The transformer is connected when the voltage is maximum. The voltage and ﬂux variations
for this situation are shown in Fig. 9.21. Note that there is no transient in ﬂux, and that the
time variation of ﬂux is
Φ = Φmax sinðωt  90 Þ

for ωt > 90

ð9:85Þ

FIGURE 9.21 Transformer inrush current.
Transformer connected to supply at the
instant of maximum voltage.
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FIGURE 9.22 Transformer inrush current. Transformer connected to supply at
the instant of zero voltage.

where

pﬃﬃﬃ
2V
Φmax =
ωN

ð9:86Þ

The magnetizing current can be found from the BH characteristic of the transformer core
and is also shown in Fig. 9.21. No inrush current will ﬂow and the system is in steady state
from the start.
2. The transformer is connected when the voltage is zero. From Eqs. 9.82 and 9.84, the ﬂux is
given by
pﬃﬃﬃ Z t
2V
sin ωt dt
Φ=
N
0
pﬃﬃﬃ
2V
=
ð1  cos ωtÞ
ωN
= Φmax  Φmax cos ωt

ð9:87Þ

The time variations of voltage, ﬂux, and magnetizing current are shown in Fig. 9.22. The
peak ﬂux has doubled and the corresponding peak magnetizing current is very large
because of core saturation.
In practice, because of winding resistance, the large inrush current will decay rapidly, as
shown in Fig. 9.23.
In a three-phase transformer, there is always an inrush current, because even if the
voltage is a maximum for one phase at the instant the transformer is connected to the
power supply, it is not maximum for the other phases.

Problems

471

FIGURE 9.23 Effect of winding resistance on
transformer inrush current.

PROBLEMS
9.1

A separately excited dc generator has the following parameters:
Rf = 100 Ω,

Lf = 40 H,

Ra = 0:2 Ω,

Laq = 10 mH

Kg = 100 V=field ampere at 1000 rpm
The generator is driven at the rated speed of 1200 rpm, and the ﬁeld current is adjusted at 2 A. The
armature is then suddenly connected to a load consisting of a resistance of 1.8 ohms and an
inductance of 10 mH connected in series.
(a) Determine the load terminal voltage as a function of time.

9.2

(b)

Determine the steady-state value of the load terminal voltage.

(c)

Determine the torque as a function of time.

A separately excited dc motor has the following parameters:
Ra = 0:4 Ω,

Laq ’ 0,

Km = 2 V=rad=sec

The motor is connected to a load whose torque is proportional to the speed.
J = Jmotor + Jload = 2:5 kg  m2
B = Bmotor + Bload = 0:25 kg  m2 =sec
The ﬁeld current is maintained constant at its rated value. A voltage Vt = 200 V is suddenly
applied across the motor armature terminals.
(a)

Obtain an expression for the motor speed as a function of time.

(b)

Determine the steady-state speed.

(c)

Determine the time required for the motor to reach 95 percent of the steady-state speed.
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A separately excited dc motor has the following parameters:
Ra = 0:5 Ω,

Laq = 0,

B = 0,

J = 0:1 kg  m2

The rotational loss is negligible.
The motor is used to drive an inertia load of 1:0 kg  m2 . With the rated ﬁeld current and an
armature terminal voltage of 100 V, the motor and the load have a steady-state speed of 1500 rpm.
At a certain time the armature terminal voltage is suddenly increased to 120 V.
(a) Obtain an expression for the speed of the motor–load system as a function of time.

9.4

(b)

Determine the speed 1 second after the step increase in the terminal voltage.

(c)

Determine the ﬁnal steady-state speed of the motor.

A separately excited dc motor and its load have the following parameters:
Ra = 0:5 Ω,

Laq  0,

Km = 2 V=rad=sec at rated field current

J = 2:0 kg  m2
B = 0:2 kg  m2 =sec
For rated ﬁeld current and a terminal voltage Vt = 200 V:
(a) Determine the steady-state speed in radians per second (ωm ) and rpm (n). (You do not need
to derive an expression for the motor speed as a function of time for this part.)
(b)

The motor is running at the steady-state speed obtained in part (a). Now, suddenly, the
terminal voltage is decreased to 100 V.

(i) Obtain an expression for the speed of the motor–load system as a function of time.
(ii) Determine the ﬁnal steady-state speed of the motor in rpm.
9.5

A separately excited dc motor has the following parameters:
Laq = 0,

Ra = 0:4 Ω,
B = 0,

J = 4:5 kg  m

Kf = 1
2

The motor operates at no load with Vt = 220 V and If = 2 A. Rotational losses are negligible.
The motor is intended to be stopped by plugging, that is, by reversal of its armature terminal
voltage w ðVt =  220 VÞ.
(a) Determine the no-load speed of the motor.

9.6

(b)

Obtain an expression for the motor speed after plugging.

(c)

Determine the time taken for the motor to reach zero speed.

A separately excited dc motor has the following parameters:
Ra = 0:4 Ω,

Kf = 1

B = 0:1 kg  m =sec,
2

J = 2:0 kg  m2

The motor drives a constant load torque. With ﬁeld current If = 2 A and armature terminals
connected to a 100 V dc source, the motor rotates at 450 rpm.
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(a) Determine the motor current Ia .
(b)

Determine the friction torque ðBωm Þ and the load torque ðTL Þ.

(c)

The motor is now disconnected from the dc supply. Obtain an expression for speed as a
function of time. The load torque remains on the motor shaft after the motor is disconnected
from the supply. What is the new steady-state speed?

9.7

The motor in Problem 9.6 runs at 450 rpm, with Vt = 100 V dc, and the load torque as obtained in
part (b). If the load is removed, ﬁnd expressions for ωm ðtÞ and ia ðtÞ. What are the steady-state
values for motor speed and motor current with load removed?

9.8

A separately excited dc motor has the following parameters:
Ra = 0:5 Ω,

Kf = 1

B = 0:1 kg  m=sec,

J = 2:0 kg  m2

With ﬁeld current If = 2 A and the motor terminals connected to a 100 V dc supply, the motor
rotates (with no load) and draws an armature current Ia = 2:469 A.
(a) Determine the motor speed and the developed torque.
(b)

9.9

A load of constant torque TL = 10 N  m is now applied. Obtain an expression for speed as a
function of time. What are the new steady-state speed, the motor current, and the developed
torque?

A separately excited dc motor has the following parameters:
Ra = 0:5 Ω,

Kf = 1

B = 0:1 kg  m=sec,

J = 2:0 kg  m2

With ﬁeld current If = 2 A and the motor terminals connected to a 100 V dc supply, the motor
rotates (with no load) at a speed of 471:569 rpm.
(a) Determine the motor current and the developed torque.
(b)
9.10

The ﬁeld current is now reduced to 1.0 A. Obtain an expression for speed as a function of
time. What are the new steady-state speed, the motor current, and the developed torque?

A motor–generator set consists of a dc generator and a dc motor whose armatures are connected
in series. The generator is driven at the rated speed and the motor ﬁeld current is kept constant at
its rated value. The machines have the following parameters:
Generator
Ra = 0:3 Ω
Kg = Kf ωm = 100 V=A

Motor
Ra = 0:6 Ω
Km = Kf If = 1:1 N  m=A
Rf = 100 Ω
Lf = 50 H

The rotational losses and the armature inductances are negligible. The motor is coupled to an
inertia load and the combined inertia of the motor and load is J = 1:75 kg  m2 .
Derive an expression for the motor speed subsequent to the application of a step voltage of 50 V
to the generator ﬁeld circuit.

474
9.11

chapter 9 Transients and Dynamics

A 3 φ, 30 MVA, 13:8 kV, 60 Hz synchronous machine has the following parameters:
Xd = 0:8 pu,

Xd0 = 0:35 pu,

0
= 2:5 sec,
Td0

00
Td0
= 0:0 7 sec,

Xd00 = 0:2 pu
Ta = 0:25 sec

The synchronous machine is rotated at the rated speed and its ﬁeld current is adjusted to produce
an open-circuit voltage of 1.0 pu. A 3 φ short circuit is suddenly applied across the machine
terminals.
(a) Determine the maximum possible dc offset current.

9.12

(b)

Derive an expression for the short-circuit current in a phase as a function of time. Consider
the maximum possible dc offset current in the phase.

(c)

The fault is cleared at t = 0:2 sec. Determine the rms value of the fault current at the instant
of clearing the fault (use the result of part b).

A 3 φ, 500 MVA, 23 kV, 60 Hz, salient pole synchronous machine has the following reactances:
Xd = 1:0 pu,

Xd0 = 0:4 pu,

X 00d = 0:3 pu

The armature resistance is negligibly small. The machine delivers rated MVA to the inﬁnite bus at
unity power factor. A sudden three-phase short circuit occurs at the machine terminals.
(a) Determine the maximum possible rms ac component of fault current from the machine.

9.13

(b)

Determine the maximum possible dc component of fault current from the machine.

(c)

Determine the maximum possible fault current (rms) from the machine.

(d)

If Td0 = 1:5 sec and T 00d = 0:03 sec, Ta = 0:2 sec, determine the rms value of the fault current at
0:5 sec after the fault.

A 3 φ, 200 MVA, 23 kV, 60 Hz synchronous generator has the following parameters: Xd = 1:2 pu,
Xd0 = 0:4 pu, X 00d = 0:25 pu, Td0 = 1:2 sec, T 00d = 0:0 25 sec, Ta = 0:15 sec. The generator delivers rated
power to an inﬁnite bus at unity power factor. A three-phase short circuit suddenly occurs at the
machine terminals.
(a) Determine the rms value of the short-circuit current as a function of time. Neglect the dc
offset current.
(b)

9.14

Determine the rms value of the short circuit current as t = 0 (i.e., at the instant the short
circuit occurs), t = 0:5 sec, and t = 5 sec.

A 3 φ, 100 MVA, 25 kV, 60 Hz synchronous generator has the following parameters:
xd = 1:0 pu,

Td0 = 2 sec

x0d = 0:5 pu,

T 00d = 0:0 2 sec

x00d = 0:25 pu,

Ta = 0:5 sec

The generator delivers full load to an inﬁnite bus at 0.8 lagging power factor. A three-phase short
circuit suddenly occurs at the machine terminals. The short is cleared after 0:5 sec. Determine the
rms and instantaneous values of the short-circuit current at the instant the short is cleared.
Consider the worst short-circuit condition.
9.15

A synchronous motor has a synchronous reactance of 0.8 pu and a transient reactance of
0.25 pu. The motor is connected to an inﬁnite bus. The ﬁeld current is adjusted such that the
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unloaded motor draws half of rated current at zero power factor lagging. With the ﬁeld current
left unchanged:
(a) Find the maximum per-unit torque that can be applied gradually without losing
synchronism.
(b)

Find the maximum per-unit torque that can be applied suddenly without losing synchronism. It can be assumed that the torque will be applied for a period that is much less than the
transient time constant. Can this torque be sustained for long?

9.16

The synchronous machine in Problem 9.13 is operated as a motor and delivers rated load torque.
The ﬁeld current is adjusted to make the input power factor unity. Determine how much additional load torque can be added suddenly without losing synchronism. Can the new load torque be
sustained for long?

9.17

A 3 φ induction motor is running at no load. Suddenly a load torque of 2 pu is applied to the motor
shaft.
(a) Obtain an expression for the speed as a function of time after the load torque is applied.
(b)

Write a computer program to provide the following:

(i) Speed vs. time in tabular form.
(ii) A plot of speed vs. time.
For s = 0:2, machine torque is 2.0 pu, and the torque–slip characteristic can be assumed to be
linear for 0 < s < 0:2. The inertia (J) of the system is 2 pu.

chapter ten
POWER SEMICONDUCTOR
CONVERTERS
The conﬁgurations of basic electric machines (dc, induction, and synchronous) discussed in
earlier chapters have remained essentially the same for the past several decades and will most
likely remain so for many years in the future. However, the techniques for controlling these
machines have recently changed in a signiﬁcant way. For example, series dc motors are used to
propel subway cars. The speed of these cars has been controlled for many years by inserting
resistances in series with the dc motors as shown in Fig. 10.1a. In recent years, solid-state
choppers (which can convert a ﬁxed voltage dc into a variable voltage dc) have been used for this
purpose, as shown in Fig. 10.1b. Solid-state control provides smoother control and higher efﬁciency. Other electric machines can also be controlled by using the appropriate converters. The
following are the various types of converters that are frequently used to control electric machines.
AC Voltage Controller (AC to AC). An ac voltage controller converts a ﬁxed-voltage ac to a
variable-voltage ac. It can be used to control the speed of an induction motor (voltage control
method) and for smooth induction motor starting.
Controlled Rectiﬁer (AC to DC). A controlled rectiﬁer converts a ﬁxed-voltage ac to a
variable-voltage dc. It is used primarily to control the speed of dc motors, such as those used
in rolling mills.
Chopper (DC to DC). A chopper converts a ﬁxed-voltage dc to a variable-voltage dc. It is
used primarily to control the speed of dc motors.
Inverter (DC to AC). An inverter converts a ﬁxed-voltage dc to a ﬁxed- (or variable-) voltage
ac with variable frequency. It can be used to control the speed of ac motors.
Cycloconverter (AC to AC). A cycloconverter converts a ﬁxed-voltage and ﬁxed-frequency
ac to a variable-voltage and variable- (lower-) frequency ac. It can be used to control the
speed of ac motors.
In this chapter the input–output characteristics of these converters are discussed. Highpower semiconductor devices are used in these converters to function as on–off switches. The
characteristics of these devices are discussed ﬁrst.

10.1 POWER SEMICONDUCTOR DEVICES
The power semiconductor devices that are generally used in converters can be grouped as
follows:
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FIGURE 10.1 Speed control of
dc series motors. (a) Resistance
control. (b) Chopper control.

▪
▪
▪

Thyristors (SCR)
Power transistors
Diode rectiﬁers

These devices are operated in the switching mode so that losses are reduced and conversion
efﬁciency is improved. The disadvantage of switching mode operation is the generation of harmonics and radio-frequency interference (RFI). In this section the external electrical characteristics of these devices are discussed brieﬂy. No attempt is made to describe the physics of operation
of these devices and methods for fabricating them, which are well covered in the literature.

10.1.1

THYRISTOR (SCR)

The thyristor, also known as a silicon-controlled rectiﬁer (SCR), has been widely used in
industry for more than two decades for power conversion and control. The thyristor has a fourlayer p–n–p–n structure with three terminals, anode (A), cathode (K), and gate (G), as shown in
Fig. 10.2. The anode and cathode are connected to the main power circuit. The gate terminal
carries a low-level gate current in the direction from gate to cathode. The thyristor operates in
two stable states: on or off.

Volt–Ampere Characteristics
The terminal volt–ampere characteristics of a thyristor are shown in Fig. 10.3. With zero gate
current ðig = 0Þ, if a forward voltage is applied across the device (i.e., anode positive with

FIGURE 10.2

Thyristor (SCR). (a) Structure. (b) Symbol.
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FIGURE 10.3 Terminal
volt–ampere characteristics
of a thyristor (SCR).

respect to cathode) junctions J1 and J3 are forward biased, while junction J 2 remains reverse
biased, and therefore the anode current is a small leakage current. If the anode-to-cathode
forward voltage reaches a critical limit, called the forward breakover voltage, the device switches
into high conduction. If gate currents are applied, the forward breakover voltage is reduced.
For a sufﬁciently high gate current, such as ig3 , the entire forward blocking region is removed,
and the device behaves as a diode. When the device is conducting, the gate current can be
removed and the device remains in the on state. If the anode current falls below a critical limit,
called the holding current Ih , the device returns to its forward blocking state.
If a reverse voltage is applied across the device (i.e., anode negative with respect to cathode),
the outer junctions J1 and J3 are reverse biased and the central junction J 2 is forward biased.
Therefore, only a small leakage current ﬂows. If the reverse voltage is increased, then at a
critical breakdown level (known as the reverse breakdown voltage), an avalanche will occur at J 1
and J3 , and the current will increase sharply. If this current is not limited to a safe value, power
dissipation will increase to a dangerous level that will destroy the device.

Switching Characteristics
If a thyristor is forward biased and a gate pulse is applied, the thyristor switches on. However,
once the thyristor starts conducting an appreciable forward current, the gate has no control
on the device. The thyristor will turn off if the anode current becomes zero, called natural
commutation, or is forced to become zero, called forced commutation.
However, if a forward voltage is applied immediately after the anode current is reduced to
zero, the thyristor will not block the forward voltage and will start conducting again although it
is not triggered by a gate pulse. It is therefore necessary to keep the device reverse biased for a
ﬁnite period before a forward anode voltage can be applied. This period is known as the turnoff
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Switching characteristics of a thyristor (SCR).

time, toff , of the thyristor. The turnoff time of the thyristor is deﬁned as the minimum time
interval between the instant the anode current becomes zero and the instant the device is
capable of blocking the forward voltage.
The switching characteristics of a thyristor are illustrated in Fig. 10.4. The thyristor is turned
on by a gate pulse ig , which can be obtained from a ﬁring circuit as shown in Fig. 10.5a. When
the gate pulse ig is applied at instant t1 (Fig. 10.4), anode current IA builds up, and the voltage
across the device ðVAK Þ falls. When the device is fully turned on, the voltage across it is quite
small (typically 1 to 2:5 V, the higher voltage drop for higher-current devices) and for all
practical purposes, the device behaves as a short circuit. The device switches on very quickly,
the turn-on time ton typically being 1 to 3 μsec. Typically, the width of the gate pulse is in the
range 10 to 50 μsec and its amplitude in the range 20 to 200 mA.
If the current through the thyristor is required to be switched off at a desired instant t2
(Fig. 10.4), it is momentarily reverse biased by making the cathode positive with respect to the
anode (i.e., VAK is negative). For this forced commutation, a commutation circuit as shown in
Fig. 10.5b is required. In most commutation circuits a precharged capacitor is momentarily
connected across the conducting thyristor to reverse bias it. If the device is reverse biased, its
current falls, becomes zero at t3 , then reverses, and becomes zero again at t4 . At instant t5 the

FIGURE 10.5 Thyristor turn-on and
turnoff. (a) Turn-on by ig . (b) Turnoff
by applying −VAK .
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device is capable of blocking a forward voltage. The time interval from t3 to t5 is known as the
turnoff time toff of the thyristor. If a forward voltage appears at instant t6 , the time interval t3 to
t6 is known as the circuit turnoff time, tq .
In practical applications, the turnoff time tq , provided to the SCR by the circuit, must be
greater than the device turnoff time toff by a suitable safety margin; otherwise the device will
turn on at an undesired instant, a process known as commutation failure. Thyristors having a
large turnoff time (50–100 μsec) are called slow-switching or phase control-type thyristors, and
those having a small turnoff time (10–50 μsec) are called fast-switching or inverter-type thyristors. In high-frequency applications, the required circuit turnoff time becomes an appreciable portion of the total cycle time, and therefore inverter-type thyristors must be used.
Note that during thyristor turn-on, if the voltage is high, current is low, and vice versa.
Therefore, the turn-on switching loss is low. During thyristor turnoff also, if the reverse current
is small, the turnoff switching loss is low. The low switching loss in a thyristor is a signiﬁcant
advantage, particularly for high-frequency applications.
Table 10.1 summarizes a typical data sheet for two types of thyristors. Manufacturers can
provide more detailed information on request. Thyristors with power ratings as high as 4000 V,
3000 A, 10−100 μsec are presently being used in industry.

Protection
If the current in a thyristor rises at too high a rate—that is, high di=dt—the device can be
destroyed. Some inductance must be present or inserted in series with the thyristor so that
di=dt is below a safe limit speciﬁed by the manufacturer.
A thyristor may turn on (without any gate pulse) if the forward voltage is applied too quickly.
This is known as dv=dt turn-on, and it may lead to improper operation of the circuit. A simple
TABLE 10.1

Thyristor Data Sheet

Repetitive peak forward and reverse voltages

Reverse and forward leakage current
Holding current
RMS current
Forward voltage drop
Peak one-cycle surge (60 Hz)
I2 t for fusing
dv=dt
di=dt
Gate trigger voltage
Gate trigger current
Turn-on time
Turnoff time

Phase Control Type
(Slow Switching)
G.E. CI50 Series

Inverter Type
(Fast Switching)
G.E. CI58 Series

500 V (C150E)
800 V (C150N)
1000 V (C150P)
10−20 mA
20 mA
100 A
1:2−2 V
1500 A
7000 amp2  sec
200−500 V=μsec
500 A=μsec
1:5−3 V
50−200 mA
3 μsec
100 μsec

500 V (C158E)
800 V (C158N)
1000 V (C158P)
10−15 mA
100 mA
110 A
1:2−2 V
1600A
5200 amp2  sec
200−500 V=μsec
500 A=μsec
3−5 V
80−300 mA
2 μsec
20 μsec
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Thyristor protection for di=dt and dv=dt.

R−C snubber, as shown in Fig. 10.6, is normally used to limit the dv=dt of the applied forward
voltage.

10.1.2

TRIAC

A triac can be considered as an integration of two SCRs in inverse-parallel. The circuit symbol
and volt–ampere characteristics of a triac are shown in Fig. 10.7. When terminal T1 is positive
with respect to terminal T2 and the device is ﬁred by a positive gate current ð+ig Þ, it turns on.
Also, when terminal T2 is positive with respect to terminal T1 and the device is ﬁred by a
negative gate current ð−ig Þ, the device turns on.
A triac is frequently used in many low-power applications, such as juice makers, blenders,
vacuum cleaners, and so on. It is economical and easy to control compared to two SCRs
connected antiparallel. However, a triac has a lower dv=dt capability and a longer turnoff time.
It is not available in high voltage and current ratings.

10.1.3

GTO (GATE TURNOFF) THYRISTOR

A GTO thyristor can be turned on by a single pulse of positive gate current (like a thyristor), but
in addition can be turned off by a pulse of negative gate current. Both on-state and off-state
operation of the device are therefore controlled by the gate current.

FIGURE 10.7 Triac. (a) Symbol. (b) Equivalent circuit. (c) Volt–ampere
characteristic.
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A symbol for the GTO thyristor frequently used in North America is shown in Fig. 10.8a. The
switching characteristics of the GTO thyristor are shown in Fig. 10.8b. The turn-on process is
the same as that of a thyristor. The turnoff characteristics are somewhat different. When a
negative voltage is applied across the gate and cathode terminals, the gate current ig rises.
When the gate current reaches its maximum value, IGR , the anode current begins to fall, and
the voltage across the device, VAK , begins to rise. The fall time of IA is abrupt, typically less than
1 μsec. Thereafter, the anode current changes slowly, and this portion of the anode current is
known as the tail current.
The ratio ðIA =IGR Þ of the anode current IA (prior to tumoff) to the maximum negative gate
current IGR required for turnoff is low, typically between 3 and 5. For example, a 2500 V, 1000 A
GTO typically requires a peak negative gate current of 250 A for turnoff.
Note that during turnoff both voltage and current are high. Therefore, switching losses are
somewhat higher in GTO thyristors. Consequently GTOs are restricted to operate at or below a
1 kHz switching frequency. If the spike voltage Vp is large, the device may be destroyed. The
power losses in the gate drive circuit are also somewhat higher than those of thyristors.
However, since no commutation circuits are required, the overall efﬁciency of the converter is

FIGURE 10.8

GTO thyristor. (a) Symbol. (b) Switching characteristics.
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FIGURE 10.9 GTO with antiparallel diode and snubber
circuit.

improved. Elimination of commutation circuits also results in a smaller and less expensive
converter.
GTOs may have no reverse-voltage blocking capability, or else little—20 percent of the forward breakover voltage. New devices are being developed having higher reverse-voltage
blocking capability. Therefore, an inverse diode must be used, as shown in Fig. 10.9, if there is a
possibility that appreciable reverse voltage may appear across the device. A polarized snubber
consisting of a diode, capacitor, and resistor, as shown in Fig. 10.9, is used for the following
purposes:

▪
▪

During the fall time of the turnoff process the device current is diverted (known as current
snubbing) to the snubber capacitor (charging it up).
The snubber limits the dv=dt across the device during turnoff.

Although GTOs and thyristors became available at almost the same time, the development of
GTOs did not receive as much attention as that of thyristors. The Japanese persisted in the
development of high-power GTOs. Recently, these devices have been developed with large
voltage and current ratings and improved performance (4000 V, 3000 A, 5−10 μsec GTOs are
being used). They are becoming increasingly popular in power control equipment, and it is
predicted that GTOs will replace thyristors where forced commutation is necessary, such as in
choppers and inverters.

10.1.4

GATE-COMMUTATED THYRISTOR (GCT)

The gate-commutated thyristor (GCT) has a structure similar to the GTO. It is also known as an
integrated gate-commutated thyristor (IGCT). Like the GTO, the GCT is turned on by a single
pulse of positive gate current and is turned off by a negative gate current. The symbol used is
shown in Fig. 10.10a.
Typical switching characteristics of the GCT are illustrated in Fig. 10.10b. The drive signal
current is iG , the anode current is IA and the device voltage is VAK . The turn-on and turnoff
times are much faster than those for the GTO. In particular, the storage time is much lower for
the GCT in comparison to the GTO.
The GCTs offer signiﬁcant technology improvements for the silicon wafer, gate driver, and
device packaging. On-state power loss is low in the GCT, since the silicon wafer is much
thinner than that in the GTO. The GCTs are available with ratings up to 6000 V, 6000 A. In
recent years, the GCT has replaced the GTO for use in industry due to its low switching loss and
snubberless operation.
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FIGURE 10.10 GCT. (a) Symbol.
(b) Switching characteristics.

POWER TRANSISTOR (BJT)

A transistor is a three-layer p−n−p or np−n semiconductor device having two junctions. This
type of transistor is known as a bipolar junction transistor (BJT).
The structure and the symbol of an n−p−n transistor are shown in Fig. 10.11. The three
terminals of the device are called the collector (C), the base (B), and the emitter (E). The
collector and emitter terminals are connected to the main power circuit, and the base terminal
is connected to a control signal.
Like thyristors, transistors can also be operated in the switching mode. If the base current IB
is zero, the transistor is in an off state and behaves as an open switch. On the other hand, if the
base is driven hard—that is, if the base current IB is sufﬁcient to drive the transistor into
saturation—then the transistor behaves as a closed switch. This type of operation is illustrated
in Fig. 10.11c.
The transistor is a current-driven device. The base current determines whether it is in the on
state or the off state. To keep the device in the on state there must be sufﬁcient base current.
Transistors with high voltage and current ratings are known as power transistors. The current
gain ðIC =IB Þ of a power transistor can be as low as 10, although it is higher than that of a GTO
thyristor. For example, a base current of 10 amperes may be required for 100 amperes of
collector current. High current gain can be obtained from a Darlington connected transistor
pair, as shown in Fig. 10.11d. The pair can be fabricated on one chip, or two discrete transistors
can be physically connected as a Darlington transistor. Current gains in the hundreds can be
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FIGURE 10.11 Transistor. (a) Structure.
(b) Symbol. (c) Switching operation of a
transistor. (d ) Darlington transistor.

obtained in a high-power Darlington transistor. Power transistors switch on and switch off
much faster than thyristors. They may switch on in less than 1 μsec and turn off in less than
2 μsec. Therefore, power transistors can be used in applications where the frequency is as high
as 50 kHz. These devices are, however, very delicate. They fail under certain high-voltage and
high-current conditions. They should be operated within speciﬁed limits, known as the safe
operating area (SOA).
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FIGURE 10.12 Safe operating area (SOA) of a
power transistor.

The SOA is partitioned into four regions, as shown in Fig. 10.12, deﬁned by the following
limits:

▪
▪
▪
▪

Peak current limit ðabÞ
Power dissipation limit ðbcÞ
Secondary breakdown limit ðcdÞ
Peak voltage limit ðdeÞ

If high voltage and high current occur simultaneously during turnoff, a hot spot is formed
and the device fails by thermal runaway, a phenomenon known as secondary breakdown.
Polarized snubbers are used with power transistors to avoid the simultaneous occurrence
of peak voltage and peak current. Figure 10.13 shows the effects of the snubber circuit on
the turnoff characteristics of a power transistor. A chopper circuit with an inductive load is
considered.
If no snubber circuit is used and the base current is removed to turn off the transistor,
the voltage across the device, VCE , ﬁrst rises, and when it reaches the dc supply voltage
ðVd Þ, the collector current ðIc Þ falls. The power dissipation ðPÞ during the turnoff interval
is also shown in Fig. 10.13 by the dashed line. Note that in these idealized waveforms,
the peaks of VCE and IC occur simultaneously, and this may lead to secondary breakdown
failure.
If the snubber circuit is used and base current is removed to turn off the transistor, the
collector current is diverted to the capacitor. The collector current, therefore, decreases as
the collector–emitter voltage increases, avoiding the simultaneous occurrence of peak voltage
and peak current. Figure 10.13 also shows the effect of the size of the snubber capacitor on
the turnoff characteristics.
Transistors do not have reverse blocking capability, and they are shunted by antiparallel
diodes if they are used in ac circuits.
Because base current is required to keep a power transistor in the “on” condition, the power
loss in the base drive circuit may be appreciable.
Power transistors of ratings as high as 1000 V, 500 A are available.
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Effects of snubber capacitor on turnoff characteristics of a power

POWER MOSFET

The MOSFET (metal oxide semiconductor ﬁeld effect transistor) is a very fast switching
transistor that has shown great promise for applications involving high frequency (up to
1 MHz) and low power (up to a few kilowatts). There are other trade names for this device, such
as HEXFET (International Rectiﬁer), SIMMOS (Siemens), and TIMOS (Motorola).
The circuit symbol of the MOSFET is shown in Fig. 10.14a. The three terminals are called
drain (D), source (S), and gate (G). The current can ﬂow in both directions, and therefore
MOSFET is a bidirectional device. The device has no reverse-voltage blocking capability, and it
always comes with an integrated reverse diode, as shown in Fig. 10.14a.
Unlike a bipolar transistor (which is a current-driven device), a MOSFET is a voltagecontrolled majority carrier device. With positive voltage applied to the gate (i.e., Vgs positive),
the transistor switches on. The gate is isolated by a silicon oxide layer ðSiO2 Þ, and therefore the
gate circuit input impedance is extremely high. This feature allows a MOSFET to be driven
directly from CMOS or TTL logic. The average gate drive current is therefore very low—it can
be less than 1 milliamp. However, it does require a peak gate current of a few amperes during
the switching transitions to charge the gate parasitic capacitance.
The MOSFET has a positive temperature coefﬁcient of resistance and the possibility of
secondary breakdown is almost nonexistent. If local heating occurs, the effect of the positive
temperature coefﬁcient of resistance forces the local concentrations of current to be distributed over the area, thereby avoiding the creation of local hot spots. The safe operating area of a
MOSFET is shown in Fig. 10.14b. It is bounded by three limits: the current limit ðabÞ, the power
dissipation limit ðbcÞ, and the voltage limit ðcdÞ. The SOA can be increased for pulse operation
of the device, shown dashed in Fig. 10.14b.
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FIGURE 10.14

Power MOSFET. (a) Symbol. (b) SOA.

The switching characteristics of the MOSFET are similar to those of the BJT. However,
MOSFETs switch on and off very fast, in less than 50 nanoseconds. Because MOSFETs can
switch under high voltage and current conditions (i.e., practically no secondary breakdown), no
current snubbing is required during turnoff. However, these devices are very sensitive to voltage
spikes appearing across them, and snubber circuits may be required to suppress voltage spikes.1
MOSFETs switch very fast, and they have very low switching losses, which allow them
to operate at very high switching frequencies, as high as 5 MHz. In addition, in the on state they
operate as a constant resistance and not a constant voltage drop (as in a diode), so their
conduction losses are proportional to the drain current squared. In low voltage applications,
below approximately 50 V, the on-state resistance can be below 10 mΩ, so conduction losses
can be very low. On the other hand, for a 600 V device operating at 40 A with a typical resistance
of 0.1 Ω, the voltage drop would be 4 V, resulting in high conduction loss. As operating temperature increases, the on-resistance also increases.
MOSFETs are still not available in high power ratings. MOSFETs with ratings of 1000 V, 4 A,
or 12 V, 60 A are available. These devices can be used in parallel for higher current ratings.

10.1.7

INSULATED GATE BIPOLAR TRANSISTOR (IGBT)

The insulated gate bipolar transistor (IGBT) is a hybrid power semiconductor device, which
combines the attributes of the BJT and the MOSFET. It has a MOSFET-type gate, and therefore
has a high input impedance. The gate is voltage driven, as in the MOSFET, so it does not need
any gate current when fully on or off. However, it does require a peak gate current of a few
amperes during the switching transitions in order to charge the gate parasitic capacitance.
A positive gate voltage is used to turn the device on and it is turned off near zero volts.
The symbol used is shown in Fig. 10.15. Like the power MOSFET, the IGBT does not exhibit
the secondary breakdown phenomenon, common to the BJT. As well, the IGBT has low
1

B. Nair and P. C. Sen, Voltage Clamp Circuits for a Power MOSFET PWM Inverter, IA-IEEE Transactions,
vol. IA-23, no. 5, pp. 911–920, 1987.
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FIGURE 10.15 IGBT device.
(a) IGBT symbol. (b) IGBT gate
driving circuit. (c) IGBT switching
characteristics.

on-state voltage drop, similar to the BJT. The switching speed of the IGBT is signiﬁcantly lower
than the MOSFET and is similar to the BJT.
The IGBT gate driving circuit is shown in Fig. 10.15b and the typical switching characteristics of the IGBT are illustrated in Fig. 10.15c. The drive signal is VG , and the gate to emitter
voltage of the IGBT is VGE . The typical drive voltage is +15 V, while −10 V is used at turn off to
increase noise immunity and reduce turnoff time (delay time plus fall time). The waveform of
the collector current is also given, and includes the turn-on delay time, rise time, turnoff delay
time, and fall time.
IGBTs are available with ratings up to 3300 V, 1200 A. In recent years, IGBTs are the preferred device for medium voltage applications between 600 V and 2000 V.
The typical ratings of high-power devices are shown in Table 10.2.

10.1.8

DIODE

A diode is a two-layer pn semiconductor device. The structure of a diode and its symbol are
shown in Fig. 10.16a and b. High-power diodes are silicon rectiﬁers that can operate at high
junction temperatures.
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100
2000

1500
4

12,000 V

Thyristor
(Mitsubishi,
FT1500AU240)

1000
3000
5

180
7.5

6500

GCT
(Mitsubishi,
GCU04AA130)

Typical Ratings of High-Power Devices

Off-state blocking
Voltage, VRRM (V)
Average Current, IFAV (A)
On-state voltage drop (V)
On-state resistance, Rdson (Ω)
Critical di/dt (A/μs)
Critical dv/dt (V/μs)
Rise time (μs)
Fall time (μs)

TABLE 10.2

5
3

500

1000
4.4

4500

GTO-Thyristor
(ABB,
5SGA40L4501)

1
0.7

2000
2.7

2500

0.5
0.3

3
2

800

0.11
0.06

0.1

40

600

MOSFET
BJT
(International
IGBT (ABB,
(Fairchild,
Rectiﬁer,
5SNX20H2500) FJP5027) IRFPS40N60K)
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FIGURE 10.16 Diode rectiﬁer.
(a) Structure. (b) Symbol.
(c) V–I characteristics.
(d) Reverse recovery
characteristics.

The voltage–current characteristic of a diode is shown in Fig. 10.16c. If a reverse voltage
is applied across the diode, it behaves essentially as an open circuit. If a forward voltage is
applied, it starts conducting and behaves essentially as a closed switch. It can provide
uncontrolled ac to dc power rectiﬁcation. The forward voltage drop when it conducts current is
in the range of 0.8 to 1 V. Diodes with ratings as high as 4000 V and 2000 A are available.
Following the end of forward conduction in a diode, a reverse current ﬂows for a short time.
The device does not attain its full blocking capability until the reverse current ceases. The
time interval during which reverse current ﬂows is called the rectiﬁer recovery time.
During this time, charge carriers stored in the diode at the end of forward conduction are
removed. The recovery time is in the range of a few microseconds (1–5 μsec), in a conventional
diode, to several hundred nanoseconds, in fast-recovery diodes. This recovery time is of great
signiﬁcance in high-frequency applications. The recovery characteristics of conventional and
fast-recovery diodes are shown in Fig. 10.16d.
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10.2 CONTROLLED RECTIFIERS
A controlled rectiﬁer converts ac power to dc power, which is known as rectiﬁcation. The
output voltage and power can be controlled by controlling the instants at which the semiconductor devices switch. Thus, controlled rectiﬁers can be used to control the speed of a dc
motor. Some controlled rectiﬁers can convert dc power to ac power, which is known as
inversion. This inversion mode of operation is used for regenerative braking of dc motors.
In this section the various types of controlled rectiﬁer circuits are discussed.

10.2.1

SINGLE-PHASE CIRCUITS

In single-phase rectiﬁer circuits the input is a single-phase ac supply. Circuits using diodes
provide constant-output dc voltage, whereas circuits using controlled switching devices such as
thyristors provide variable-output voltage.

Diode Rectiﬁer, Resistive Load
A simple diode rectiﬁer circuit consisting of a single diode and a resistance load is shown in
Fig. 10.17a. The input line voltage is a sine wave, as shown in Fig. 10.17b. During the positive
half-cycle—that is, 0 < ωt < π—the diode conducts and acts like a closed switch (the diode is
assumed to be ideal) connecting the supply to the load (i.e., v0 = v). The load current

FIGURE 10.17 Single-phase
diode rectiﬁer circuit. (a) Circuit.
(b) Waveforms.
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is i0 = v0 =R, and, because R is a constant, v0 and i0 have the same waveforms (Fig. 10.17b).
During the
negative half-cycle the diode acts like an open switch and conducts zero current.
pﬃﬃﬃ
Let v = 2Vp sin ωt. The average value of the load voltage is
Z π
1
v0 dðωtÞ
V0 =
2π 0
Z π pﬃﬃﬃ
1
2Vp sin ωt dðωtÞ
=
2π 0
pﬃﬃﬃ
2Vp
ð10:1Þ
=
π

Thyristor Rectiﬁer, Resistive Load
A simple thyristor rectiﬁer circuit consisting of a single thyristor and a resistance load is shown
in Fig. 10.18a. The thyristor is forward biased during the intervals 0 < ωt < π, 2π < ωt < 3π,

FIGURE 10.18 Thyristor rectiﬁer
with resistive load. (a) Circuit.
(b) Waveforms.
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and so forth. A gate pulse is applied at an angle α (measured from the zero crossing of the
supply voltage) as shown in Fig. 10.18b. This angle is known as the ﬁring angle of the thyristor.
The thyristor current becomes zero at ωt = π, 3π, and so on, and the thyristor conducts from
α to π, 2π + α to 3π, and so on. During the interval when the thyristor conducts, known as
conduction interval, the load voltage is the same as the supply voltage, v0 = v. The average value
of the load voltage is
Z π pﬃﬃﬃ
1
2Vp sin ωt dðωtÞ
V0 =
2π 0
Vp
= pﬃﬃﬃ ð1 + cos αÞ
2π

ð10:2Þ

The ﬁring angle α p
can
ﬃﬃﬃ be changed from zero to π, which will change the output voltage. Note
that at α = 0, V0 = 2 Vp =π, which is the same as the voltage obtained from the diode rectiﬁer
(Eq. 10.1). If the thyristor is ﬁred at α = 0, the thyristor circuit behaves like a diode circuit. This
reference for the ﬁring angle, by convention, results in the largest output voltage for the thyristor rectiﬁer.

Thyristor Rectiﬁer, Reactive Load
Most practical loads have resistance ðRÞ and inductance ðLÞ. For example, the armature of a dc
motor load has resistance and inductance. The ﬁeld circuit of a dc motor is highly inductive. A
thyristor rectiﬁer circuit with a load consisting of R and L is shown in Fig. 10.19a. The thyristor
is ﬁred at a ﬁring angle α, meaning that it starts to conduct at ωt = α. The inductance in the load
forces the current to lag the voltage, and therefore the current decays to zero at ωt = β instead
of ωt = π, which would have been the case if the load were purely resistive. The waveform of the
load current ði0 Þ is shown in Fig. 10.19b. During the conduction interval (α to β), v0 = v.
The waveform of the output voltage ðv0 Þ is also shown in Fig. 10.19b.

Thyristor Full Converter
The waveforms of the load current and load voltage in a single-thyristor rectiﬁer circuit, as
shown in Fig. 10.19b, contain a signiﬁcant amount of ripple. The single-thyristor rectiﬁer circuit
is, therefore, not suitable for speed control of dc motors. A full-converter circuit, shown in
Fig. 10.20a, consists of four thyristors (S1 to S4 ) and is used for the speed control of dc motors.
1. Resistive load. Thyristors S1 and S2 are forward biased during the positive half-cycle of the
input voltage, and thyristors S3 and S4 are forward biased during the negative half-cycle.
Let S1 and S2 be ﬁred at α. During the conduction interval of S1 and S2 , the output voltage
is the same as the input voltage, v0 = v. The load current i0 = v0 =R has the same waveform
as the load voltage v0 . Therefore, the current through S1 and S2 becomes zero at ωt = π, and
they turn off (natural commutation). Thyristors S3 and S4 are ﬁred at π + α. During their
conduction interval, the input supply is connected to the load, and v0 = −v. Current
through S3 and S4 becomes zero at ωt = 2π, and they turn off.
Thyristors S1 and S2 are ﬁred again at ωt = 2π + α and S3 and S4 at ωt = 3π + α, and the
process continues. The resulting load voltage waveform is shown in Fig. 10.20b. Note from
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FIGURE 10.19 Thyristor rectiﬁer
with inductive load. (a) Circuit.
(b) Waveforms.

the waveforms of Figs. 10.19b and 10.20b that the full converter has less ripple than the
single-thyristor rectiﬁer circuit. The ripple frequency ðfr Þ and input supply frequency ðfi Þ
are related as follows:
f r = f1
fr = 2fi

for a single thyristor rectifier
for a full converter

2. DC motor load. A full converter with a dc motor load is shown in Fig. 10.21a. Let us assume
that sufﬁcient inductance is present in the dc armature circuit to ensure that motor current
is continuous (i.e., present all the time). The motor current i0 ﬂows from the supply through
S1 and S2 for one half-cycle, and through S3 and S4 for the next half-cycle.
As shown in Fig. 10.21b, thyristors S1 and S2 conduct the motor current during the
interval α < ωt < ðπ + αÞ, and connect the motor to the supply ðv0 = vÞ. At π + a, thyristors
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FIGURE 10.20 Thyristor
full converter with R load.
(a) Circuit. (b) Waveforms.

S3 and S4 are ﬁred. The supply voltage appears immediately across thyristors S1 and S2 as a
reverse-bias voltage and turns them off. This is called line commutation. The motor current
ia , which was ﬂowing from the supply through S1 and S2 , is transferred to S3 and S4 .
Thyristors S3 and S4 conduct the motor current during the interval π + α < ωt < 2π + α
and connect the motor to the supply ðv0 = −vÞ.
In Fig. 10.21c voltage and current waveforms are shown for α > 90 . From the waveform of
the output voltage, it can be seen that its average value is
Z
1 π+α
v0 dðωtÞ
V0 =
π α
Z
1 π + α pﬃﬃﬃﬃ
2 Vp sin ωt dðωtÞ
=
π α
pﬃﬃﬃ
2 2
ð10:3Þ
Vp cos α
=
π
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FIGURE 10.21 Thyristor full converter with
dc motor load. (a) Circuit. (b, c) Waveforms.
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FIGURE 10.22 Converter output characteristics
for continuous load current.

The inductance ðLa Þ does not sustain any average voltage. Therefore,
V 0 = I0 R a + Ea
where

ð10:4Þ

I0 is the average motor current
Ea is the armature back emf, which is constant if the speed and ﬁeld current are constant

The variation of motor terminal voltage ðV0 Þ as a function of the ﬁring angle ðαÞ, based on
Eq. 10.3, is shown in Fig. 10.22. For ﬁring angles in the range 0 < α < 90 , the average output
voltage is positive. Since the current can ﬂow only in one direction in the load circuit because
of the thyristors, the power ðV0 I0 Þ is positive; that is, power ﬂow is from the input ac supply to
the dc machine, and the dc machine operates as a motor. For ﬁring angles in the range
90 < α < 180 , the output voltage is negative, and therefore the power ðV0 I0 Þ is negative; that
is, power ﬂow is from the dc machine to the ac supply. This is known as inversion operation of
the converter, and this mode of operation is used for regenerative braking of the motor. Note
that for inversion operation, the polarity of the motor back emf ðEa Þ must be negative. It can be
reversed by reversing the ﬁeld current ðif Þ so that the dc machine behaves as a dc generator.
Two full converters can be connected back to back, as shown in Fig. 10.23. This arrangement
is known as the dual-converter connection. If one converter is used, it causes motor current to

FIGURE 10.23

Dual converter.
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ﬂow in one direction. If the other converter is used, the motor current reverses and so does the
speed. The dual converter provides virtually instantaneous reversal of current through the dc
motor and therefore provides fast reversal of motor speed.

Thyristor Semiconverter
A thyristor semiconverter that can be used for speed control of a dc motor consists of thyristors
and diodes. A semiconverter consisting of two thyristors and three diodes is shown in
Fig. 10.24a. Thyristors S1 and S2 are ﬁred at α and π + a, respectively, as shown in Fig. 10.24b.

FIGURE 10.24 Thyristor semiconverter with dc
motor load. (a) Circuit. (b) Waveforms.
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The motor is connected to the input supply for the period α < ωt < π through S1 , and D2 ,
and the load voltage v0 is the same as the input supply voltage v. Beyond π, v0 tends to reverse
as the input voltage changes polarity. As v0 tends to reverse, the diode DFW (known as the
freewheeling diode) becomes forward-biased and starts to conduct. The motor current io ,
which was ﬂowing from the supply through S1 , is transferred to DFW (i.e., S1 commutates)
and freewheels through it. The output terminals are shorted through the freewheeling diode
during the interval π < ωt < ðπ + αÞ, making v0 = 0. At ωt = π + α, S2 is ﬁred, and it takes over
the motor current io from DFW . The load current now ﬂows through S2 and D1 , making
v0 = −v. At ωt = 2π, DFW becomes forward-biased again and takes over the current from S2 .
The process continues. The waveforms of the output voltage v0 and input current i are also
shown in Fig. 10.24b. Note that if DFW is not used, freewheeling action will take place through
S1 and D1 , during the interval π < ωt < π + α and through S2 and D2 during the interval
2π < ωt < 2π + α.
The average value of the output voltage is
Z
1 π pﬃﬃﬃ
ð 2Vp sin ωtÞ dðωtÞ
π α
pﬃﬃﬃ
2Vp
ð1 + cos αÞ
=
π

V0 =

ð10:5Þ

The variation of V0 with α is also shown in Fig. 10.22. Note that V0 is always positive and
therefore power ðV0 I0 Þ is positive; that is, power ﬂow is from the ac supply to the dc load.
Semiconverters, therefore, do not invert power. However, semiconverters may be cheaper than
full converters.

EXAMPLE 10.1
A single-phase full converter is used to control the speed of a 5 hp, 110 V, 1200 rpm, separately
excited dc motor. The converter is connected to a single-phase 120 V, 60 Hz supply. The
armature resistance is Ra = 0:4 Ω, and armature circuit inductance is La = 5 mH. The motor
voltage constant is KΦ = 0:09 V=rpm.
1. Rectiﬁer (or motoring) operation. The dc machine operates as a motor, runs at 1000 rpm,
and carries an armature current of 30 amperes. Assume that motor current is ripple-free.
(a)

Determine the ﬁring angle α.

(b)
(c)

Determine the power to the motor.
Determine the supply power factor.

2. Inverter operation (regenerating action). The polarity of the motor back emf Ea is reversed,
say by reversing the ﬁeld excitation.
(a) Determine the ﬁring angle to keep the motor current at 30 amperes when the speed is
1000 rpm.
(b)

Determine the power fed back to the supply at 1000 rpm.
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Solution
Refer to Fig. 10.21.
1. (a)

Ea = 0:09 × 1000 = 90 V
V0 = Ea + I0 Ra = 90 + 30 × 0:4 = 102 V

From Eq. 10.3,

pﬃﬃﬃ
2 2 × 120
cos α
102 =
π
α = 19:2
P = I02 Ra + Ea I0 = V0 I0

(b)

= 102 × 30
= 3060 W
(c) The supply current has a square waveform with amplitude 30 A ð=I0 Þ. The rms supply
current is
I = 30 A
The supply volt–amperes are
S = VI = 120 × 30 = 3600 VA
If losses in the converter are neglected, the power from the supply is the same as the
power to the motor.
Ps = 3060 W
Thus, the supply power factor is
PF =

Ps
3060
=
= 0:85
S
3600

2. (a) At the time of polarity reversal, the back emf is
Ea = 90 V
From Eq. 10.4,
V0 = Ea + I0 Ra
= −90 + 30 × 0:4
= −90 + 12
= −78 V
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Now
V0 =

pﬃﬃﬃ
2 2 × 120
cos α = −78 V
π

or α = 136:2 .
(b) Power from dc machine:
Pdc = 90 × 30 = 2700 W
Power lost in Ra :
PR = 302 × 0:4 = 360 W
Power fed back to the ac supply:
Ps = 2700 − 360 = 2340 W

10.2.2

▪

THREE-PHASE CIRCUITS

For high-power applications, several kilowatts or more, it is desirable to use three-phase rectiﬁer circuits. Three-phase rectiﬁer circuits provide better load voltage waveforms. Various
circuit conﬁgurations are used, and some of the important ones are discussed here.

Half-Wave Diode Rectiﬁer
A simple three-phase, half-wave, diode rectiﬁer circuit consisting of three diodes and a resistance load is shown in Fig. 10.25a. The phase voltages of the input three-phase supply are
shown in Fig. 10.25b and can be expressed as follows:
pﬃﬃﬃ
vAN = 2Vp sin ωt
pﬃﬃﬃ
vBN = 2Vp sinðωt − 120 Þ
pﬃﬃﬃ
vCN = 2Vp sinðωt + 120 Þ

ð10:6Þ
ð10:7Þ
ð10:8Þ

The diodes conduct in the sequence D1 , D2 , D3 , D1 , . . . . They conduct one at a time for 120
intervals. At any time the diode whose anode is at the highest instantaneous supply voltage will
conduct. For example, during the interval 30 < ωt < 150 , vAN is higher than both vBN and
vCN . Therefore, during this interval, diode D1 conducts. When D1 conducts, the voltage across
D2 is vBA , and that across D3 is vCA . Diodes D2 and D3 , therefore, remain reverse-biased. When
D1 conducts, the output load voltage v0 is the same as the input phase voltage vAN . The conduction interval of the diodes is indicated in Fig. 10.25b. The load voltage follows the envelope
of the highest instantaneous input supply voltages.
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FIGURE 10.25 Three-phase half-wave rectiﬁer circuit with R-load. (a) Circuit.
(b) Waveforms.

The average value of the output voltage is
Z 150 pﬃﬃﬃ
1
V0 =
2Vp sin ωt dðωtÞ
2π=3 30
pﬃﬃﬃ
3 6
Vp
=
2π

ð10:9Þ

Half-Wave Thyristor-Controlled Rectiﬁer
To control the output voltage, the diodes in Fig. 10.25a can be replaced by thyristors, as shown
in Fig. 10.26a. The circuit of Fig. 10.26a will behave like the diode circuit of Fig. 10.25a, if
thyristor S1 is ﬁred at ωt = 30 , S2 is ﬁred at ωt = 150 , and S3 is ﬁred at 270 —that is, at the
crossing points of the phase voltages. Firings at these instants will also result in maximum
output voltage. The reference for the ﬁring angle α is therefore the crossing point of the phase
voltages. The ﬁring of the thyristors can be delayed from these crossing points. In other words,
the ﬁring angle is measured from the crossing points of the phase voltages. Recall that in singlephase converters, the ﬁring angle was measured from the zero crossing of the input supply
voltage.
For a particular ﬁring angle α, the thyristors are ﬁred at the instants ðωt1 , ωt2 , ωt3 Þ shown in
Fig. 10.26b. Thyristor S1 is ﬁred at ﬁring angle α (i.e., at ωt = ωt1 = 30 + α), and the output
voltage v0 = vAN . The output current i0 is V0 =R, and becomes zero at ωt = π. Thyristor S1 turns
off at this instant. Thyristor S2 is ﬁred at ωt2 , making v0 = vBN . Thyristor S2 turns off at
π + 2π=3. Thyristor S3 ﬁred at ωt3 , making v0 = vCN . The waveform of the output voltage v0 is
shown in Fig. 10.26b.
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FIGURE 10.26 Three-phase half-wave controlled rectiﬁer circuit with R-load. (a)
Circuit. (b) Waveforms (R-load).

EXAMPLE 10.2
The load in Fig. 10.26a consists of a resistance and a very large inductance. The inductance is
so large that the output current i0 can be assumed to be continuous and ripple-free. For
α = 60 ,
(a) Draw the waveforms of v0 and i0 .
(b) Determine the average value of the output voltage, if phase voltage Vp = 120 V.
Solution
(a)

(b)

The supply voltages and the ﬁring instants of the thyristors are shown in Fig. E10.2a. The
output current i0 is constant and is shown in Fig. E10.2b.
During the interval ð30 + αÞ < ωt < ð30 + α + 120 Þ thyristor S1 conducts the load
current and therefore during this interval v0 = vAN , as shown in Fig. E10.2c. Similarly,
v0 = vBN when S2 conducts and v0 = vCN when S3 conducts. The output voltage waveform
v0 is shown in Fig. E10.2c.
Z 30 +α+120
1
vAN dðωtÞ
V0 =
2π=3 30 +α
=

3
2π

Z

30 +α+ 120

30 + α

pﬃﬃﬃ
3 6
Vp cos α
=
2π

pﬃﬃﬃ
2Vp sin ωt dðωtÞ
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FIGURE E10.2

For Vp = 120 V and α = 60 ,

pﬃﬃﬃ
3 6
× 120 × cos 60
V0 =
2π
= 70:2 V

▪

Thyristor Full Converter
A three-phase full converter consists of six thyristor switches, as shown in Fig. 10.27a. This is
the most commonly used controlled-rectiﬁer circuit.
Thyristors S1 , S3 , and S5 are ﬁred during the positive half-cycle of the voltages of the phases
to which they are connected, and thyristors S2 , S4 , and S6 are ﬁred during the negative cycle of
the phase voltages. The references for the ﬁring angles are the crossing points of the phase
voltages. The times at which the thyristors ﬁre are marked in Fig. 10.27b for α = 30 .
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FIGURE 10.27 Thyristor full converter
(i0 assumed continuous).
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Assume that the output current i0 (i.e., the dc motor current) is continuous and ripple-free as
shown in Fig. 10.27b. At ωt = π=6 + α, S1 turns on. Prior to this instant S6 was turned
on. Therefore, during the interval ðπ=6 + αÞ < ωt < ðπ=6 + α + π=3Þ, thyristors S1 and S6
conduct the output current and the motor terminals are connected to phase A and phase B,
making the output voltage v0 = vAB = vAN − vBN . The output voltage v0 is the distance between
the envelopes of the phase voltages vAN and vBN , as shown by arrows in Fig. 10.27b. At
ωt = π=6 + α + π=3, thyristor S2 is ﬁred, and immediately voltage vCB appears across S6 , which
reverse-biases it and turns it off (line commutation). The current from S6 is transferred to S2 .
The motor terminals are connected to phase A through S1 and phase C through S2 , making
v0 = vAC . This process repeats after every 60 whenever a thyristor is ﬁred. Note that the
thyristors are numbered in the sequence in which they are ﬁred.
Each thyristor conducts for 120 in a cycle. The thyristor current is1 is shown in Fig. 10.27b.
The line current, such as iA , is a quasi-square wave (i.e., square wave having 120 pulse width),
as shown in Fig. 10.27b.
The average value of the output voltage is
Z π=6+α+π=3
1
ðvAN − vBN Þ dðωtÞ
π=3 π=6+α
pﬃﬃﬃ
3 6
Vp cos α
=
π

V0 =

ð10:10Þ

The average output voltage varies with the ﬁring angle α, and this variation is shown in
Fig. 10.28. For α varying in the range 0 < α < 90 , v0 is positive and power ﬂow is from the ac
supply to the dc motor. For 90 < α < 180 , v0 is negative and the converter operates in the
inversion mode. The power can be transferred from the dc motor to the ac supply, a process
known as regeneration.

FIGURE 10.28 V0 versus α in three-phase
converters for continuous output current.
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Thyristor Semiconverter
The three-phase semiconverter consists of three thyristors and three diodes, as shown in
Fig. 10.29a. Voltage and current waveforms are drawn in Fig. 10.29b for α = 90 . The instants
of ﬁring the thyristors and duration of conduction of the diodes are shown in Fig. 10.29b.
Assume that the output current i0 is continuous and ripple-free. At ωt = π=6 + α, S1 turns on
and S1 and D3 conduct the output current i0 , making v0 = vAC . At ωt = 210 , v0 is zero, and from
this instant onward, v0 tends to be negative. The diode D1 will become forward-biased (because
S1 is conducting) and will start conducting. The output current i0 will freewheel through S1 and

FIGURE 10.29 Thyristor semiconverter
(i0 ripple-free).
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Three-phase dual converter.

D1 , making v0 = 0. When S2 is turned on, the output current i0 will conduct through S2 and D1 ,
making v0 = vBA . The process repeats every 120 whenever a thyristor is ﬁred. Note that the line
current iA starts at ωt = π=6 + α, and terminates at ωt = 210 .
The average value of the output voltage is
Z π+π=6
1
vAC dθ
2π=3 π=6+α
Z pﬃﬃﬃ
3
6Vp sinðθ − 30 Þdθ
=
2π
pﬃﬃﬃ
3 6
=
Vp ð1 + cos αÞ
2π

V0 =

ð10:10aÞ

The variation of V0 with α is shown in Fig. 10.28. Note that the output voltage cannot reverse.
Hence this converter does not operate in the inversion mode.

Dual Converter2
Two full converters can be connected back-to-back to form a dual converter, as shown in
Fig. 10.30. Both the voltage V0 and the current I0 can reverse in a dual converter.

EXAMPLE 10.3
A 3φ full converter is used to control the speed of a 100 hp, 600 V, 1800 rpm, separately excited
dc motor. The converter is operated from a 3φ, 480 V, 60 Hz supply. The motor parameters are
Ra = 0:1 Ω, La = 5 mH, KΦ = 0:3 V=rpm ðEa = KΦnÞ. The rated armature current is 130 A.
1. Rectiﬁer (or motoring) operation. The machine operates as a motor, draws rated current,
and runs at 1500 rpm. Assume that motor current is ripple-free.
(a)
(b)
2

Determine the ﬁring angle.
Determine the supply power factor.

P. C. Sen, Thyristor DC Drives, Wiley-Interscience, New York, 1981.
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2. Inverter operation. The dc machine is operated in the regenerative braking mode. At
1000 rpm and rated motor current,
Determine the ﬁring angle.
Determine the power fed back to the supply and the supply power factor.

(a)
(b)
Solution

480
Vp = pﬃﬃﬃ = 277 V
3

1. (a)

Ea = 0:3 × 1500 = 450 V
V0 = Ea + I0 Ra
= 450 + 130 × 0:1
= 463 V
From Eq. 10.10,

pﬃﬃﬃ
3 6 × 277
cos α
463 =
π
α = 44:4

(b) Since ripple in the motor current is neglected, from Fig. 10.27 the supply current iA is a
square wave of magnitude 130 A and width 120 . The rms value of the supply current is


1
2π
× 1302 ×
IA =
π
3
sﬃﬃﬃ
2
=
× 130
3

1=2

= 106:1 A
The supply volt–amperes are
S = 3VIA
= 3 × 277 × 106:1
= 88,169:1 VA
Assuming no losses in the converter, the power from the supply Ps is the same as the
power input to the motor. Hence,
Ps = V0 I0
= 463 × 130
= 60,190 W
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Therefore, the supply power factor is
Ps
60,190
=
= 0:68
S
88,169:1

PF =

Ea = 0:3 × 1000 = 300 V

2. (a)

For inversion, the polarity of Ea is reversed
V0 = Ea + I0 Ra
= −300 + 130 × 0:1
= −287 V
Now,
pﬃﬃﬃ
3 6 × 277
cos α = −287 V
V=
π
α = 116:3
(b) Power from the dc machine (operating as a generator):
Pdc = 300 × 130 = 39,000 W
Power lost in Ra :

PR = 1302 × 0:1 = 1690 W

Power to source:

Ps = 39,000−1690 = 37,310 W

Supply volt–amperes:
S = 88,169:1 VA
Supply power factor:
PF =

10.3

37,310
= 0:423
88,169:1

▪

AC VOLTAGE CONTROLLERS

AC voltage controllers convert a ﬁxed-voltage ac supply into a variable-voltage ac supply. They
are equivalent to autotransformers. AC controllers can be used to control the speed of induction motors.

10.3.1

SINGLE-PHASE AC VOLTAGE CONTROLLERS

The power circuit of a single-phase ac voltage controller supplying an inductive load is shown
in Fig. 10.31a. Thyristor S1 is ﬁred at α and thyristor S2 is ﬁred at π + α. When S1 turns on at α,
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FIGURE 10.31

Single-phase ac voltage controller. (a) Circuit. (b) Waveforms.

the supply voltage is connected to the load, making v0 = v. The load current i0 builds up at α
and decays to zero at β as shown in Fig. 10.31b. When S2 turns on at π + α, a negative current
pulse ﬂows in the load.
The waveforms of the load voltage v0 and load current i0 are shown in Fig. 10.31b for a ﬁring
angle α.
During the conduction interval—that is, α < ωt < β,
v0 = v = Ri0 + L
pﬃﬃﬃ
di0
2Vp sin ωt = Ri0 + L
dt

di0
dt

ð10:11Þ
ð10:12Þ

The load current is

where

Z=

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 + ðωLÞ2

i0 = isteady state + itransient
pﬃﬃﬃ
2Vp
sinðωt − φÞ + Ae−t=τ
i0 =
Z

ð10:13Þ

φ = tan−1 ωL=R
τ = L=R
At ωt = α, i0 . From Eq. 10.13,
pﬃﬃﬃ
2Vp
sinðα−φÞ + Ae−ðR=ωLÞα
0=
Z

ð10:14Þ
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From Eq. 10.14,
A=−

pﬃﬃﬃ
2Vp
sinðα − φÞ + eðR=ωLÞα
Z

ð10:15Þ

From Eqs. 10.13 and 10.15,
pﬃﬃﬃ h
i
2Vp
sinðωt − φÞ − sin ðα − φÞeðR=ωLÞðα−ωtÞ
i0 =
Z

ð10:16Þ

Let α = φ. From Eq. 10.16,
pﬃﬃﬃ
2Vp
sinðωt − φÞ
i0 =
Z

ð10:17Þ

In Eq. 10.17, the load current i0 is sinusoidal, which indicates that if the ﬁring angle is the same
as the impedance angle (i.e., α = φ), the load current becomes purely sinusoidal. Each thyristor
conducts for 180 , and full supply voltage appears across the load. Figure 10.32 shows waveforms of load current for two different ﬁring angles. For α > φ, i0 is nonsinusoidal, and for
α = φ, i0 is sinusoidal. Even for α < φ, i0 will be sinusoidal in the steady state. The thyristor will
be ﬁred at ωt = α, but it will turn on at ωt = φ, as shown in Fig. 10.32b.

FIGURE 10.32 Load current waveforms at different ﬁring angles.
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FIGURE 10.33 Three-phase ac voltage controllers. (a) Star-connected controller. (b) Delta-connected controller.

10.3.2

THREE-PHASE AC VOLTAGE CONTROLLERS

For high-power loads, such as large-horsepower induction motors driving fans or pumps,
three-phase controllers are used. Figure 10.33 shows the power circuits of two types of threephase ac voltage controllers. In one circuit (Fig. 10.33a) the thyristor switches are in the lines
and the load is connected in star (or delta). In the other circuit (Fig. 10.33b), the thyristor
switches are connected in series with the phase loads to form a delta connection.
Analysis of the star-connected three-phase controller is very complex because operation of
one phase is dependent on the operation of the other phases. However, the operation of the
delta-connected controller can be studied on a per-phase basis, because each phase is connected across a known supply voltage.
EXAMPLE 10.4
A three-phase ac voltage controller is used to start and control the speed of a 3φ, 100 hp, 460 V,
four-pole induction motor driving a centrifugal pump. At full-load output the power factor of
the motor is 0.85 and the efﬁciency is 80 percent. The motor current is sinusoidal. The controller and motor are connected in delta, as shown in Fig. 10.33b.
(a) Determine the rms current rating of the thyristors.
(b) Determine the peak voltage rating of the thyristor.
(c) Determine the control range of the ﬁring angle α.
Solution
(a) Input kVA at full load is
S=
=

output power
efficiency × power factor
100 × 0:746
0:8 × 0:85

= 109:71 kVA
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Input line current IL :
109:71 × 103
pﬃﬃﬃ
= 137:7 A
3 × 460

IL =
Motor phase current Ip :

137:7
Ip = pﬃﬃﬃ = 79:5 A
3
Thyristor rms current Is :
79:5
Is = pﬃﬃﬃ = 56:22 A
2
(b)

Peak voltage across a thyristor:
pﬃﬃﬃ
Vs = 2 × 460 = 650:4 V
φ = cos−1 0:85 = 31:8

(c)

The control range is 31:8 < α < 180 .

10.4

▪

CHOPPERS

A chopper directly converts a ﬁxed-voltage dc supply to a variable-voltage dc supply. The
chopper can be used to control the speed of a dc motor.

10.4.1

STEP-DOWN CHOPPER (BUCK CONVERTER)

A schematic diagram of a step-down chopper with a motor load is shown in Fig. 10.34a. The
switch Scan be a conventional thyristor (i.e., SCR), a GTO thyristor, a power transistor, or a
MOSFET.
When the switch S is turned on, say at t = 0 (Fig. 10.34b), the supply is connected to the
load, and v0 = V. The load current i0 builds up. When the switch S is turned off at t = ton , the load
current freewheels through DFW , and v0 = 0. At t = T, switch S is turned on again and the cycle
repeats. The waveforms of the load voltage v0 and load current i0 are shown in Fig. 10.34b. It is
assumed that i0 is continuous. Note that the output voltage v0 is a chopped voltage derived from
the supply voltage V, hence the name chopper. The average value of the output voltage is
ton
V
T
= αV

V0 =

where ton is the on-time of the chopper,
T is the chopping period,
α is the duty ratio of the chopper.

ð10:18Þ
ð10:19Þ
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FIGURE 10.34 Step-down chopper
(buck converter). (a) Circuit. (b) Waveforms.
(c) V0 versus α.

From Eq. 10.19, it is obvious that the output voltage varies linearly with the duty ratio of the
chopper. The variation of V0 with α is shown in Fig. 10.34c. The output voltage can be controlled in the range 0 < V0 < V. This conﬁguration of the chopper is known as a step-down
chopper (or buck converter).
If the switch S is a GTO thyristor, a positive gate pulse will turn it on and a negative
gate pulse will turn it off. If the switch is a transistor, the base current will control the on and
off period of the switch. If the switch is an SCR, a commutation circuit is required to turn it off.
Many forms of commutation circuits3 are used to force-commutate a thyristor. An example of
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FIGURE 10.35
thyristor S.
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Commutation circuit to turn off the

a commutation circuit is shown in Fig. 10.35. This circuit is sometimes known as the Hitachi
commutation circuit.3 It is used in the chopper controller for Toronto subway cars. When the
main thyristor S is on, the capacitor remains charged with the polarity shown in Fig. 10.35. To
turn off the thyristor S the auxiliary thyristor SA is ﬁred. An oscillatory current impulse ic is
generated. The positive half-cycle of ic ﬂows through C, SA , and L. The negative half-cycle of ic
ﬂows through L, D1 , S, and C. This negative commutation current ic ﬂows in a direction
opposite to the load current i0 already ﬂowing through S. When jic j = ji0 j, the net current
through S is zero, and S will turn off. Details of the operation and design of this commutation
circuit are given in the literature.3

10.4.2

STEP-UP CHOPPER (BOOST CONVERTER)

The chopper conﬁguration shown in Fig. 10.34a produces output voltages less than the input
voltage (i.e., V0 < V). However, a change in the chopper conﬁguration, as shown in Fig. 10.36a,
provides higher load voltages.
When the chopper is on, the inductor L is connected to the supply V, and VL = V. The
inductor current i increases linearly. When the chopper is off, the inductor current i is forced to
ﬂow through the diode and the load. The inductor current decreases linearly. The waveforms of
v0 , iL , and vL are shown in Fig. 10.36b.
During ton ,
vL = V = L

di
I2 − I1
ΔI
=L
=L
ton
dt
ton

ð10:20Þ

where
ΔI =
3

Vton
L

P. C. Sen, Thyristor DC Drives, Wiley-Interscience, New York, 1981.

ð10:20aÞ
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FIGURE 10.36 Boost converter. (a) Circuit.
(b) Waveforms. (c) V0 versus α.

During toff = T − ton ,
vL = V − V0 = L

I1 − I2
ΔI
= −L
toff
toff

ð10:20bÞ

where
ΔI = −

ðV − V0 Þ
toff
L

ð10:20cÞ
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From Eqs. 10.20a and 10.20c,
Vton = ðV0 − VÞtoff
V0 =

Vðton + toff Þ
toff

V0 =

T
V
T − ton

=

1
V
1−α

ð10:21Þ

Thus, for a variation of α in the range 0 < α < 1, the output voltage V0 will vary in the range
V < V0 < α. This variation of V0 with α is shown in Fig. 10.36c. This principle of operation is
utilized in the regenerative braking of a dc motor. In Fig. 10.36, if V represents the armature of
the dc machine and V0 represents the dc supply, power can be fed back from the decreasing
motor voltage V to the ﬁxed supply voltage V0 by proper adjustment of the duty cycle ðαÞ. In
Fig. 10.34a, if the positions of the chopper and diode are interchanged, the conﬁguration
becomes a step-up chopper with Ea as the source and V as the load (i.e., the receiver of power
or sink).

10.4.3 STEP-DOWN AND STEP-UP CHOPPER
(BUCK-BOOST CONVERTER)
A chopper conﬁguration that will provide load voltages lower and higher than the supply
voltage is shown in Fig. 10.37a.
When the chopper is on, the inductor is connected to the supply voltage V and vL = V. The
inductor current increases linearly. When the chopper is off, the inductor current ﬂows
through the load and the diode. The inductor voltage is vL = −V0 , and the inductor current
decreases linearly. The waveforms of v0 , iL , and vL are shown in Fig. 10.37b. Note that the
polarity of v0 is reversed with respect to supply voltage.
During ton ,
vL = V = L
where ΔI =

I2 − I1
ΔI
=L
ton
ton

V
ton
L

ð10:22Þ
ð10:22aÞ

During toff = T − ton ,
vL = −V0 = L
where

ΔI =

V0
toff
L

I1 − I2
ΔI
= −L
toff
toff

ð10:22bÞ
ð10:22cÞ
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FIGURE 10.37 Buck–boost converter.
(a) Circuit. (b) Waveforms. (c) V0 versus α.

From Eqs. 10.22a and 10.22c,
V0 =

ton
V
toff

ton
T − ton
α
V
=
1−α

=

ð10:23Þ
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Two-quadrant chopper. (a) Circuit. (b) Quadrant operation.

Thus, for a variation of α in the range 0 < α < 1, the output voltage V0 will vary in the range
0 < V0 < 1. This variation of V0 with α is shown in Fig. 10.37c.

10.4.4

TWO-QUADRANT CHOPPER

A combination of the step-up and step-down conﬁgurations can form a two-quadrant chopper.
This circuit (or arrangement) is shown schematically in Fig. 10.38a. If the chopper, S1 and the
diode D1 are operated, the system operates as a step-down chopper, and the dc machine
operates as a motor. The output voltage V0 is either V (when S1 is on) or zero (when S1 is off
and D1 conducts). The average value of the output voltage is positive, and the output current i0
ﬂows in the positive direction (direction shown by the arrow in Fig. 10.38a). The chopper,
therefore, operates in the ﬁrst quadrant, as shown in Fig. 10.38b. If, however, the chopper S2
and the diode D2 are operated, the system operates as a step-up chopper with Ea as source and
the dc machine operates in the regenerative braking mode. The output voltage V0 is either zero
(when S2 is on) or V (when S2 is off and D2 conducts). The average value of the output voltage is
positive, but the output current now ﬂows in the negative direction. The chopper then operates
in the fourth quadrant, as shown in Fig. 10.38b.
The chopper shown in Fig. 10.38a can thus be operated in either the ﬁrst or fourth quadrant,
and hence is known as a two-quadrant chopper.
EXAMPLE 10.5
The two-quadrant chopper shown in Fig. 10.38a is used to control the speed of the dc motor and
also for regenerative braking of the motor. The motor constant is KΦ = 0:1 V=rpm ðEa = KΦnÞ.
The chopping frequency is fc = 250 Hz and the motor armature resistance is Ra = 0:2 Ω. The
inductance La is sufﬁciently large and the motor current i0 can be assumed to be ripple-free.
The supply voltage is 120 V.
(a) Chopper S1 and diode D1 are operated to control the speed of the motor. At n = 400 rpm
and i0 = 100 A (ripple-free),
(i) Draw waveforms of v0 , i0 , and is .
(ii) Determine the turn-on time ðton Þ of the chopper.
(iii) Determine the power developed by the motor, power absorbed by Ra , and power
from the source.
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(b) In the two-quadrant chopper S2 and diode D2 are operated for regenerative braking of the
motor. At n = 350 rpm and i0 = −100 A (ripple-free),
(i) Draw waveforms of v0 , i0 , and is .
(ii) Determine the turn-on time ðton Þ of the chopper.
(iii) Determine the power developed by the motor, power absorbed by Ra , and power to
the source.
Solution
(a)

(i) The waveforms are shown in Fig. E10.5a.
(ii) From Fig. 10.38a,
V0 = Ea + Ia Ra
= 0:1 × 400 + 100 × 0:2
= 60 V

(iii)

60 =

ton
ton
V=
120
T
T

ton =

T
2

Pmotor = Ea I0 = 0:1 × 400 × 100 = 4000 W
PR = ði0 Þ2rms Ra = 1002 × 0:2 = 2000 W
2
Ps = Vðis Þavg = 120 × 100 × = 6000 W
4

(b)

(i) The waveforms are shown in Fig. E10.5b.
(ii)
V0 = Ea + ð−I0 Ra Þ
= 0:1 × 350−100 × 0:2
= 15 V
From Fig. E10.5b,
T − ton
V
T


ton
120
15 = 1−
T

V0 =

ton 7
=
T
8
ton =

7
× 4 = 3:5 msec
8
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FIGURE E10.5

(iii)

Pmotor = Ea I0 = 0:1 × 350ð−100Þ = −3500 W
PR = 1002 × 0:2 = 2000 W


1
Ps = Vðis Þavg = 120 −100 ×
= −1500 W
8

10.5

▪

INVERTERS

Inverters are static circuits that convert power from a dc source to ac power at a speciﬁed
output voltage and frequency. Inverters are used in many industrial applications. The following
are some of their important applications:
1. Variable-speed ac motor drives.
2. Induction heating.
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FIGURE 10.39 Inverter conﬁgurations. (a) Voltage source inverter (VSI). (b) Current
source inverter (CSI).

3. Aircraft power supplies.
4. Uninterruptible power supplies (UPS) for computers.
In general, there are two types of inverters: voltage source inverters (VSI) and current source
inverters (CSI). In the voltage source inverter, the input is a dc voltage supply and the inverter
converts the input dc voltage into a square-wave ac output voltage source as shown in Fig.
10.39a. In the current source inverter the input is a dc current source and the inverter converts
the input dc current into a square-wave ac output current as shown in Fig. 10.39b.

10.5.1

VOLTAGE SOURCE INVERTERS (VSI)

The input of a voltage source inverter is a stiff dc voltage supply, which can be a battery or the
output of a controlled rectiﬁer. Both single-phase and three-phase voltage source inverters are
used in industry and will be discussed here. The switching device can be a conventional thyristor (with its commutation circuit), a GTO thyristor, or a power transistor. Here a thyristor
symbol enclosed in a circle is used to represent the on/off switch.

Single-Phase VSI
The half-bridge conﬁguration of the single-phase voltage source inverter is shown schematically
in Fig. 10.40a. The dc supply is center-tapped. Switches S1 and S2 are on/off solid-state switches
(SCRs or GTO thyristors, BJTs, or MOSFETs). Diodes D1 and D2 are known as feedback diodes,
because they can feed back load reactive energy.
During the positive half-cycle of the output voltage, the switch S1 is turned on, which makes
v0 = +V=2. During the negative half-cycle, the switch S2 is turned on, which makes v0 = −V=2.
Waveforms of gate pulses (ig1 and ig2 ) and output voltage v0 are shown in Fig. 10.40b. Note that
prior to turning on a switch, the other one must be turned off, otherwise both switches will
conduct and short-circuit the dc supply.
If the load is reactive—for example, a lagging power factor load—the output current i0 lags
the output voltage v0 , as shown in Fig. 10.40c. Note that during 0 < t < T=2, v0 is positive; that
is, either S1 or D1 is conducting during this interval. However, i0 is negative during 0 < t < t1 ;
therefore, D1 must be conducting during this interval. The load current i0 is positive during
t1 < t < T=2 and therefore, S1 must be conducting during this interval. The devices conducting
during various intervals of time are shown in Fig. 10.40c. The feedback diodes conduct when
the voltage and current are of opposite polarities.
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Half-bridge voltage source inverter. (a) Circuit. (b, c) Waveforms.

The full-bridge conﬁguration of the single-phase voltage source inverter is shown in Fig.
10.41a. Switches S1 and S2 are ﬁred during the ﬁrst half-cycle and switches S3 and S4 are ﬁred
during the second half-cycle of the output voltage. The output voltage is a square wave of
amplitude V, as shown in Fig. 10.41b. Note that the frequency of the ﬁring pulses decides the
output frequency of the inverter.

Commutation Circuits
If the switch used is a conventional thyristor (SCR), commutation circuits are required to turn
it off. Many forms of commutation circuits are used to force-commutate a thyristor. One type
of commutation circuit is shown in Fig. 10.35. Another commutation circuit that has been

FIGURE 10.41

Full-bridge VSI. (a) Circuit. (b) Waveform.
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FIGURE 10.42

McMurray commutation circuit.

extensively used in inverters is shown in Fig. 10.42. This circuit is known as the McMurray
inverter. The elements S1A , S2A , L, and C form the commutation circuit, and these can be
operated to turn off the main thyristors S1 and S2 . For example, to turn off the main thyristor
S1 at instant T=2 (prior to turning on the other main thyristor S2 ), the auxiliary thyristor S1A is
ﬁred. As a result, an oscillatory current impulse ic ﬂows in the circuit consisting of L, C, S1 ,
and S1A . This commutation current ic ﬂows opposite to the load current i0 already ﬂowing
through S1 . When ic ¼ i0 , the net current through S1 is zero, and S1 turns off. Details of the
operation and design of this commutation circuit are given in the literature.4

EXAMPLE 10.6
In the single-phase bridge inverter of Fig. 10.41a, the load current is
I0 = 540 sinðωt − 45 Þ
The dc supply voltage is V = 300 volts.
(a) Draw waveforms of v0 , i0 , and is . Indicate on the waveforms of i0 and is the devices that
are conducting during various intervals of time.
(b) Determine the average value of the supply current and the power from the dc supply.
(c) Determine the power delivered to the load.
Solution
(a) The waveforms are shown in E10.6.
(b)

1
is javg = Is =
π

Z

π

540 sinðωt − 45 ÞdðωtÞ

0

= 24:31 A
Ps = 300 × 243:1 = 72:93 kW

4

B. D. Bedford and R. G. Hoft, Principles of Inverter Circuits, Wiley, New York, 1964.
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FIGURE E10.6

(c)

From the Fourier analysis of v0 (square wave), the rms value of the fundamental output
voltage is
4V
4 × 300
pﬃﬃﬃ = 270:14 V
V01 = pﬃﬃﬃ =
π 2
π 2
Pout = V01 I0 cos θ
540
= 270:14 × pﬃﬃﬃ cos 45
2
= 72:93 kW

▪

Three-Phase Bridge Inverter
Using a single-phase half-bridge inverter as a building block, a three-phase inverter can be
constructed, as shown in Fig. 10.43a. The load is shown as connected in star. The ﬁrings (and
hence the operation) of the three half-bridges are phase-shifted by 120 . The pole voltages vAO ,
vBO , and vCO are shown in Fig. 10.43b. When S1 ﬁred at ωt = 0, pole A is connected to the
positive bus of the dc supply, making vAO = V=2. When S4 is ﬁred at ωt = π, pole A is connected
to the negative bus of the dc supply, making vAO = −V=2. Waveforms of vBO and vCO are exactly
the same as those of vAO , except that they are shifted by 120 . The line voltages are related to the
pole voltages as follows:
vAB = vAO − vBO

ð10:24Þ

vBC = vBO − vCO

ð10:25Þ

vCA = vCO − vAO

ð10:26Þ
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FIGURE 10.43 Three-phase
bridge inverter. (a) Circuit.
(b) Waveforms.
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The line voltages are graphically constructed as shown in Fig. 10.43b. These voltages are quasisquare waves with 120 pulse width. They have a characteristic six-stepped wave shape.
The pole voltages can be written as
vAO = vAN + vNO

ð10:27Þ

vBO = vBN + vNO

ð10:28Þ

vCO = vCN − vNO

ð10:29Þ

vAN + vBN + vCN = 0

ð10:30Þ

For balanced three-phase operation,

From Eqs. 10.27, 10.28, 10.29, and 10.30,
vNO =

vAO + vBO + vCO
3

ð10:31Þ

The voltage waveform of the load neutral to supply neutral, vNO , can be constructed graphically
from the pole voltages and is shown in Fig. 10.43b. This voltage varies at three times the frequency of the inverter output voltage.
The load phase voltages (vAN , vBN , vCN ) can be obtained if Eq. 10.31 is substituted in Eqs.
10.27, 10.28, and 10.29.
vAN = vAO − vNO = 23 vAO − 13ðvBO + vCO Þ

ð10:32Þ

vBN = vBO − vNO = 23 vBO − 13ðvAO + vCO Þ

ð10:33Þ

vCN = vCO − vNO = 23 vCO − 13ðvAO + vBO Þ

ð10:34Þ

The load phase voltage (such as vAN ) can be constructed graphically as shown in Fig. 10.43b.
It also has a six-stepped wave shape. The other phase voltages vBN and vCN will have the same
wave shape as vAN , except that they are phase-shifted by 120 . A typical load current iA for an
inductive load is also shown with the wave of vAN in Fig. 10.43b.

EXAMPLE 10.7
In the three-phase bridge inverter of Fig. 10.43a, the dc supply voltage is 600 V. Determine the
rms value of the load line-to-line voltage and load phase voltage.

Solution
From the waveforms shown in Fig. 10.43b,
sﬃﬃﬃ
2
× 600 = 0:8165 × 600 = 489:9 V
VL =
3
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Vp =

8 "
<1  V 2
:π

V
=
3



3

π
× +
3

1 4 1
+ +
3 3 3



2
V
3

2

π
× +
3



V
3

2

#91=2
π =
×
3 ;

1=2

pﬃﬃﬃ
V 2
3
pﬃﬃﬃ
600 2
=
3

=

= 282:84 V

▪

Pulse Width-Modulated (PWM) Inverters
Many applications require a variable-voltage source. For example, in the speed control of
induction motors, the voltage should be changed with frequency to keep the ﬂux level constant.
The output voltage of an inverter can be varied by changing the pulse width of each half-cycle
of the inverter output voltage. Consider the single-phase bridge inverter in Fig. 10.44a. The
ﬁrings of the switches S3 and S2 of the right leg of the inverter are shifted by an angle γ  with
respect to the ﬁring of S1 and S4 of the left leg of the inverter. This produces the pole voltages
vAO and vBO as shown in Fig. 10.44b. The resulting load voltage vAB has a pulse width of γ  . By
changing the shift angle γ  , the inverter output voltage can be changed.

FIGURE 10.44

Pulse width modulation (single pulse).
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FIGURE 10.45
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Sinusoidal pulse width modulation (PWM).

Note that at lower values of the pulse width γ  (i.e., lower output voltage) the inverter output
voltage will be rich in harmonic content. PWM inverters with multiple pulses in each half-cycle
of the inverter output voltages can reduce the harmonic content. Various methods5 have been
used to achieve this feature. One method popular in industrial applications is known as the
sinusoidal PWM technique. This method will now be described.
In the sinusoidal PWM method a triangular carrier wave of frequency fc and a modulating
wave of frequency fm (the same frequency as that of the inverter output) are used to modulate
the pole voltage. Consider the single-phase inverter circuit of Fig. 10.44a. The triangular carrier
wave ( fc ) and the sinusoidal modulating waves φA and φB are shown in Fig. 10.45. The
pole voltage vAO is switched between positive and negative buses at the intersections of
the carrier wave and the modulating wave φA . Similarly, the pole voltage vBO is modulated
5

P. C. Sen and S. D. Gupta, Modulation Strategies of Three Phase PWM Inverters, Canadian Electrical Engineering
Journal, vol. 4, no. 2, 1979.
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by the carrier wave and the modulating wave φB . These pole voltages vAO and vBO are shown
in Fig. 10.45, and the load voltage vAB ð=vAO − vBO Þ is constructed graphically and shown in
Fig. 10.45.
Note that the pulses in each half-cycle have different widths. The central pulse is
wider than the side pulses. Fourier analysis of this inverter voltage waveform reveals that
it has less harmonic content than a single pulse per half-cycle inverter voltage (vAB of
Fig. 10.44).
The frequency ratio fc =fm is called the carrier ratio, and the amplitude ratio Am =Ac is called
the modulation index. Note that the carrier ratio determines the number of pulses in each halfcycle of the inverter output voltage, and the modulation index determines the width of the
pulses—hence the rms value of the inverter output voltage.
For a 3φ inverter (Fig. 10.43a), using modulating waves phase-shifted from each other by
120 , a three-phase sinusoidal PWM inverter can be obtained.
EXAMPLE 10.8
The dc supply voltage of the single pulse width-modulated inverter of Fig. 10.44 is 120 volts.
Determine the angle of shift (γ  ) to produce rms output voltages of 50 V and 100 V.
Solution
V0 =

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
γ
× 120
180

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
γ
× 120 ! γ = 31:25
50 =
180
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
γ
100 =
× 120 ! γ = 125
180

▪

EXAMPLE 10.9
Determine the variation of the fundamental and harmonic voltages of the inverter output
voltage of Fig. 10.44 as the pulse width changes.
Solution
The output voltage v0 is redrawn in Fig. E10.9a. It can be expressed in a Fourier series as
follows:
X
v0 = V 0 +
ðAn sin nθ + Bn cos nθÞ
Z 2π
1
V0 =
v0 dθ = 0
where
2π 0

Inverters

An =
=

2
π

Z

π

v0 sin nθ dθ
0

4V
nπ
nγ
sin
sin
nπ
2
2

An = 0,
Bn =

2
π

for n even
Z

π

v0 cos nθ dθ = 0

0

Therefore,
v0 = An sin nθ

!
1
X
4V
nπ
nγ
sin
sin
sin nθ
=
nπ
2
2
n = 1;3;5

The fundamental voltage is

where

!
4V
γ
sin
v01 =
sin θ
π
2
pﬃﬃﬃ
= 2V01 sin θ

V01 = RMS fundamental voltage
4V
γ
γ
= pﬃﬃﬃ sin = 0:9V sin
2
2
π 2

The variation of V01 with γ is shown in Fig. E10.9b. The nth harmonic voltage is


4V
nγ
sin
sin nθ
von =
nπ
2
The rms nth harmonic voltage is
Von =

4V
nγ
pﬃﬃﬃ sin
2
nπ 2

and Von is zero at nγ=2 = mπ, where m is an integer. Because γ = 2mπ=n,
V03 = 0
V05 = 0

2π
= 120
3
2mπ
at γ =
5
at γ =

=

2π 4π
,
5 5

= 72 , 144
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FIGURE E10.9

The variation of V03 and V05 is also shown in Fig. E10.9b. Note that at γ = 120 , the third
harmonic voltage vanishes. This is a preferred pulse width for the inverter. However, at
γ = 120 , the fundamental voltage is slightly less than the maximum available. ▪

10.5.2

CURRENT SOURCE INVERTERS (CSI)

A current source inverter requires a stiff dc current source at the input, as opposed to the stiff
dc voltage source required in a voltage source inverter. A series inductor is present in the input
to provide the stiff current source. A three-phase current source inverter6 using thyristors is
shown in Fig. 10.46a. The idealized waveforms of the input and output currents are shown in
Fig. 10.46b. Each thyristor conducts for a 120 interval. The capacitors ðC1 −C6 Þ and diodes
6

K. P. Phillips, Current Source Inverter for AC Motor Drives, IEEE Transactions on Industry Applications, vol. IA-8,
no. 6, pp. 679–683, 1972.
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ðD1−D6 Þ are the commutating elements. The thyristors ðS1−S6 Þ are numbered in accordance
with the sequence in which they are ﬁred. When a thyristor is ﬁred, it immediately commutates
the conducting thyristor of the same group (upper group S1−S3−S5 , lower group S4−S6−S2 ).
For example, assume that S1 and S2 are conducting. Input current I will ﬂow through S1 , D1 ,
phase A load, phase C load, D2 , S2 , and back to the input source. Capacitor C1 will now be

FIGURE 10.46 Three-phase
CSI (current source inverter).
(a) Circuit using thyristors.
(b) Waveforms. (c) Circuit using
self-controlled devices.

536

chapter 10 Power Semiconductor Converters

FIGURE 10.46

(Continued)

charged with the polarity shown in Fig. 10.46a. If S3 is now ﬁred, C1 will be connected across S1
and will reverse-bias S1 and turn it off. The current from S1 will be transferred to S3 . Eventually, the input current will ﬂow through S3 , D3 , phase B load, phase C load, D2 , S2 , and back
to the source. The diodes cause the charge to be held on the commutating capacitors. Without
these diodes a capacitor would discharge through two phase loads.
The current source inverter using self-controlled switches such as GTO-thyristors, IGBTs, or
MOSFETs is shown in Fig. 10.46c. The waveforms of currents iA , iB , and iC are the same
as those shown in Fig. 10.46b. The on–off operation of the switches S1−S6 is controlled by the
gate voltages or gate currents of the switches. The capacitor bank performs the following
functions:

▪

During switchover of current between devices, the load current im is provided by the
capacitors, which assists the commutation process.
The capacitors ﬁlter current harmonics and make the load current im essentially sinusoidal.

▪
▪

The voltage spikes are reduced signiﬁcantly.

A variable-current source can be obtained from a variable-voltage source as shown in
Fig. 10.47. The current loop adjusts the output voltage of the controlled rectiﬁer to maintain the
dc link current at the desired set value (i.e., Iset = I).
Current source inverters are rugged and reliable. Even if the output terminals are shorted,
current does not increase, because it is regulated by the input current loop. If the load is an ac
machine, such as an induction machine, the quasi-square wave current produces pulsating
torque, and this may make the motor rotate in jerks at low speed. Pulse width modulation
(PWM) of the current can reduce the pulsating torque and improve the motor performance.7,8

7

C. Namuduri and P. C. Sen, Optimal Pulse Width Modulation for Current Source Inverters, IEEE-IA Transactions,
vol. IA-22, no. 6, pp. 1052–1072, 1986.
8
T. A. Lipo, Analysis and Control of Torque Pulsations in Current-Fed Asynchronous Machine, IEEE-PESC
Proceedings, pp. 89–96, 1978.
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CSI with current regulation.

EXAMPLE 10.10
In the three-phase current source inverter of Fig. 10.46a, the dc link current is 100 A. Determine the rms values of the thyristor current and the output current.
Solution
From the waveforms shown in Fig. 10.46b, each thyristor conducts for 120 .
sﬃﬃﬃ
1
× 100 = 0:5774 × 100 = 57:74 A
ISCR =
3
sﬃﬃﬃ
2
Iout =
× 100 = 0:8165 × 100 = 81:65 A
3

10.6

▪

CYCLOCONVERTERS

A cycloconverter directly converts ac power at one input frequency to output power at a different (normally lower) frequency. It is essentially a dual converter as described in Section
10.2.2, operated in such a way as to produce an alternating output voltage.

10.6.1

SINGLE-PHASE TO SINGLE-PHASE CYCLOCONVERTER

Consider the dual-converter circuit of Fig. 10.48a with a resistive load. Converters P and N are
the positive and negative controlled rectiﬁers, respectively. If only converter P is operated, the
output voltage is positive. If converter N is operated, the output voltage is negative.
Let the polarity of the control voltage vc represent the polarity of the output voltage
v0 and the amplitude of vc represent the desired average output voltage. The frequency of
vc represents the fundamental output frequency of v0 .
The supply voltage v is shown in Fig. 10.48b. Let the amplitude of vc be such that the output
voltage v0 is maximum. This means that the ﬁring angles of the two converters are zero—that
is, αp = 0, αn = 0. During the positive half-cycle of vc converter P is ﬁred, and during the negative half-cycle converter N is ﬁred. The output voltage waveform v0 is shown in Fig. 10.48b.
Note that the fundamental output frequency is one-third the input frequency. The waveform of
the output voltage v0 at a reduced value of the control voltage vc is shown in Fig. 10.48c. If the
control voltage vc varies with time during each half-cycle (instead of remaining constant),
the ﬁring angles change during the half-cycle. This reduces the harmonic content in the output
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FIGURE 10.48 Single-phase to single-phase cycloconverter. (a) Circuit.
(b) Waveforms for αp = αn = 0 . (c) Waveforms for αp = αn = 60 .
(d) Waveforms at different values of α.
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voltage v0 . This feature will be discussed further in the following section on the three-phase
cycloconverter. For example, if the side pulses of voltages are obtained at higher values of the
ﬁring angles and the middle pulse is obtained at a lower value of ﬁring angle, as shown in
Fig. 10.48d, the harmonic content in the output voltage will be less than that in the output
voltage shown in Fig. 10.48c, where all pulses are obtained at a ﬁxed ﬁring angle.

10.6.2

THREE-PHASE CYCLOCONVERTER

Many applications require sinusoidal ac voltage. The cycloconverter circuit shown in Fig. 10.48a
is not a practical circuit, and is seldom used because of its nonsinusoidal output voltage. An
essentially sinusoidal output voltage can be synthesized from three-phase input voltages by
using three-phase controlled rectiﬁers. Consider the controlled rectiﬁer circuit in Fig. 10.49a.

FIGURE 10.49 Synthesis of sinusoidal output voltage. (a) Controlled rectiﬁer circuit.
(b) Output voltage synthesis.
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FIGURE 10.50 Three-phase to singlephase cycloconverter.

The average output voltage of this controlled rectiﬁer varies as the cosine of the ﬁring angle
(Eq. 10.10). The successive ﬁring angles can be changed so that the average output voltage
changes sinusoidally. Fabrication of such an output voltage from the three-phase input voltages
is illustrated in Fig. 10.49b. The sinusoidally varying average voltage is shown as v0ðavgÞ . This
represents the desired output voltage. Zero average voltage is required at t = t0 , and therefore the
ﬁring angle at this instant is α = 90 (cos 90 = 0), as shown in Fig. 10.49b. As v0ðavgÞ increases, the
ﬁring angle decreases. At the peak value of v0ðavgÞ , the ﬁring angle α is minimum (α = 0 at t = t1 in
Fig. 10.49b). The ﬁring angle of successive pulses is changed from 90 to 0 and back to 90 , and
then from 90 to 180 and back again to 90 , in appropriate steps. The actual output voltage v0 is
shown by the thick line in Fig. 10.49b and the average of v0 is shown as v0ðavgÞ .
The three-phase to single-phase cycloconverter is shown in Fig. 10.50. The converter P
conducts during the positive half-cycle and the converter N conducts during the negative halfcycle of the cycloconverter output current i0 . The three-phase to three-phase cycloconverter is
shown in Fig. 10.51.

10.7 NEUTRAL POINT CLAMPED (NPC)
MULTILEVEL INVERTERS
In Section 10.5 two-level inverters were discussed. As shown in Fig. 10.43, the phase voltage
vAO has two levels, +V/2 and –V/2, and the line voltage has three levels, +V, O, –V. In this
section, multilevel inverters are discussed. Such inverters provide low THD—that is, less
harmonics and are suitable for high-voltage applications.
A simpliﬁed circuit diagram of a three-level NPC inverter is shown in Fig. 10.52. Two
capacitors of equal values, C1 and C2 , provide a ﬂoating neutral point X. If C1 and C2 are large,

FIGURE 10.51

Three-phase to three-phase cycloconverter.

Neutral Point Clamped (NPC) Multilevel Inverters
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D4

Three-level NPC

the voltage across each will be V/2. The inverter leg A is composed of four switches, S1 to S4 ,
with four antiparallel diodes, D1 to D4 . In practice, the switching devices can be IGBT or GCT.
The diodes connected to the neutral point, DX1 and DX2 , are the clamping diodes. When
switches S2 and S3 are turned on, the inverter output terminal A is connected to the neutral
point through one of the clamping diodes.
The switching states, gate signals, and inverter terminal voltage VAX for a simple operation of
the three-level NPC inverter are shown in Fig. 10.53.
The following switching states are deﬁned:
O: Zero voltage state.
The two inner switches, S2 and S3 are on, and vAX is clamped to zero through the clamping
diodes, DX1 or DX2 . Depending on the direction of the load current iA , one of the two
clamping diodes will turn on. For example, a positive load current, iA > 0, forces DX1 to turn
on, and the terminal A is connected to the neutral point X through S2 and DX1 .
P: Positive voltage state.
The upper two switches in leg A, S1 and S2 , are turned on, and the inverter terminal voltage
vAX is +V=2.
N: Negative voltage state.
The lower two switches, S3 and S4 , are turned on, and the inverter terminal voltage vAX
is −V=2.
O P O

P

O P

O

N O

N

O N O

vg1
vg2
vg3
vg4

–V/2

vAX
0

π

2π
–V/2

FIGURE 10.53 Switching states, gate signals, and inverter terminal voltage vAX .

542

chapter 10 Power Semiconductor Converters

vAX
V/2

0

π

–V/2

2π

wt

vBX
0

wt

vCX
0

wt

vAB
V
0

V/2
wt

vAB = vAX – vBX

FIGURE 10.54

–V/2

–V

Inverter terminal and line-to-line voltage waveforms.

Note that the waveform of vAX has three voltage levels, +V/2, O, −V=2—hence it is called a
three-level inverter.
Figure 10.54 shows the three-phase voltages, vAX , vBX , and vCX and the line voltage
vAB ð= vAX − vBX Þ. Note that the line voltage vAB has ﬁve voltage levels, +V/2, V, 0, −V=2 and −V.
Comparing the line voltage vAB of the two level inverter (Fig. 10.43) and that for the threelevel inverter (Fig. 10.54), the line voltage for the three level will have less harmonics. Also the
maximum voltage across a device in the two-level inverter is V, whereas it is V/2 in the threelevel inverter.
The multilevel inverters can be of three-level, four-level, or ﬁve-level topology. Higher level
inverters will provide less harmonies. But they are more complex and expensive. Threelevel inverters are widely used in high-power high-voltage drive applications. More details
about multilevel inverters are discussed in the book High Power Converters and AC Drivers, by
Bin Wu, IEEE Press and Wiley Interscience, 2006.

10.8 DC POWER SUPPLY USING BUCK
CONVERTER CONFIGURATION
The buck converter shown in Fig. 10.34 is used to control the speed of dc motors. The buck
converter conﬁguration is also extensively used for dc power supplies required in many
applications and equipments, such as computers and telecommunication systems. The basic
conﬁguration of the power supply using the buck conﬁguration is shown in Fig. 10.55a. Normally MOSFETs are used as the switching devices.
Assume that the output capacitor is sufﬁciently large and holds the output voltage
constant, V0 .
Turn-on period, 0 < t < ton :
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+
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t

T
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(d)

Iin

I0

Vin
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FIGURE 10.55 Buck converter for dc power supply.

The equivalent circuit during this period is shown in Fig 10.55b. The input voltage Vin , is
applied to the output, making vd = Vin . The voltage Vin − Vo is applied across the inductor, and
its current iL rises linearly.
ðVin − Vo Þ × t
ð10:35Þ
iL =
+ I1
L
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where
I1 is the initial inductor current at t = 0
Turn-off period, ton < t < T:
The equivalent circuit during this period is shown in Fig. 10.55c. The output voltage Vo , is
impressed across the inductor, and its current decreases linearly.
iL =

Vo × t
+ I2
L

ð10:36Þ

where
I2 is the inductor current at t = ton .
Waveforms of various voltages and currents are shown in Fig.10.55d.
Since there is no average voltage across the inductor, the average output voltage VO is
Vo = Vd =

Vin × ton
= αVin
T

ð10:37Þ

The output current is
Io =

Vo
R

ð10:38Þ

Output power is
Po = Vo × Io

ð10:39Þ

Pin = Vin × Iin

ð10:40Þ

The input power is

Since inductor and capacitor are assumed to be ideal, there is no losses in them, so Pin = Po .
Thus,
Vo
Iin
=
=α
Vin
Io

ð10:41Þ

The buck converter is like a dc transformer, as shown in Fig. 10.55e.
Since there is no average current in the capacitor, the average current in the inductor is same
as the load current.
IL =

I2 + I1
Vo
= Io =
L
R

ð10:42Þ

The inductor ripple current is
ΔIL = I2 − I1 =

Vo × toff
Vo ð1− αÞT
=
L
L

ð10:43Þ

The minimum and maximum inductor currents are
I1 = IL − 0:5 × ΔIL

ð10:44Þ

I2 = IL + 0:5 × ΔIL

ð10:45Þ
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EXAMPLE 10.11
Consider the four power electronic circuits shown in Fig. E10.11. These circuits are (a) voltage
divider circuit, (b) zener regulator, (c) transistor linear regulator, and (d) switching dc regulator. These circuits provide 12 V dc output voltage to a 6 Ω resistive load from a 24 V dc
supply. Calculate the efﬁciency of these four power electronic circuits.
Solution:
(a)

Voltage divider circuit:
Ro = 6 Ω,

12 V
= 2 A,
6Ω

Io =

24 V−12 V
=6Ω
2A

Po
I 2 Ro
6
=
= 50%
= 2 in
Pin
6
+
6
Iin ðRin + Ro Þ

Efficiency =

Po
Vo Iin
Vo
12
= 50%
=
=
=
Pin
Vin Iin
Vin
24

Or Efficiency =

(b)

Rin =

Zener regulator:
The desired output voltage is 12 V. A zener diode with a zener breakdown voltage
VZ = 12 V selected. From the i-v characteristic, IZ = 0:1 A is selected, which is 5% of
the load current ðIo = 12 V=6 Ω = 2 AÞ. The supply current Iin is thus 2.1 A. The resistance
Rin is
Rin =

24 V−12 V
= 5:71 Ω
2:1A

Pin = 24 × 2:1 = 50:4 W
Po = 12 × 2 = 24 W
η=
(c)

24
= 47:6%
50:4

Transistor linear regulator:
Vin = 24 V, Vo = 12 V
Hence VCE = 12 V
The base drive circuit provides a base current Ib to put the transistor in the active
mode with VCE = 12 V. Since this base current is small, Iin  Io .
Eff =

Po
Vo Io
V o Io
Vo
12
=

=
=
= 50%
Pin
Vin Iin Vin Io
Vin
24
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Rin

Iin

Vin = 24 V

+
−

Ro = 6 Ω

Vo = 12 V

(a) Resistor divider
I
Iin

Rin
Io

Vin = 24 V

12 V

+
−

Vz

Ro Vo = 12 V
0.1 A

0.1 A

(b) Zener regulator

IC + VCE − IE
Iin
Vin = 24 V

Io
IB

+
−

6Ω

Vo = 12 V

(c) Transistor linear regulator

Iin
Io
Vin = 24 V

+
−

Vin

Vo

Vo
Ro

Vo = 12 V
0

(d) Switching dc regulator

FIGURE E10.11

1

ton/T
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Switching dc regulator:
The duty ratio α = VVino = 0:5
Pin = Vin Iin = Vin Io = 24 × 2 = 48 W
pﬃﬃﬃﬃ
2
2
2
V0,rms
ð αVin Þ
αVin
=
=
Po =
R
R
R
=

0:5 × 24 × 24
6

= 48 W
Input and output powers are the same, because there is no loss in the switching device.
Eff =

Po
48
= 100%
=
Pin
48

Among the four types of power converters, the switching converter provides the highest efﬁciency. This is the reason modern power supplies are based on switching mode operation. ▪

10.9

POWER SUPPLY IN COMPUTERS

Power supply in computers, datacenters, servers, and so forth, is an important application of
power electronics technology. It has become a multibillion dollar industry. Such power
supplies take 120 V ac from mains, and ﬁnally convert it to a very low voltage dc, such as 1 V dc,
to power the central processing unit (CPU). This is normally achieved in three stages, ac to dc
with power factor correction, dc to dc with transformer isolation, and dc to dc as, shown in Fig.
10.56. The ﬁrst two stages are normally in the box that comes with the equipment. The third
stage is in the motherboard.

First Stage: AC to DC Converter with Power Factor Correction
The circuit details of this stage are shown in Fig. 10.57. The 120 V ac is converted to dc using a
diode bridge. A boost converter will convert the rectiﬁed voltage to 400 V dc and at the same
time will provide power factor correction (PFC) to make the ac supply current essentially
sinusoidal and in phase with the input voltage, to make the input power factor close to unity.
Details of the PFC technology are presented below.

Vin
1 , 120 V
AC

AC–DC

DC–DC
12 V
with
DC transformer DC
isolation

400 V

Computer
power supply box

DC–DC

L
Vo = 1 V O
A
dc
D

Motherboard

FIGURE 10.56 Typical power
supply for a computer.

548

chapter 10 Power Semiconductor Converters

+
400 V
dc

1
120 V

Second
stage

−

FIGURE 10.57
converter.

Boost converter

Diode rectiﬁer

First stage: ac to dc

vin
iin

iin
+

vin
–

t

(a)
vin
iin

iin

+

vin
–

t

(b)

vin
iin
+
vin
–

iin

Power
electronic
technique

t

(c)

FIGURE 10.58 Power factor correction circuit. (a) AC to DC
converter draws pulsating line current. (b) The passive power factor
correction technique. (c) The active power factor correction
technique.

Power Factor Correction (PFC) Technology
In the ac to dc converters, a diode bridge, followed by a ﬁlter capacitor, is commonly used as an
ac–dc interface, as shown in Fig. 10.58a. It draws a pulsating input current from the power
utility line and thus results in poor input power factor and also injects a signiﬁcant amount of
harmonic current into the utility. Various methods of power factor correction have been
proposed and can be classiﬁed as follows:
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(a) Passive power factor correction technique.
This circuit is shown in Fig. 10.58b. The input L–C–L ﬁlter will ﬁlter out harmonics,
smooth out the pulsating current, and thereby improve the wave shape of the input
current. This technique is simple and rugged, but has bulky size, heavy weight, and a
power factor that cannot be very high.
(b) Active power factor correction technique.
This circuit is shown in Fig. 10.58c. In this approach, power electronic techniques are
used to shape the input current into a sinusoidal waveform, in phase with the input voltage,
resulting in close to unity power factor, reduced harmonics, smaller size, and lighter
weight. The boost topology in the PWM continuous conduction mode with constant
switching frequency is the most popular technique. The control scheme of this topology is
shown in Fig. 10.59. The inductor current, iL , is made to follow the rectiﬁed voltage, V rec , of
the input voltage, V in , by controlling the duty cycle of the boost converter switch, Ql.
Since the waveform of iL follows the waveform of V rec , it is also a rectiﬁed sinusoid current,
and hence the input current is sinusoidal, and in phase with the input voltage. In the
current controller, the inductor current iL is compared with the reference current iL* to
generate the desired duty cycle for the switch. The reference current, iL* , is derived from the
rectiﬁed voltage, V rec , after multiplying with the output of the voltage loop controller. This
scheme makes the inductor current rectiﬁed sinusoidal, and the input current sinusoidal
and in phase with input voltage. It also provides the desired output voltage V o , 400 V dc, for
the ac–dc converter, because of the output voltage loop controller where the output voltage,
V o , is compared with the reference voltage, V o*, which is normally 400 V.

Second Stage: DC to DC with Transformer Isolation
The circuit details of this stage are shown in Fig. 10.60. The 400 V dc from the ﬁrst stage is ﬁrst
converted to a high-frequency PWM ac voltage, V ac , using a full bridge inverter. The PWM
iL

D

iin
vrec

vin

GN

Q1

Current loop
controller

L
O
A
D

C

i*L
Multiplier

vc

+

vo
–

Voltage loop
controller

iL

vo
v*o

FIGURE 10.59 Closed loop control
strategy for Boost type power factor
correction technique.

PWM V ac
+

400 V
dc

+
12 V
Vo
dc
–

V ac

–
Inverter

Transformer

Rectiﬁer

Third
stage

FIGURE 10.60 Second stage: dc
to dc converter.
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technique is used to control the voltage, V ac , which in turn will regulate the output voltage V O ,
to keep it at 12 V. This voltage is then passed through a transformer for isolation and ﬁnally
converted to 12 V dc output using a half-bridge diode rectiﬁer. The L–C ﬁlter at the output will
reduce the ripple voltage of the output voltage, V o .

Third Stage: DC to DC Converter
The circuit used for this purpose is the buck converter, as shown in Fig. 10.61. For microprocessors in computers the power supply is required to provide low voltage, 1 V or lower, and
high current, 100 A or more. The low voltage is required to reduce the overall power dissipation
of the CPU and other digital circuits. The powerful CPU requires high current to feed many
CMOS gates. The buck converter with the freewheeling diode, D, shown in Fig. 10.61, is not
suitable for this purpose. In recent years, the diode has been replaced by a MOSFET device, as
shown in Fig. 10.62. This circuit is known as “Synchronous Rectiﬁer,” or “Voltage Regulator
(VR).” This circuit is becoming increasingly popular for low-voltage, high-current applications
because the rectiﬁer conduction losses can be reduced signiﬁcantly. For example, in the onstate, the diode has a ﬁxed voltage drop, whereas in the on-state a MOSFET has a resistance
drop. Therefore, the conduction losses for a diode rectiﬁer (device D in Fig. 10.61) with a
voltage drop of 0.5 V at 10 A would be 5 W. The conduction loss associated with a MOSFET
synchronous rectiﬁer (device Q2 in Fig. 10.62) with a resistance of 10 m Ω would be 1 W. Hence
losses can be signiﬁcantly reduced by using synchronous rectiﬁers, and this reduction of losses
is very important for low-voltage, high-current applications to increase their efﬁciencies.
Since the MOSFET is a bidirectional device, if the switches are not properly controlled, both
Q1 and Q2 can simultaneously conduct, resulting in a short circuit of the supply and damage to
the devices. It is therefore required that there should be some time delay between the gating
signals for Q1 and Q2 , as shown in Fig. 10.63. The synchronous rectiﬁer is also operated at high

+
12 V
–

D

L
O
A
D

+
Vo=1 V
dc
–

FIGURE 10.61 Third stage: dc to dc Buck converter.
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+
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−
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FIGURE 10.62 Third stage: synchronous
rectiﬁer dc to dc converter.

VGSQ1

t

FIGURE 10.63 Buck converter MOSFET, Q1 ,
and synchronous rectiﬁer, Q2 , gating signals.
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switching frequencies, as high as MHZ, to reduce the size of the ﬁlter components, L and C, and
this will increase the power density of the power supply—and hence reduce its size.

PROBLEMS
10.1

2
2 1=2
Determine the ripple factor (RF), deﬁned as RF = Vrip =Vdc = ðVrms
−Vdc
Þ =Vdc , for the following
circuits:

(a)

Fig. 10.17.

(b)

Fig. 10.18, for α = 90 .

What is the signiﬁcance of the ripple factor?
10.2

Repeat Problem 10.1 for the circuit shown in Fig. P10.2.

FIGURE P10.2
10.3

For the speed control system shown in Fig. P10.3, SCRs are ﬁred at α = 60 . The motor current
is 15 A, and is assumed to be ripple-free. The supply voltage is 120 V. For this operating condition,
(a)

10.4

Draw the waveforms of v, v0 , i0 , is1 , iD1 , and i.

(b)

Determine the power taken by the dc motor.

(c)

Determine the supply volt–amperes and supply power factor. Assume that the converter is
lossless.

(d)

Determine the rms value of the SCR current and the diode current.

Consider the single-phase ac–dc converter shown in Fig. P10.4. The SCRs are triggered alternately
at an interval of 180 . Assume a very large inductance in the dc circuit.

FIGURE P10.3
(a) Draw the waveforms of i0 , v0 , is1 , is2 , id1 , id2 , i, and vs1 for a ﬁring angle α = 30 .
(b)

If V = 208 V, R = 10 Ω, L ! ∝, and α = 90 , ﬁnd the average output current (I0 ), the rms
supply current (I), and the supply power factor.

(c)

What is the range of the ﬁring angle for this converter?

(d)

Is inversion possible with this converter? Explain.
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FIGURE P10.4
10.5

The circuit in Fig. P10.5 is used to charge a set of ten series-connected batteries. The total internal
resistance of all the batteries is 0:6 Ω. For ﬁring angle α = 45 and a voltage of 7:2 V for each
battery:
(a) Draw the waveforms of v, Eb , v0 , and i0 .
(b)

Determine the average battery current, I0 .

(c)

Determine the rate of delivery of energy to the batteries that contributes to charging of the
batteries.

FIGURE P10.5
10.6

A single-phase ac–dc converter controls the speed of a dc motor. The supply voltage is 1φ, 120 V,
60 Hz and the motor current is 10 A (assumed to be ripple-free). For α = 90 , the supply voltage
and current are shown in Fig. P10.6.
(a) Draw the converter circuit.
(b)

Determine the rms supply current (I), rms supply fundamental current (I1 ), phase shift angle
for I1 , (i.e., φ1 ), supply power (VI1 cos φ1 ), and supply power factor.

FIGURE P10.6
10.7

The speed of a 110 V, 5 hp dc motor is controlled by a 1φ ac/dc full converter (i.e., controlled
rectiﬁer). The ac supply is 120 V, 60 Hz. Consider the dc motor and converter to be ideal and
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lossless. Assume a very large inductance in series with the motor. The motor voltage constant is
0:055 V=rpm.
(a) Draw the power circuit.
(b)

For a speed of 1000 rpm and rated motor current,

(i) Determine the ﬁring angle of the converter.
(ii) Determine the rms value of the supply current and thyristor current.
(iii) Determine the supply power factor.
(iv) Draw waveforms of the supply voltage, supply current, converter output voltage, and
converter output current.
10.8

The speed of a dc motor is controlled by a 1φ ac–dc full converter, as shown in Fig. 10.21. The ac
supply is 1φ, 120 V, 60 Hz. The armature resistance is Ra = 1 Ω and armature circuit inductance is
La = 25 mH. The motor voltage constant is 0:055 V=rpm. The ﬁeld current of the motor is adjusted
such that the armature voltage Ea is negative. The ﬁring angle is α = 60 , and the speed of the dc
machine is 200 rpm. Assume that the dc machine current is continuous and ripple-free.
(a) Determine the average value (I0 ) for the dc machine current.

10.9

(b)

Is the dc machine delivering power or receiving power? Determine this power (Pa ).

(c)

Is the ac supply receiving power, or delivering power? Determine this power (Pac ).

(d)

Where is all the power going?

(e)

Determine the supply power factor.

(f)

Draw the waveforms of the supply voltage (v), supply current (i), converter output voltage
(v0 ), and converter output current (i0 ).

A 1φ ac–dc full converter is used to control the speed of a dc motor, as shown in Fig. 10.21. The
motor parameters are Ra = 0:25 Ω, ka Φ = 0:1 V=rpm, and La is sufﬁciently large. The converter is
fed from a 1φ, 120 V, 60 Hz supply. For α = 60 , the motor current is continuous, and motor
average current is 20 A, and the ripple current is 20%.
(a) Draw waveforms of supply voltage (v), supply current (i), output voltage (v0 ), and output
current (i0 ).
(b)

Determine the speed of the motor in rpm.

(c)

Determine the power lost in the armature resistance and the power developed by the motor.

(d)

Determine the supply power factor.

10.10 For a single-phase full converter (ac–dc), assume current in the dc side to be continuous and
ripple-free.
(a) Draw waveforms of the supply voltage and the supply current for a ﬁring angle α other than
zero.
(b)

From Fourier analysis of the supply current, show that phase angle for the fundamental
component of the supply current is the same as the ﬁring angle.

(c)

Show that supply power factor is proportional to cos α, where α is the ﬁring angle.

10.11 The speed of a 10 kW, 250 V dc motor is controlled by a 3φ ac/dc semiconverter. The ac supply is
3φ, 208 V, 60 Hz. Assume a very large inductance in series with the dc motor.
(a) Draw the power circuit.
(b)

At α = 120 draw the waveform of the output voltage.
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(c)

Determine the average output voltage at α = 120 .

(d)

Draw the waveform of a supply phase voltage and current in the same phase.

(e)

Determine the width of the supply current pulse and the supply power factor (assume that
the converter is lossless and motor current is 15 A).

10.12 The three-phase full converter of Fig. 10.27 is used to control the speed of a dc motor. The motor
back emf constant is 0:1 V=rpm. The supply line-to-line voltage is 110 V. The motor armature
resistance is 0:2 Ω. For α = 50 , the motor speed is 900 rpm.
(a) Determine the average value of the motor current, assuming it to be ripple-free.
(b)

Determine the rms value of the thyristor current and supply line current.

(c)

Determine the supply power factor.

(d)

Draw waveforms of supply phase voltages (vAN , vBN , and vCN ), output voltage (v0 ), output
current (i0 ), thyristor current (is1 ), and supply line current (iA ).

10.13 A 3Φ dual converter, as shown in Fig. 10.30, is used to control the speed of a 100 hp, 600 V,
1800 rpm separately excited dc motor. The dual converter is operated from a 3Φ, 480 V, 60 Hz
supply. The motor parameters are Ra = 0:1 Ω, La = 5 mH, kΦ = 0:3 V=rpm (Ea = kΦn). The rated
armature current is 130 A.
(a)

Describe how the dual converter will be operated in the motoring mode as well as in the
regenerative braking mode.

(b)

For motoring operation, at ﬁring angle α = 60 and rated motor current (assumed to be
ripple free).

(i) Draw the circuit, indicating current directions and voltage polarities.
(ii) Determine the speed of the motor.
(iii) Determine the power from the supply source.
(iv) Draw waveforms of supply voltage (vAN , vBN , and vCN ), converter output voltage (v0 ),
motor current (i0 ), and the current phase a of the input supply.
(c)

Repeat (b) for regenerative braking operation at α = 120 and rated motor current (assumed
to be ripple-free).

10.14 In the light dimmer circuit shown in Fig. P10.14 determine the load power at the triggering
angles α = 0 , 30 , 60 , 90 , 120 , 150 , and 180 , and plot the load power as a function of
ﬁring angle.

FIGURE P10.14
10.15 The speed of a 1φ, 1 hp, 120 V, 60 Hz, 1750 rpm induction motor is controlled by a 1φ ac voltage
controller connected to a 1φ, 120 V, 60 Hz supply.
(a) At α = 90 , the conduction angle (γ) is 135 , and speed is 1200 rpm.

Problems

555

(i) Draw qualitative waveforms of the motor terminal voltage and motor current.
(ii) Determine the voltage (rms) across the motor terminals.
(b)

At full-load output, the motor voltage is 120 V (rms), and the motor operates at 0.7 power
factor and 75% efﬁciency.

(i) Determine the maximum value of the ﬁring angle.
(ii) If the ﬁring angle is α = 15 , determine the rms value of the thyristor current.
10.16 Consider the circuit shown in Fig. P10.16.
(a) What type of converter does this circuit represent?
(b)

Which devices will conduct during the ﬁrst half-cycle, and which during the second halfcycle?

(c)

For α = 120 , draw qualitative waveforms of v0 and i0 . The conduction angle is 105
(approximately).

(d)

Repeat (c) for α = 30 . Assumed a prolonged ﬁring pulse for the thyristor.

(e)

For part (d), determine the rms values of the load voltage, load current, thyristor current, and
diode current.

(f)

What are the advantages and disadvantages of this converter?

10.17 For the single-phase ac voltage controller with resistance load:

FIGURE P10.16
(a) Derive expressions for the Fourier coefﬁcients for the fundamental output voltage as a
function of the ﬁring angle α (i.e., a1 , b1 , and c1 ).
(b)

Repeat (a) for the harmonic output voltages (an , bn , and cn ).

(c)

Using a computer, devise a program and arrange to plot Hnα versus α for n = 1; 3, and 5.
Given
pﬃﬃﬃ
v = 2 V sin θ = supply voltage
Hnα =

(d)

Rms nth harmonic voltage
V

Determine the maximum value (rms) of the third harmonic current for V = 120 V and
R = 10 Ω. Determine the rms value of the corresponding fundamental and ﬁfth harmonic
currents.
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10.18 Consider the delta-connected 3φ ac controller of Fig. 10.33b. The load is purely resistive.
V LL = 200 V, R = 10 Ω.
(a) What is the range of α for current control in the load?
(b)

Draw phase currents and line currents for α = 60 .

(c)

Determine the peak voltage across a thyristor and the maximum rms current through a
thyristor.

10.19 A 3φ variable inductor is controlled by a 3φ, delta-connected, ac voltage controller as shown in
Fig. 3.33b, where the load is a pure inductor L.
(a)

Derive an expression for the inductor current iab as a function of the ﬁring angle α.

(b)

What is the range of α for current control in the 3φ inductor?

(c)

What is the extinction angle β in terms of the ﬁring angle, α? Draw the waveform for the line
current, ia , for α = 120 .

(d)

For α = 60 .

(i) Determine the rms current in the inductor.
(ii) Determine the voltage and current rating of the thyristor.
Supply 3φ, 208 V, 60 Hz
Inductor L = 10 mH (in each phase)
10.20 A 3φ delta-connected ac voltage controller is used to control the speed of a 3φ, 5 hp, 208 V, 60 Hz
induction motor. At full-load output (5 hp, 208 V), the power factor is 0.85 lagging, and the efﬁciency is 90%.
(a) Draw the circuit.
(b)

Determine the input kVA for the full-load output condition.

(c)

What is the range of the ﬁring angle for the full-load condition.

(d)

Determine the current and voltage ratings of the thyristors for the full-load condition.

(e)

If the power factor is 0.8 (lagging), for a ﬁring angle of 60 , draw qualitatively the waveform
of the motor current and motor voltage for one phase.

10.21 A one-quadrant chopper, such as that shown in Fig. 10.34a, is used to control the speed of a
dc motor.
Supply dc voltage = 120 V
Ra = 0:15 Ω
Motor back emf constant = 0:05 V=rpm
Chopper frequency = 250 Hz
At a speed of 1200 rpm, the motor current is 125 A. The motor current can be assumed to be
ripple-free.
(a) Determine the duty ratio (α) of the chopper and the chopper on time ton .
(b)

Draw waveforms of v0 , i0 , and is .

(c)

Determine the torque developed by the armature, power taken by the motor, and power
drawn from the supply.

Problems
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10.22 The power circuit conﬁguration during regenerative braking of a subway car is shown in Fig.
P10.22. The dc motor voltage constant is 0:3 V=rpm, and the dc bus voltage is 600 V. At a motor
speed of 800 rpm and average motor current of 300 A,
(a) Draw the waveforms of v0 , ia , and is for a particular value of the duty cycle α ð= ton =TÞ.
(b)

Determine the duty ratio α of the chopper for the operating condition.

(c)

Determine the power fed back to the bus.

FIGURE P10.22
10.23 In the chopper circuit shown in Fig. P10.23, the two switches are simultaneously turned on for
time ton and turned off for time toff = T − ton , where T is the chopping period. Assume voltage v0 to
be ripple-free, and current iL to be continuous.
(a) Derive an expression for V0 as a function of the duty cycle α = ton =T and the supply voltage V.
Determine V0 for α = 0; 0:5; 1:0.
(b)

Draw waveforms of v0 , vL , iL , i0 , and i for α = 23.

(c)

What are the advantages and disadvantages of this circuit?

FIGURE P10.23

10.24 The boost converter of Fig. 10.36 is used to charge a battery bank from a dc voltage source with
V = 160 V. Assume ideal switch and no-loss operation, and neglect the ripple at the output voltage.
The battery bank consists of 100 identical batteries. Each battery has an internal resistance
Rb = 0:1 Ω. At the beginning of the charging process, each battery voltage is Vb1 = 2:5 V. When
each battery is charged up to Vb2 = 3:2 V, the charging process is completed. The average charging
current is kept constant at 0.5 A.
(a) Calculate the variation of duty ratio α for the charging process.
(b)

Draw qualitatively the waveforms of vL , iL , vs , is , vD , iD for Vb1 = 2:5 V.
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10.25 For the battery charging system of Problem 10.24,
(a) If the supply voltage available is V = 150 V (dc), which dc to dc converter would be used?
Draw the circuit.
(b)

Calculate the variation of the duty ratio a for the charging process.

(c)

Draw qualitatively the waveforms of inductor voltage (vL ), inductor current (iL ), voltage
across the chopper switch (vs ), current through the chopper switch (is ), voltage across the
diode (vd ), and current through the diode vb1 = 1:2 V.

10.26 Consider the two-quadrant chopper systems shown in Fig. P10.26. The two choppers S1 and S2
are turned on for time ton and turned off for time T − ton , where T is the chopping period.
(a) Draw the waveform of the output voltage v0 . Assume continuous output current i0 .
(b)

Derive an expression for the average output voltage V0 in terms of the supply voltage V and
the duty ratio α ð= ton =TÞ.

FIGURE P10.26
10.27 In the 1φ bridge inverter of Fig. 10.41a, the output frequency is 10 Hz and the load is a pure
inductor of L = 100 mH. The dc supply voltage is 100 V. The thyristors are GTO thyristors. For
steady-state operation, sketch the:
(a)

Gate currents.

(b)

Output voltage v0 .

(c)

Output current i0 . Determine and show the magnitudes of maximum and minimum load
current. Indicate the devices on the waveform of i0 that conduct during various intervals of
time.

10.28 Repeat Example 10.6 if i0 = 400 sin ðωt + 60 Þ.
10.29 Consider the single-phase pulse-width-modulated inverter shown in Fig. 10.44. For γ = 120 , the
third harmonic voltage is eliminated from the output voltage v0 .
(a) Draw the waveforms of the pole voltages and the output voltage for γ = 120 .
(b)

The load is a resistive load. Draw the waveform of the load current and indicate the devices
conducting during various intervals of time.

(c)

Repeat (b) if the load current is sinusoidal, i0 = Im sin ωt.

10.30 In the single-phase half-bridge inverter shown in Fig. 10.40, V = 600 V, the output frequency is
1000 Hz. The load is an RLC series circuit in which R = 0:5 Ω, ωL = 10 Ω, 1=ωC = 10:5 Ω.
(a) Determine the rms fundamental component of the load voltage.
(b)

Determine the rms values of the fundamental and third harmonic load current.

Problems

(c)
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Sketch, to scale, the waveforms of

(i) Output voltage v0 .
(ii) Fundamental component (i01 ) of the output current i0 .
(iii) is1 , is2 , iD1 , iD2 , i, and vs1 . Neglect harmonic currents in i0 and assume i0 = i01 . Is this
justiﬁed?
(d)

Calculate the steady-state circuit turnoff time for the thyristor for this load condition.
4A
For a square wave of amplitude A, v0 = Σ
sin nωt.
nπ

10.31 The three-phase inverter of Fig. 10.43a is used as a 3φ PWM inverter. A triangular modulation
of the pole voltages is implemented; that is, the modulating waves φA , φB , and φC are triangular
waves at the inverter output frequency. For a carrier ratio of three and modulation index 0.5,
draw voltage waveforms for pole voltages vAo , vBo , and vCo , and line voltages vAB , vBC , and vCA .
10.32 In the single-phase cycloconverter of Fig. 10.48a, the input supply is 120 V, 60 Hz. The load is a
pure resistance, and the output frequency is 15 Hz.
(a)

Draw waveforms for input voltage v, control voltage vc , and output voltage vo for α = 0 and
α = 90 .

(b)

Determine the rms value of the output voltage at α = 0 and α = 90 .

10.33 For the dc switching power supply shown in Fig. 10.52a, V in = 12 V, V o = 3 V, Ro = l Ω, L = 500 μH,
C = 0:5 μF, and switching frequency fsw = 100 kHz. Determine

(i) Duty ratio, α, Io , IL , Pin , Iin .
 
(ii) Inductor ripple current, ΔIL , inductor ripple factor ΔlILL .
(iii) Maximum ðI2 Þ and minimum ðI1 Þ inductor current.
Assume that L is sufﬁciently large to make inductor current continuous, and that C is sufﬁciently
large to hold the output voltage V o constant.
10.34 Repeat the Problem 10.33 for the Buck–Boost converter of Fig. 10.37.
10.35 Repeat the Problem 10.33 for the Boost converter of Fig. 10.36. The output voltage V o = 48 V, and
Ro = 16 Ω.

chapter eleven
WIND ENERGY SYSTEMS
The demand for energy in the world has been steadily increasing over the years, and the trend
will continue in the future. Energy sources can be divided into two groups: nonrenewable
energy sources and renewable energy sources.
Nonrenewable Energy Sources: These energy sources are called nonrenewables because they
will eventually run out—for example, when all the earth’s oil has been extracted there will not
be any oil energy left. Examples of major nonrenewable energy sources are
–Fossil fuels:
Coal, oil, and gas are called fossil fuels, because these have been formed from the organic
remains of prehistoric plants and animals. For energy generation, fossil fuels are burned to
produce steam from water, and the steam is used to turn turbines that drive generators
to produce electricity.
–Nuclear energy:
In nuclear power stations, uranium is used as fuel. The heat from the nuclear fission of the
uranium in the reactor is used to produce steam from water, which is then used to turn steam
turbines that drives generators to produce electricity.
Renewable Energy Sources: These energy sources are called renewables because they will
not run out—wind energy, for example. Wind will keep on blowing whether it is used or not.
Examples of major renewable energy sources are
–Wind energy:
In the wind energy system the kinetic energy of the wind is converted to mechanical energy by
the rotor blades and is then transformed to electrical energy by an electrical generator.
–Solar energy:
Sunlight falls on solar cells (crystalline silicon/thin film photovoltaic cells, called PV cells),
which convert the solar energy directly to electricity. The output of the PV cells is a small dc
voltage. Several PV cells are connected together to form a stack. DC to AC inverters will then
convert dc power to ac power.
The photovoltaic system can be used to form an off-grid system to provide electricity for
small communities or industrial or agricultural loads where connection to the power grid is
not feasible. On the other hand, large photovoltaic systems, known as solar farms, are directly
connected to the power grid.
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–Hydroelectric energy:
A dam is built to block the flow of water. Usually the dam is built in a valley where there is an
existing lake. Water is allowed to flow through tunnel pipes in the dam. The falling water in the
pipe turns turbines connected to generators to produce electricity.
As of 2010, more than 90 percent of energy in the world was generated from nonrenewable energy
sources (such as 27 percent from coal, 20 percent from natural gas, 37 percent from oil, and 6
percent from nuclear plants), and less than 10 percent from renewable resources. This scenario
will change as more renewable energy is used in the future. The world has limited fossil fuel and
nuclear energy resources. Considering the present availability and the current rate of consumption, nonrenewable energy sources will be depleted in the near future. The coal may last until
2200, gas may last until 2150, oil may last until 2100, and uranium may last until 2050.
Unfortunately, burning fossil fuels generates pollutant gases, such as CO, CO2 , SO2 , HC, and
NOx that cause environmental pollution. For example, acid rain that destroys the vegetation is
caused by SO2 and NOx. Urban pollution is mainly caused by automobile exhaust gases (CO,
NOx, and HC). The CO2 (known as greenhouse gas, GHG) released from the burning of fossil
fuels is mainly responsible for the global warming problem. This GHG traps the solar heat in
the atmosphere, called the greenhouse effect.
Fortunately, nuclear power does not have the traditional environmental pollution problem.
However, the safety of nuclear plants against nuclear leak hazards is of serious concern. As
well, the nuclear waste remains radioactive for thousands of years, and we do not know how to
dispose of nuclear waste satisfactorily.
Depletion of nonrenewable energy resources, their increased cost and adverse environmental pollution have generated worldwide interest in harnessing renewable energy sources in
recent years. The most rapidly growing technologies among the renewable energy sources are
the wind energy systems, which use electric machines in their generating mode of operation.
Since the primary subject of this book is electric machines, and wind energy conversion systems will use electric machines, a detailed treatment of wind energy systems is presented in the
following section.

11.1

WIND ENERGY SYSTEMS

During the 1990s and 2000s, there has been phenomenal worldwide industrial growth of wind
energy generation. The installed capacity of global wind power has increased exponentially,
approximately from 6 GW in 1996 to 158 GW in 2009. Wind power generation has achieved
an average growth rate of 25 percent since 2000, and this trend is expected to continue in
the future.
Many countries have moved in a major way into electrical generation using wind energy.
Government incentives have played an important role in wind power generation in many
countries. President Obama, in his state of the union address on January 26, 2011, pledged
more funds and incentives for renewable energy sources. He said, “instead of subsidizing
yesterday’s energy, let us invest in tomorrow’s.”
As of 2010, the top ten countries with highest wind power generation were PR China
(45 GW), USA (40 GW), Germany (27.5 GW), Spain (20 GW), India (13.5 GW), Italy (6 GW),
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FIGURE 11.1 Components of wind power system.

France (5 GW), UK (4.5 GW), Canada (4 GW), Denmark (3.5 GW), and the rest of world
(24 GW). In 2010, Denmark generated 30 percent of its electric energy through wind power and
plans to generate 50 percent by 2030. USA in 2010 generated about 2 percent of its electrical
energy through wind power, and plans to generate 30 percent by 2030.

11.1.1

WIND POWER TECHNOLOGY

As shown in Fig. 11.1, the components of wind power systems are as follows: wind turbine,
gear box, generator, power converters, transformer, and grid. Small power capacity wind
generators can operate standalone to supply power to houses, villages, farms, and islands
where access to the electricity grid is remote or costly or not feasible. Since the power generated from wind is not constant, the standalone systems are operated with other energy
sources, such as photovoltaic energy systems, diesel generators, or energy storage systems to
form a more reliable distributed generation. However, the standalone system is only a very
small fraction of the total installed wind energy in the world.
The majority of the wind generators in the wind firms are grid connected, and the power
generated is fed directly to the grid. Most generators operate at a few hundred volts, such as
690 V. Transformers are used to increase the generator voltage to tens of kilovolts, such
as 35 kV for the wind farm substation where the voltage is further stepped up by transformers
to connect to the grid, which can be at hundreds of kV, such as 230 kV. A schematic diagram of
the grid-connected wind farm is shown in Fig. 11.2.

Wind farm

Grid

35 kV

690 V

230 kV
690 V
Wind farm
substation
690 V

FIGURE 11.2
wind farm.

Grid-connected
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ON-SHORE AND OFFSHORE WIND FARMS

Courtesy of E.ON

Courtesy of Dr. P. C. Sen

Wind farms are located both on shore and off shore. Photographs of these two kinds of wind
farms are shown in Fig. 11.3. Traditionally large capacity wind farms have been located on
shore, frequently in upland terrain to exploit the higher wind speeds. The advantages of on
shore wind farms are easy construction, low maintenance cost, and proximity to power grids.
On the other hand, the development of offshore wind farms is due to lack of suitable places on
land, such as densely populated areas in some countries, especially European countries. Also,
offshore wind speed is significantly higher and steadier than that on land. As well, the environmental impact, such as audible noise and visual impact is minimal in offshore installations.
However, for offshore wind farms, the foundation and long length of the transmission cable
add significantly to the total installation cost.
Since energy captured by wind turbines is proportional to the cube of the wind speed and
offshore wind speed is stronger, offshore wind turbines can be of higher power—several MWs for
example. To reduce the maintenance cost, direct driven wind turbines using low–speed, highpower density permanent magnet synchronous generators (PMSG) are the preferred wind generator systems. The maintenance cost of these turbines is reduced because of the elimination of
gear boxes and brushes. In the future more large power wind turbines will be installed off shore.

(a)

(b)

FIGURE 11.3 On-shore and offshore wind farms.
(a) On-shore wind farm. The author is at the base of a wind turbine in Wolfe Island near the
author’s hometown Kingston, Canada.
(b) Offshore wind farm. Rødstand II Wind Park, Denmark.
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FIGURE 11.4 Evolution
of wind turbine size.
(D: rotor diameter;
H: tower height)

SIZE OF WIND TURBINES

Wind generators can range from a few kilowatts for residential or commercial use to several
megawatts for large wind farms. The size of wind turbine blades and the height of the towers
where these are mounted will depend on generated power, because power is a function of
the square of the rotor diameter. The evolution of turbine size is shown in Fig. 11.4. It is
expected that a 10 MW wind generator will have a rotor diameter of 145 m, approximately
twice the length of Boeing 747 aircraft.
Wind generators below 300 kW can be installed at homes, farms, or business offices to offset
the consumption of utility power. On the other hand, large wind generators in a wind farm will
supply power directly to the grid.

11.1.4

HORIZONTAL-AXIS AND VERTICAL-AXIS WIND TURBINES

Based on the orientation of spin, wind turbines are of two types, horizontal-axis wind turbines
(HAWT) and vertical-axis wind turbines (VAWT). This is shown in Fig. 11.5. In the horizontalaxis turbine, the spin axis is parallel to the ground. The turbine unit consists of a tower, three
blades, and a nacelle mounted on top of the tower. The nacelle normally houses a generator
and a gear box, and sometimes the power converters. In the vertical axis turbine, the spin axis
is perpendicular to the ground. The turbine rotor uses curved vertically mounted airfoils. The
generator and gear box are normally placed in the base of the turbine on the ground.
The two types of wind turbines have their advantages and disadvantages. The HAWT provides higher wind energy conversion efficiency because of access to stronger wind due to the
high tower. It also provides power regulation by pitch angle or stall control at high wind
speeds. However, it needs a tall stronger tower to support the heavy weight of the nacelle and
the longer cable from the top of the tower to ground. On the other hand, the VAWT has a lower
installation cost and easier maintenance due to the ground-level gear box and generator
installation. As well, its operation is independent of wind direction. However, its wind energy
conversion efficiency is lower due to the weaker wind on the lower portion of the blades. It also
has limited options for power regulation at high wind speeds. In addition, the rotor shaft is

Wind Energy Systems

565

Rotor diameter
Rotor blade
Rotor shaft
Gear box
Nacelle
Rotor
diameter

Generator
Brake
Rotor
shaft

Rotor bearing

Rotor blade

Tower
Rotor
bearing

Gear box

Brake

Generator

Base

(a) Horizontal-axis turbine

FIGURE 11.5

(b) Vertical-axis turbine

Horizontal- and vertical-axis wind turbines.

long, which is prone to mechanical vibrations. Because of these disadvantages, the VAWT is
not suitable for large-scale high-power wind energy conversion. The VAWT may be suitable for
roof top installation, where stronger wind without need of tower can be exploited for power
conversion. The horizontal axis wind turbines dominate today’s wind market, especially for
high-power wind farms.

11.1.5

WIND TURBINE POWER CHARACTERISTICS

The power characteristic of a wind turbine is shown in Fig. 11.6. Below the cut-in wind speed,
the turbine does not develop enough power to compensate the losses in the system and
therefore the turbine is kept in the parking mode, normally using a brake. Between cut-in speed
and rated speed, the turbine power is proportional to the cube of the wind speed. At the rated
speed the system produces nominal power, which is also the rated output power of the generator. Above rated speed, aerodynamic power control of blades will keep the power at the
rated value. This is achieved by three techniques: pitch control, passive-stall control, and
active-stall control. The wind turbine should stop generating power beyond a cut-out wind
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FIGURE 11.6 Power characteristics of a wind turbine.

speed to avoid damage to turbine, gear box, and generator. Typical values of wind speeds are
3 m/s for cut-in speed, 15 m/s for rated speed, and 25 m/s for cut-out speed.

11.1.6

PITCH AND STALL AERODYNAMIC POWER CONTROL

In order to capture the maximum power from the wind during the normal operation with the
wind speed in the range 3 to 15 m=s, the design of the turbine blades is aerodynamically
optimized. However, in order to avoid damage to the turbine at higher speeds in the range of
approximately 15 to 25 m=s, aerodynamic power control of the turbine is required. The most
commonly used methods are pitch and stall controls.

Pitch Control
When the wind speed is in the normal range, 3 to 15 m=s, the pitch angle of the blades is set at
an optimal value to capture the maximum power from the wind. When the wind speed
exceeds the rated value, such as 15 m=s, the blade is turned away from the wind direction;
that is, pitch angle is reduced. This will reduce the force on the blades, and the power captured by the turbine is kept close to the rated power. When the wind speed exceeds the cut-off
speed, such as 25 m=s, the blades are pitched completely out of the wind, known as fully
pitched, and thus no power is captured. When the blades are fully pitched, the rotor is locked
by a mechanical brake and the turbine is in the parking mode. Fig. 11.7a illustrates this
control mechanism.
The pitch control reacts faster than the stall control and provides better controllability. It is
widely used in high-power wind generator systems.
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FIGURE 11.7

Aerodynamic power control.

Passive-Stall Control
In this control strategy, the blades are designed such that below the rated speed, the turbine
captures maximum power. Above the rated speed, air turbulence is created on the blade surface not facing the wind. This reduces the force on the blade, resulting in reduced captured
power, and eventually the force will disappear with the increase of wind speed, thereby causing
the turbine rotational speed to slow down. This phenomenon is called “stall.” Fig. 11.7b
illustrates this control mechanism.
Passive-stall control is normally used in small to medium wind power systems.
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Active-Stall Control
This is essentially a pitch control scheme in which as the speed increases, the blade angle is
adjusted (increased) so that the blade is turned into the wind to cause stalling by air turbulence
on the back of the blade. Fig. 11.7c illustrates this control mechanism.
This control is normally used in medium to large power wind turbines.

11.1.7

MAXIMUM POWER POINT TRACKING (MPPT) CONTROL

It is desirable to extract maximum power from the wind at different wind speeds. This is
achieved by controlling the wind turbine generator system to follow the maximum point of the
power versus wind speed curve provided by the manufacturer for a given wind turbine.
The turbine power ðPM Þ and speed ðωm Þ characteristics at different wind speeds are shown in
Fig. 11.8. Power and speed are expressed in per units, where the rated speed is one per unit and
rated power is one per unit. For a given wind speed, each power curve has a maximum power
point (MPP). The MPP points for different wind speeds represent a curve, known as maximum
power curve, Pmax . The manufacturer of wind turbines provides this curve for a given wind
turbine. The maximum power curve can be described as
Pmax ¼ k ωm 3
Since

Pmax ¼ Tmax ωm ,
Tmax ¼ k ωm 2

Parking mode

Generator control

Pitch or stall control

PM (pu)

VW = 1.1 pu

Maximum power curve
Pmax ∝ ωm3

1.2

MPP

1.0

VW = 1.0 pu
0.8

MPP

Rated wind speed

0.9 pu

0.6
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0.8 pu
0.4
0.7 pu
0.2
0

0.6 pu
VW = 0.5 pu

Cut-in wind speed
0

0.2

0.4

0.6

0.8

1.0

1.2

ωM (pu)

FIGURE 11.8 Wind turbine power-speed characteristics and maximum power
point (MPP) operation.
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During the generating mode, the control system for the generator will follow this power
curve so that maximum power is captured from the wind at different speeds. During the rated
wind speed and cut-off wind speed, pitch control method is implemented to keep the power
constant at the rated value. A simplified block diagram to implement the maximum power
extraction from wind at different speeds using the Pmax curve provided by the manufacturer is
shown in Fig. 11.9. The wind speed is measured by a wind speed sensor. This signal is fed to the
maximum power versus speed profile to generate the power reference, which is sent to the
generator control system. This is compared with the measured power of the generator to
produce control signals for the power converters whose operation will make the generator
power equal the reference power in the steady state.

11.1.8

WIND ENERGY CONVERSION SYSTEMS (WECS)

The two main electrical components in WECS are the generators and power converters. Both
induction machine generators, such as squirrel-cage induction generators (SCIG), wound rotor
induction generators (WRIG), doubly fed induction generators (DFIG), and synchronous
machine generators, such as wound rotor synchronous generators (WRSG) and permanent
magnet synchronous generators (PMSG) have been used in wind energy conversion systems.
The basic operation of these machines has been discussed earlier in this book, primarily their
applications as motors. These machines are used in wind energy systems in their generating
mode. The operation and control strategies of wind generator systems using these machines
and power converters are discussed in the following sections.
The WECS can be classified in two groups, fixed-speed systems and variable-speed systems.

Fixed-Speed Systems
A typical fixed speed system is shown in Fig. 11.10. Squirrel-cage induction generators (SCIG)
are used exclusively in this system. As shown in Fig. 5.10e, induction machines will generate
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FIGURE 11.10 Fixed-speed wind
energy system.

power at speeds higher than the synchronous speed. For example, for a 50 Hz, 4 pole machine,
the synchronous speed is 1500 rpm. If the rated turbine speed is 15 rpm, a gear ratio of 100 : 1 is
required to make the synchronous speed of SCIG 1500 rpm. The machine should be operated
at low slip. For 1 percent slip the rated speed of the generator is 1515 rpm. Since the generator
speed variation is very small, it is called fixed-speed WECS. The system operates at the MPP
point at the rated wind speed and captures the maximum wind energy, providing high-energy
conversion efficiency, at the rated speed. However at other wind speeds, the system will not
operate at the MMP points and hence energy conversion is low at lower speeds. At speeds
higher than the rated speed, pitch control or stall control is used to limit the power to the
rated value.
The power converter is an ac voltage controller (Fig. 5.41c) with two back-to-back thyristors
in each phase, known as a soft starter. The soft starter keeps the starting current low. When full
voltage is applied to the generator, a bypass switch will cut out the thyristors to eliminate losses
in the switches during operation of the SCIG. Because the SCIG draws a large lagging current,
capacitor filters are used at the grid side to improve power factor.
This system has some disadvantages. For example, it requires a gear box, has low conversion efficiency at lower wind speeds and power delivered to the grid fluctuates with
the wind speed, causing disturbances to the power grid. However, this system is simple,
robust, inexpensive, and reliable, and requires minimal maintenance. This wind energy
system is widely used in low-power (several kWs) and medium-power (up to a few MWs)
wind generator systems.

Variable-Speed Systems
Both induction machine generators and synchronous machine generators can be used in
variable-speed systems.

WECS Using Wound Rotor Induction Generators (WRIG)
Fig. 11.11 shows a typical block diagram of the WRIG wind energy system with a variable
resistance in the rotor circuit to vary the speed of the generator. Normally a power converter is
used to vary the resistance. Typically speed adjustment is made up to 10 percent above the
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FIGURE 11.11 Variable-speed system using WRIM with variable rotor
resistance.

synchronous speed. Because of speed variation, more energy can be captured from the wind.
However, there is loss in the external rotor resistances. This system is also used in low- and
medium-power wind energy systems.

WECS Using Doubly Fed Induction Generators (DFIG)
Fig. 11.12 shows a typical block diagram of the DFIG wind energy system. Here the external
rotor resistances of the WRIG system are replaced by a grid connected power converter system
in the rotor circuit. In this system the power in the rotor circuit, which is lost in the WRIG
system, is fed back to the grid, thereby improving the efficiency. A speed variation of about 30
percent is used in this system. Thus, the slip power is 30 percent of the generator power, and
hence the converter is of reduced power and cost compared to converters required in the full
capacity converter systems. The DFIG wind energy system is widely used in medium-power
and high-power (several MWs) wind generator systems.

Gear
box

DFIG

Transformer
G
R
I
D

AC to DC
DC to AC
Reduced-capacity
power converters

FIGURE 11.12 Variable-speed system using
DFIG with reduced-capacity converters.
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FIGURE 11.13 Variablespeed system with fullcapacity converters.

WECS Using Full-Capacity Power Converters
In this system, as shown in Fig. 11.13, the generator is connected directly to the grid via a
full capacity power converter. Because of the converters, the generator is fully decoupled
from the grid and can operate in full speed range, and performance is greatly enhanced.
Squirrel-cage induction generators (SCIG), wound rotor synchronous generators (WRSG),
and permanent magnet synchronous generators (PMSG) are all used in this configuration
for high-power (several MWs) wind generator systems. Because of wide speed variation,
the system can be operated with MPPT control to extract maximum wind energy at different wind speeds.
If a low-speed synchronous generator with a large number of poles is used, a gear box may
not be needed, in which case the system is known as direct drive. Elimination of the gear box
will decrease the size and weight of the nacelle, resulting in reduced cost and maintenance.
However, in some wind turbines, a gear box is used to reduce the number of poles and hence
the diameter of the generator.
PMSG is a high-power density machine and has no slip power loss. Future high-power
wind farms will most likely use direct driven PMSG machines, especially for off-shore
installations.

Power Converters
Several configurations of the power converters have been used. Back-to-back PWM voltage
source rectifiers and inverters with capacitor link, as shown in Figs. 11.12 and 11.13, are
used in most wind energy converter systems. IGBTs are normally used in such converters
as the switching devices. In some wind energy systems, a diode rectifier followed by a dc–
dc boost converter, as shown in Fig. 11.14a, is used instead of voltage source rectifiers. In
future, for very high-power wind generator systems current source rectifiers and inverters
with inductor link, as shown in Fig. 11.14b, will most likely be used. The current source
rectifiers and inverters will use high-power IGCTs, or GTOs, or thyristors as the switching
devices.
The future will see enormous growth of wind energy systems in the world. Switching to wind
energy systems will ensure energy independence, and a pollution-free environment. The price
of oil has been increasing at a rapid rate but wind is free.

References

AC to DC

DC to DC

DC to AC

Wind
generator
3ø
Diode
rectiﬁer

573

Transformer
Voltage source
inverter

Boost
converter

G
R
I
D

(a) Boost converter linked system
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FIGURE 11.14 Power
converter in wind energy
conversion system.
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appendix A
WINDINGS
The layout of a winding in an electric machine affects the mmf distribution and the performance of the machine. All the coils of a winding can be placed in two slots, and such a winding
is known as a concentrated winding. This requires large sizes for the slots; also, a large portion
of the stator or rotor is left unused. Except in a few smaller machines, concentrated windings
are hardly used. The coils of a winding are usually distributed over a few slots, and such a
winding is known as a distributed winding. Distributed windings can make better use of the
stator or rotor structure and also decrease harmonics. In this appendix, the properties and
effects of the various types of windings are discussed.

A.1

MMF DISTRIBUTION

Consider a winding of N turns placed in two slots on the stator of a machine, as shown in Fig.
A.1a. If a current i ﬂows through the winding, the mmf along a path, deﬁned by the angle θ, is
given by the ampere-turns enclosed by the dotted contour:
FðθÞ = Ni

ðA:1Þ

The mmf distribution in the air gap is shown in Fig. A.1b. Let us assume that the air gap is
uniform and of length g, and that the reluctance of the stator and the rotor core is neglected.
Then the ﬂux density distribution in the air gap is similar to the mmf distribution, and is
BðθÞ = μ0

Ni
2g

ðA:2Þ

The ﬂux density distribution is of square-wave shape—that is, nonsinusoidal. The fundamental
and the harmonic components of the ﬂux density are as follows:
BðθÞ = B1ðmaxÞ sin θ + B3ðmaxÞ sin 3θ + B5ðmaxÞ sin 5θ +   
=

X
h=1,3,5, : : :

4Bmax
ðsin hθÞ
πh

ðA:3Þ
ðA:4Þ

All odd harmonics are present. In Fig. A.1c the fundamental, third harmonic, and ﬁfth harmonic ﬂux densities are shown. These harmonic ﬂux densities induce harmonic voltages in the
winding.
The harmonic content can be decreased if the winding is distributed over several slots. In Fig.
A.2a, a distributed winding in placed in 12 slots. The mmf distribution resulting from the
distributed winding is shown in Fig. A.2b. The fundamental component of the mmf is also
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FIGURE A.1 Concentrated winding.
(a) Winding in two stator slots.
(b) mmf distribution in the air gap.
(c) Flux density distribution in the
air gap.

shown in this ﬁgure. It is clear that the mmf distribution is closer to being sinusoidal as a result
of distributing the winding over several slots.
If the winding could be placed in an inﬁnitely large number of slots and the conductors in the
slots were sinusoidally distributed (instead of placing the same number of conductors in each
slot), the mmf distribution in the air gap would be sinusoidal. Such an ideal machine is
impossible to build. Besides, it is convenient to make all the coils identical and place them in
the slots. Figure A.3a shows three multiturn coils. The twist at the end facilitates placing it
in the slot. The mmf (and hence the ﬂux density) distribution in the air gap will contain some
harmonics. Other methods are used to minimize or eliminate certain harmonics, particularly
the lower-order ones. Figure A.3b shows the stator windings of a three-phase ac machine. In a
practical electric machine, a distributed winding is placed in a ﬁnite number of slots, and all
coils are identical.

MMF Distribution

Distributed winding.

Courtesy of General Electric Canada Inc.

Courtesy of Westinghouse Canada Inc.

FIGURE A.2

FIGURE A.3 Coil and winding in polyphase ac machine (a) Multiturn coils.
(b) Polyphase stator winding.
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A.2 INDUCED VOLTAGES
For a concentrated winding of N turns per phase, the rms voltage induced in each phase is
E = 4:44 f NΦ

ðA:5Þ

where f is the frequency and Φ is the fundamental ﬂux per pole. However, if the winding is
distributed over several slots, the induced voltage is less and is given by
E = 4:44 f NΦKw

ðA:6Þ

where Kw is called the winding factor; its value is less than unity and depends on the winding
arrangement.

A.3 WINDING ARRANGEMENT
Figure A.4a shows an example of a two-pole, three-phase, double-layer, full-pitch distributed
winding for the stator. In each slot two coil sides are placed. The double-layer winding is used
in most machines, except some smaller motors. It has the advantage of simpler end connection
and it is economical to manufacture. Coil sides that are placed in adjacent slots and belong to
the same phase, such as a1 , a3 or a2 , a4 , constitute a phase belt. In the three-phase machine, the
phase belt is 60 . In the double-layer arrangement, one side of a coil, such as a1 , is placed at
the bottom of a slot and the other side, −a1 , is placed at the top of another slot. Note that each
coil in Fig. A.4a has a span of a full pole pitch or 180 electrical degrees; hence the winding is a
full-pitch winding.
Figure A.4b shows a distributed winding arrangement in which the coils span less than a full
pole pitch. Such a winding is called a short-pitch, fractional-pitch, or chorded winding. In
Fig. A.4b, a coil such as a1 , −a1 spans ﬁve-sixths of a pole pitch—that is, 150 electrical degrees.

FIGURE A.4

Double-layer winding (stator). (a) Full-pitch coil. (b) Short-pitch coil.
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Note that the phase belts overlap. The phase belt for phase a has the coil sides of coils belonging
to phases b and c.
Short-pitch windings are often used in polyphase ac machines. They reduce the length of the
end connections (thereby saving copper) and reduce signiﬁcantly, as we shall see, the magnitude of certain harmonics in the mmf distribution, as well as voltage induced in the winding.

A.3.1

WINDING FACTORS

The distribution and pitching of the coils affects the voltages induced in the coils. Two factors
are discussed here: (a) the distribution factor Kd , also known as the breadth factor, (b) the pitch
factor Kp , also known as the chord factor.

Distribution Factor Kd
If all the coils of a winding are placed in one slot (i.e., a concentrated winding), the voltages
induced in the coil are in phase, and therefore the voltage of the winding is the arithmetic sum
of the individual coil voltages. If, however, the coils are distributed over several slots in space
(distributed winding), induced voltages in the coils are not in phase but are displaced from
each other by the slot angle α. The winding voltage is the phasor sum of the coil voltages. The
distribution factor Kd is deﬁned as
Kd =

phasor sum of coil voltages
arithmetic sum of coil voltages

ðA:7Þ

Let
α = angle between two adjacent slots
n = slots per pole per phase, that is, slots per phase belt
The distribution factor can be determined by constructing a phasor diagram for the coil voltages.
Let n = 3. Figure A.5 shows the coil voltages as phasors RS, ST, and TU, each of which is a
chord of a circle with center at 0 and subtends an angle α at 0. The phasor sum RU, representing
the resultant winding voltage, subtends an angle nα at the center. From Eq. A.7 and Fig. A.5,

FIGURE A.5

Coil voltages in a distributed winding.
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Kd =

RU
nðRSÞ

=

2Rx
nð2RyÞ

=

Rx
nRy

=

OR  sinðnα=2Þ
n  OR  sinðα=2Þ

=

sinðnα=2Þ
n sinðα=2Þ

ðA:8Þ

Pitch Factor K p
For a short-pitch coil where the coil span is less than a pole pitch, the induced voltage is less
than the voltage that would be induced if the coil span were a full pole pitch. The pitch factor
Kp is deﬁned as
Kp =

voltage induced in short pitch coil
voltage induced in full pitch coil

ðA:9Þ

Figure A.6 shows the voltages induced in a full-pitch coil and a short-pitch coil. The coil pitch
for the short-pitch coil is 180 − γ  ; that is, it is shorter than a full-pitch coil by γ  . The coil
voltage ec is
ec = e1 + e2

ðA:10Þ

For the full-pitch coil both e1 and e2 are maximum at the same instant. However, for the shortpitch coil, when e1 is maximum, e2 is not maximum. These phenomena can be represented in the
phasor diagram of these voltages, as shown in Fig. A.6b. For the short-pitch coil, the phasor E2

FIGURE A.6

Coil voltage in full-pitch and short-pitch coils.
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for the voltage e2 is phase-displaced by the angle γ  from the phasor E1 for the voltage e1 . From
Eq. A.9 and Fig. A.6b, and assuming E1 = E2 = E,
Kp =

2E cos γ=2
2E

= cos γ=2

ðA:11Þ

Winding Factor K w
If the coils of a winding are distributed in several slots and the coils are short-pitched, the
voltage induced in the winding will be affected by both factors Kd and Kp . The winding factor
for such a winding is
Kw = Kd  Kp

ðA:12Þ

EXAMPLE A.1
The stator of a 3φ machine has nine slots per pole and carries a balanced three-phase, doublelayer winding. The coils are short-pitched and the coil pitch is 7/9; that is, each coil spans seven
slots. Determine the winding factor.
Solution
Slot angle

α=

180
= 20
9

7
Coil pitch = × 180 = 140
9
The coil is short-pitched by

γ = 180 −140 = 40

Number of slots per pole per phase:
n=

9
=3
3

From Eq. A.8,
Kd =

sinð3 × 20=2Þ
= 0:9598
3 sinð20=2Þ

From Eq. A.11,
Kp = cosð40=2Þ = 0:9397
From Eq. A.12,
Kw = 0:9598 × 0:9397 = 0:9019
Because of distribution and short-pitching, the winding voltage will be less by a factor of
0.9019. ▪
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A.4 SPACE HARMONICS AND WINDING FACTORS
In Eqs. A.5 and A.6 it is assumed that the induced voltage is sinusoidal. However, if the
ﬂux density distribution is nonsinusoidal, the induced voltage in the winding will be nonsinusoidal. The distribution factor, pitch factor, and winding factor will be different for each
harmonic voltage.
The phase difference between the hth harmonic voltages of adjacent coils is hα. Therefore,
the distribution factor for the hth harmonic is
Kdh =

sinðnhα=2Þ
n sinðhα=2Þ

ðA:13Þ

The effect of distributing the winding over several slots is illustrated in Table A.1. For values
of n (i.e., number of slots per pole per phase) ranging from 1 to 6 (n = 1 represents a concentrated winding), the fundamental distribution factor Kdl varies from 1 to 0.9561. Thus, the
fundamental voltage will be lowered to some extent if the winding is distributed over several
slots. However, Table A.1 shows that distributing the winding will result in a signiﬁcant
reduction in the harmonic content of the induced voltage in the winding.
In a short-pitch coil the phase difference between the hth harmonic voltages of the two coil
sides is hγ. Therefore, the pitch factor for the hth harmonic is
Kph = cosðhγ=2Þ

ðA:14Þ

The variation of harmonic pitch factors for different values of the coil pitch is shown in
Table A.2. The harmonic voltages decrease in a short-pitch coil, thereby improving the waveform of the induced voltage in the winding. In fact, a certain harmonic can be completely
eliminated from the winding voltage by choosing a pitch for the coils that makes the pitch
factor zero for that harmonic. To eliminate the hth harmonic voltage,
cosðhγ=2Þ = 0

ðA:15Þ

or
hγ
= 90
2

TABLE A.1

Distribution Factor in Three-Phase Machines
Distribution Factor for Harmonics

na

h¼1

3

5

7

9

11

1
2
3
4
5
6
1

1.000
0.966
0.960
0.958
0.957
0.956
0.955

1.000
0.707
0.667
0.653
0.647
0.644
0.637

1.000
0.259
0.218
0.205
0.200
0.197
0.191

1.000
0.259
0.177
0.158
0.149
0.145
0.136

1.000
0.707
0.333
0.271
0.247
0.236
0.212

1.000
0.966
0.177
0.126
0.110
0.102
0.087

a

n = 1, concentrated winding; n > 1, distributed winding.

Time Harmonic Voltages

TABLE A.2

Pitch Factor in Three-Phase Machine
Pitch Factor for Harmonics

Coil Pitch
(180 − γ)a

h¼1

3

5

7

9

11

120
144
150
154
160
180

0.866
0.951
0.966
0.975
0.985
1.000

0.000
0.588
0.707
0.782
0.866
1.000

0.866
0.000
0.259
0.434
0.643
1.000

0.866
0.588
0.259
0.000
0.342
1.000

0.866
0.951
0.707
0.434
0.000
1.000

0.866
0.951
0.966
0.782
0.342
1.000

a

or
or
or
or
or
or

2/3
4/5
5/6
6/7
8/9
1
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γ = 0 for full-pitch coil.

or
γ=

180
h

ðA:16Þ

Thus, to eliminate the third harmonic, the coils are to be shorted by
γ = 180 =3 = 60
The winding factor corresponding to the hth harmonic voltage is
Kwh = Kdh  Kph

ðA:17Þ

where Kdh and Kph are given by Eqs. A.13 and A.14, respectively.

A.5

TIME HARMONIC VOLTAGES

The waveform of the induced voltage in a winding depends on the space distribution of the air
gap ﬂux density. This ﬂux density distribution is not purely sinusoidal. For example, in synchronous machines the space ﬂux density distribution of the rotor pole is nonsinusoidal. In
induction machines, the air gap ﬂux is produced by currents ﬂowing in the windings and the
space ﬂux density distribution is nonsinusoidal. The distribution of winding coils can improve
the space ﬂux density distribution (Fig. A.2) but cannot make it purely sinusoidal.
Because of a nonsinusoidal space ﬂux density distribution, the induced voltage in a winding
will contain harmonics. By distributing and chording the coils of the winding, the harmonics can
be appreciably reduced. Of course, the fundamental will also be reduced—although, fortunately,
by a small amount. The winding factors, discussed earlier, represent the per-unit reduction of the
fundamental and each harmonic resulting from distribution and chording of the winding coils.
Figure A.7 shows a typical space ﬂux density distribution, which can be expressed as
BðθÞ = B1ðmaxÞ sin θ + B3ðmaxÞ sin 3θ + B5ðmaxÞ sin 5θ
+ B7ðmaxÞ sin 7θ +   

ðA:18Þ

The fundamental and third harmonic ﬂux densities are also shown. If the fundamental
corresponds to a “p-pole” machine, then the third harmonic can be considered to correspond
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FIGURE A.7 Space ﬂux
density distribution.

to a “3p-pole” machine. Each component of ﬂux density distribution will induce voltage in
the winding.
For a concentrated winding of N turns per phase, the rms voltage induced in each phase by
the fundamental component of the ﬂux density is
E1 = 4:44 f NΦ1

ðA:19Þ

where the subscript 1 denotes the fundamental, f the frequency, and Φ1 the fundamental ﬂux
per pole.
For a distributed and chorded winding, the fundamental voltage is
E1 = 4:44 f NΦ1 Kw1

ðA:20Þ

where Kw1 = Kd1  Kp1 is the fundamental winding factor, which is slightly less than unity for a
three-phase machine.
The space harmonics in the ﬂux density wave induce time harmonic voltages in the winding.
For the hth harmonic ﬂux, the induced voltage is
Eh = 4:44ðhf ÞNΦh Kwh

ðA:21Þ

where Φh is the ﬂux per pole corresponding to the hth harmonic of the ﬂux density.
Let
D = diameter of the air gap
L = length of the pole
p = number of poles
Then
Φ h = A h  Bh

ðA:22Þ

Time Harmonic Voltages
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where Ah in the area of the hth harmonic pole,
Ah =

πDL
hp

ðA:23Þ

and Bh is the average ﬂux density for the hth harmonic,
Bh =

2BhðmaxÞ
π

ðA:24Þ

where BhðmaxÞ is the amplitude of the hth harmonic ﬂux density wave.
From Eqs. A.22, A.23, and A.24,
Φh =

2DL BhðmaxÞ
h
p

∝

ðA:25Þ

BhðmaxÞ
h

ðA:26Þ

From Eqs. A.21 and A.26,
Eh ∝ BhðmaxÞ Kwh

ðA:27Þ

The total rms voltage induced in the winding is
1=2

E = ðE21 + E23 + E25 + E27 +   Þ
!1=2
X
2
Eh
E=

ðA:28Þ
ðA:29Þ

h=1,3,5, : : :

It can be shown that in a three-phase machine the triplen harmonic voltages (i.e., third and its
multiples) do not appear in the line-to-line voltage. The line-to-line voltage therefore appears
more sinusoidal than the line-to-neutral (i.e., winding) voltage. The rms line-to-line voltage is
pﬃﬃﬃ
1=2
ðA:30Þ
ELL = 3ðE21 + E25 + E27 + E211 +   Þ
EXAMPLE A.2
A 3φ, 60Hz, star-connected synchronous generator has eight poles, 96 stator slots, and 9/12
chorded winding. The air gap ﬂux density shows that third and ﬁfth harmonics are present and
are of amplitude 30 and 15 percent of the fundamental.
Determine the ratio of the line-to-line voltage and line-to-neutral voltage.
Solution
n=

96
= 4 slots=pole=phase
8×3

α=

180
= 15
3×4

γ = 3 × 15 = 45
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The distribution factors are
Kd1 =

sinð4 × 15=2Þ
= 0:9577
4 sin 15=2

Kd3 =

sinð4 × 3 × 15=2Þ
= 0:6533
4 sinð3 × 15=2Þ

Kd5 =

sinð4 × 5 × 15=2Þ
= 0:2053
4 sinð5 × 15=2Þ

The pitch factors are
Kp1 = cosð45=2Þ = 0:9239
Kp3 = cosð3 × 45=2Þ = 0:3827
Kp5 = cosð5 × 45=2Þ = −0:3827
The winding factors are
Kw1 = Kd1 Kp1 = 0:9577 × 0:9239 = 0:8848
Kw3 = 0:6533 × 0:3827 = 0:2500
Kw5 = 0:2053 × ð−0:3827Þ = −0:0786
From Eq. A.27, the rms fundamental voltage is
E1 ∝ B1ðmaxÞ Kw1
= K × 1 × 0:8848
= 0:8848K
The third and ﬁfth harmonic voltages are
E3 = KB3ðmaxÞ Kw3
= K × 0:3 × 0:25
= 0:075K
E5 = KB5ðmaxÞ Kw5
= K × 0:15 × 0:0786
= 0:0118K
The phase voltage is
ELN = ðE21 + E23 + E25 +   Þ1=2
= Kð0:88482 + 0:0752 + 0:01182 +   Þ1=2
’ 0:8881K

Problems

587

The line-to-line voltage is
pﬃﬃﬃ
ELL = 3ðE21 + E25 +   Þ1=2
pﬃﬃﬃ
= 3 Kð0:88482 + 0:01182 +   Þ1=2
pﬃﬃﬃ
’ 3 0:8848K
The ratio of the line voltage to the phase voltage is
pﬃﬃﬃ
ELL
3 × 0:8848 pﬃﬃﬃ
= 3 × 0:9963
=
ELN
0:8881
pﬃﬃﬃ
Note that the line-to-line voltage is slightly lower than 3 times the phase voltage because of
the absence of third harmonic voltages in the line-to-line voltage.

PROBLEMS
A.1

A 3φ, star-connected synchronous generator has four rotor poles, which produce a space ﬂux
density distribution as follows:
BðθÞ = 1:00 sin θ + 0:4 sin 3θ + 0:2 sin 5θ
The stator has 36 slots and a balanced three-phase double-layer winding. The coil pitch is 140 .
Determine, in terms of the rms fundamental voltage E1 :
(a) The rms value of the phase voltage ELN .
(b)

A.2

A.3

The rms value of the line-to-line voltages ELL .

A 3φ, 60 Hz, six-pole, Y-connected synchronous generator has 108 stator slots and a double-layer
armature winding. The coil pitch is 150 , and each coil has 30 turns. The air gap ﬂux density due
to ﬁeld poles contains third and ﬁfth harmonic components of magnitude 30 and 20 percent,
respectively, relative to the fundamental. The fundamental ﬂux per pole is 0.01 webers. The
generator runs at the synchronous speed.
(a)

Determine the rms values of the fundamental and harmonic voltages induced in the stator
winding.

(b)

Determine the rms value of the stator phase voltage.

(c)

Determine the rms value of the stator line-to-line voltages.

A 3φ, eight-pole, 750 rpm, Y-connected synchronous generator has the following data:
Total stator slots = 96
Conductors in each slot = 20
Stator winding conﬁguration is a double layer.
Coil span is suitable to eliminate the third harmonic induced voltage.
Fundamental ﬂux per pole = 0:12 Wb
Analysis of the air gap ﬂux shows third harmonic and ﬁfth harmonic ﬂux density amplitudes 25
and 15 percent, respectively, of that of the fundamental.
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(a) Determine the number of turns per phase of the stator winding.

A.4

(b)

Determine the coil span in electrical degrees.

(c)

Determine the fundamental frequency.

(d)

Determine the rms values of the phase and line voltages.

A 3φ, 60 Hz, synchronous generator has eight poles and 96 stator slots. The coil span of the
winding is 135 . The open-circuit phase voltage (line-to-neutral) contains fundamental, third, and
ﬁfth harmonics of relative magnitude 100, 25, and 5 percent, respectively. The measured rms
phase voltage is 12 kV.
(a) Determine the rms values of the harmonic components of the phase voltage.
(b)

Determine the total rms value of the line-to-line voltage.

(c)

Determine the amplitudes of the harmonic ﬂux densities in the air gap relative to that of the
fundamental ﬂux density.

appendix B
BALANCED THREE-PHASE CIRCUITS
Almost all of the world’s electrical power is generated in three-phase form. Three-phase power
systems consist of three-phase generators, transmission lines, and loads as shown in Fig. 6.7. In
a three-phase system, the source consists of three sinusoidal voltages. For a balanced source, the
three sources have equal magnitudes and are phase displaced from one another by 120 electrical
degrees. Power equipment functions better when the source voltages are balanced, and thus
every effort is made to have such equipment operate under balanced conditions.
A three-phase system is superior economically, and from an operating point of view, to a
single-phase system. In a balanced three-phase system the power delivered to the load is
constant at all times, whereas in a single-phase system the power pulsates with time. Ordinary
circuit analysis is applicable to the analysis of the three-phase circuits, balanced or unbalanced. However, for balanced three-phase circuits, the analysis can be simplified to that of an
equivalent single-phase circuit; hence a brief review of single-phase circuit analysis follows.

B.1

SINGLE-PHASE CIRCUITS

Consider the single-phase circuits in the time domain and the phasor domain, as shown in Fig. B.1.
In the time domain, with voltage as reference, the voltage and current are expressed as follows:
pﬃﬃﬃ
ðB:1Þ
ν = 2 Vp sin ωt
pﬃﬃﬃ
i = 2 Ip sinðωt − θÞ
ðB:2Þ
Where Vp = rms supply voltage
Ip = rms supply current
In phasor notation, V and I are
V = jVp j =0

ðB:3Þ

I = jIp j =−θ

ðB:4Þ

jZj = ðR2 + X 2 Þ1=2

ðB:5Þ

θ = tan−1 ðX=RÞ

ðB:6Þ

Z = jZj =θ

ðB:7Þ

The impedance Z is

The phasor current I is
I=

 
 
V 
V  Vp  
=   =0 − θ =  p  =−θ
Z
Z
Z

ðB:8Þ
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FIGURE B.1 Single-phase circuit. (a) Circuit
in time domain. (b) Circuit in phasor domain.
(c) Waveforms of v and i. (d) Phasor diagram.

The waveforms for v and i and the phasor diagram are also shown in Fig. B.1. The instantaneous power is
p = vi
= 2jVp jjIp j sin ωt sinðωt − θÞ

ðB:9Þ

= jVp jjIp j cos θ − jVp jjIp j cos θ cos 2ωt − jVp jjIp j sin θ sin 2ωt
= p 1 + p2 + p 3

ðB:10Þ

The variation of power ðpÞ with time is shown in Fig. B.2. The power is pulsating in nature.
The average positive value, defined as the real power P, represents the power absorbed in the
resistance of the load.
P = paverage = jVp jjIp j cos θ

ðB:11Þ
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FIGURE B.2 Power in
single-phase circuits.
(a) Waveforms. (b) Power
triangle.
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The first term ðp1 Þ in Eq. B.10 is constant and represents the average value of the power
flow. The second term and the third term are sinusoidal functions, and their average values are
zero. The sum of the first two terms ðp1 + p2 Þ is plotted in Fig. B.2. It represents the real power
flow to the load, since it is always positive.
The third term ðp3 Þ, also plotted in Fig. B.2, represents the reactive power, which has no net
average value. The peak value of the reactive power wave is commonly called the reactive
power Q, and is given by
Q = jVp jjIp j sin θ

ðB:12Þ

PF = cos θ

ðB:13Þ

The power factor (PF) is defined as

The apparent or complex power is defined as
S = VI* = P + jQ

ðB:14Þ

The conjugate of current ðI*Þ is taken to satisfy the common usage that the reactive power
associated with an inductive load is positive, while the reactive power for a capacitive load is
negative. The power triangle is shown in Fig. B.2b. The unit of power is the watt. Reactive
power is specified in VARs (volt amperes reactive), and apparent power in VA (volt amperes).

B.2

BALANCED THREE-PHASE CIRCUITS

Three-phase power is produced by a three-phase synchronous generator (or alternator) commonly located in a power station. A schematic diagram of the three-phase synchronous generator is shown in Fig. B.3a. The rotor poles are excited by direct current and the rotor is driven
by a prime mover, such as a turbine. The stator has a three-phase distributed winding. The
axes of the phase windings are displaced in space from each other by 120 electrical degrees.
When the rotor is rotated, sinusoidal voltages are induced in the stator phases. For a balanced
system, the voltages have equal amplitudes and are phase-displaced from each other by 120 , as
shown in Fig. B.3b. These voltages can be expressed as
pﬃﬃﬃ
va = 2jVp j sin ωt

ðB:15Þ

pﬃﬃﬃ
vb = 2jVP j sinðωt − 120 Þ

ðB:16Þ

pﬃﬃﬃ
vc = 2jVp j sinðωt + 120 Þ

ðB:17Þ

The phase sequence of the voltages is abc.

B.2.1

STAR (Y) CONNECTION

The three stator windings can be connected in star (or Y) as shown in Fig. B.3c. The common point
is the neutral point, n. The generator terminals can be brought outside, as shown in Fig. B.3d.
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FIGURE B.3 3φ synchronous generator. (a) Schematic cross-sectional view of a twopole generator. (b) Balanced 3φ voltages. (c) Y-connection. (d) Generator terminals.

The voltages can be expressed as phasors. The phase voltages are
Va = jVp j =0

ðB:18Þ

Vb = jVp j =−120

ðB:19Þ

Vc = jVp j =120

ðB:20Þ
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The line voltages are
Vab = Van + Vnb = Va − Vb
pﬃﬃﬃ
= 3 jVp j =30

ðB:21Þ

pﬃﬃﬃ
pﬃﬃﬃ
Vbc = Vb − Vc = 3 jVp j =30 − 120 = 3 jVP j =−90
= Vab =−120
pﬃﬃﬃ
pﬃﬃﬃ
Vca = Vc − Va = 3 jVp j =30 + 120 = 3 jVp j =150 = Vab =120

ðB:22Þ
ðB:23Þ

The line voltages also constitute a balanced voltage source. The phase voltages and line voltages are shown
in the phasor diagram of Fig. B.4. Note that in the star connection the line
pﬃﬃﬃ
voltage is 3 times the phase voltage.
pﬃﬃﬃ
ðB:24Þ
jVl j = 3jVp j
If the line voltages are known, the phase voltages can be derived as follows:
V
ﬃﬃﬃ =−30
Va = pab
3

B.2.2

ðB:25Þ

DELTA (Δ) CONNECTION

The three stator windings can be connected in delta as shown in Fig. B.5a. For this connection:
Vab = phase a voltage = Va
Vbc = phase b voltage = Vb
Vca = phase c voltage = Vc
Note that for the delta connection, the phase voltage is the same as the line voltage.
jVl j = jVp j

FIGURE B.4 Phasor diagram for phase voltages
and line voltages.

ðB:26Þ

Balanced Three-Phase Load

595

FIGURE B.5 Delta connection. (a) Circuit.
(b) Equivalent Y and Δ voltages.

Equivalent Y voltages can be derived from the Δ voltages.
Vab−Δ
Va−y = pﬃﬃﬃ =−30
3

ðB:27Þ

The relationship is shown in Fig. B.5b.

B.3

BALANCED THREE-PHASE LOAD

A balanced three-phase load is one for which the load in each phase is the same. The load can
be connected in either the star or the delta configuration.

Star ðYÞ Connected Load
A 3φ Y load connected to a 3φ source is shown in Fig. B.6.
Za = Zb = Zc = Zy = jZy j =θ

ðB:28Þ

The currents are
Ia =

jVp j =0
Va
=
Za
jZy j=θ

 
 Vp 
=   =−θ = jIp j =−θ
Zy

ðB:29Þ

Similarly,
Ib =

Vb
= jIp j =−θ − 120 = Ia =−120
Zb

ðB:30Þ

Ic =

Vc
= jIp j =−θ + 120 = Ia =120
Zc

ðB:31Þ

Note that the currents are balanced, and the line current is same as the phase current
jIl j = jIa j = jIp j

ðB:32Þ
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FIGURE B.6 Balanced three-phase load. (a) Y load.
(b) Phasor diagram.

The phasor voltages and currents are shown in Fig. B.6b.
In the time domain, the currents are
pﬃﬃﬃ
ia = 2jIp j sinðωt − θÞ

ðB:33Þ

pﬃﬃﬃ
ib = 2jIp j sinðωt − θ − 120 Þ

ðB:34Þ

pﬃﬃﬃ
ic = 2jIp j sinðωt − θ + 120 Þ

ðB:35Þ

The total power flow to the three-phase load is
p3φ = va ia + vb ib + vb ic
= 2jVp jjIp j sin ωt sinðωt − θÞ
+ 2jVp jjIp j sinðωt − 120 Þ sinðωt − θ − 120 Þ
+ 2jVp jjIp j sinðωt + 120 Þ sinðωt − θ + 120 Þ
= 3Vp Ip cos θ

ðB:36Þ
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Note that the total instantaneous power in a balanced 3φ system is constant and is equal to
three times the average power for each phase. This is an outstanding advantage and is of
particular importance in the operation of three-phase motors. It implies that the shaft power
output is constant, and thus torque pulsation, which normally contributes to vibration, will not
result from the supply system.
From a consideration of single-phase operation, the real power is
P3φ = 3P1φ = 3jVp jjIp j cos θ
jVl j
= 3 pﬃﬃﬃ jIl j cos θ
3
pﬃﬃﬃ
= 3jVl jjIl j cos θ

ðB:37Þ
ðB:38Þ

where θ = tan−1 ðX=RÞ is the angle of the load impedance.
Similarly, the reactive power is
Q3φ = 3Q1φ = 3jVp jjIp j sin θ
pﬃﬃﬃ
= 3jVl jjIl j sin θ

ðB:39Þ
ðB:40Þ

The apparent power is
S3φ = 3S1φ = 3jVp jjIp j
= ðP23φ + Q23φ Þ1=2

ðB:41Þ

pﬃﬃﬃ
= 3jVl jjIl j

ðB:42Þ

In = Ia + Ib + Ic

ðB:43Þ

From Fig. B.6, the neutral current is
For the balanced system In = 0, and hence it is not necessary to connect the neutral points of
the source and load.

Delta Connected Load
A three-phase Δ load connected to a three-phase source is shown in Fig. B.7a. The currents are
Vab
Iab =
ðB:44Þ
Zab
Let
Vab = jVl j = 0

ðB:45Þ

Vbc = jVl j =−120

ðB:46Þ

Vca = jVl j =120

ðB:47Þ

Zab = Zbc = Zca = jZΔ j =θ

ðB:48Þ

and
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Then
Iab =

jVl j =0
= jIp j =−θ
jZΔ j =θ

ðB:49Þ

Ibc =

Vbc
= jIp j =−θ − 120
ZΔ

ðB:50Þ

Ica =

Vca
= jIp j =−θ + 120
ZΔ

ðB:51Þ

Similarly,

From the currents at node a,
Ia = Iab − Ica
pﬃﬃﬃ
= 3 jIp j =−θ − 30
= jIl j =−θ − 30

ðB:52Þ

Similarly,
Ib = jIl j =−θ − 30 −120 = jIa j =−120

ðB:53Þ

Ic = jIl j =−θ − 30 + 120 = jIa j =120

ðB:54Þ

Note that
pﬃﬃﬃboth the phase currents and the line currents are balanced, and that the line
current is 3 times the phase current.
pﬃﬃﬃ
jIl j = jIa j = 3jIp j

ðB:55Þ

The phasor voltages and currents are shown in Fig. B.7b.

FIGURE B.7 Balanced 3φ
load. (a) Δ Connection.
(b) Phasor diagram.
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The total power to the load is
P3φ = 3P1φ = 3jVab jjIab j cos θ
= 3jVl jjIp j cos θ


 I1 
= 3jVl j pﬃﬃﬃ  cos θ
3
pﬃﬃﬃ
= 3jVl jjIl j cos θ

ðB:56Þ

The total reactive power is
Q3φ = 3jVab jjIab j sin θ
pﬃﬃﬃ
= 3jVl jjI1 j sin θ

ðB:57Þ

S3φ = 3jVab jjIab j
pﬃﬃﬃ
= 3jVl jjIl j

ðB:58Þ

The total volt–amperes are

Note that in terms of line voltage and line current, the expressions for power, reactive power,
and volt–amperes are the same for both Y load and Δ load.

B.4

Δ−Y TRANSFORMATION OF LOAD

Sometimes it might be Δnecessary to transform a Δ load to a Y load and vice versa. Consider
the equivalent Δ load and Y load shown in Fig. B.8. For the Δ load,
Ia = Iab − Ica =
=

Vab − Vca
ZΔ

ðVa − Vb Þ − ðVc − Va Þ
ZΔ

3Va − ðVa + Vb + Vc Þ
ZΔ
Va
=
ZΔ =3
=

ðB:59Þ

FIGURE B.8 Equivalent Δ load
and Y load.
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For the Y load,
Ia =

Va
ZY

ðB:60Þ

Zy =

ZΔ
3

ðB:61Þ

From Eqs. B.59 and B.60,

B.5

PER-PHASE EQUIVALENT CIRCUIT

Consider the three-phase balanced power system shown in Fig. B.9a, in which the source and
the load are connected in delta, and they are connected through the transmission line impedances Zl . This three-phase system can be analyzed by deriving a “per-phase” equivalent circuit
as shown in Fig. B.9b, in which the source is represented by an equivalent Y voltage, Va , and the
load is represented by an equivalent Y load, ZY .
If the line voltage, Vab , is the reference voltage, then
jVab j
Va = pﬃﬃﬃ =−30
3

ðB:62Þ

and
ZY =

B.6

ZΔ
3

ðB:63Þ

THREE-PHASE POWER MEASUREMENT

The power in a 3φ load can be measured by connecting a wattmeter in each phase, in which
case the total power will be the sum of the three wattmeter readings. If the system is balanced, a
single wattmeter can be connected in one phase, and the total power will be three times the
wattmeter reading. If, however, only three lines leading to the load are accessible, two wattmeters can be connected in the lines as shown in Fig. B.10a, and the total power will be the sum
of the two wattmeter readings.

FIGURE B.9
circuit.

Three-phase power system. (a) Circuit. (b) Per-phase equivalent

Three-Phase Power Measurement
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FIGURE B.10 Two-wattmeter
method of measuring three-phase
power. (a) Wattmeter connection.
(b) Phasor diagram.

Consider the three-phase system shown in Fig. B.10a. The phasor diagram is shown in
Fig. B.10b. The phase voltages Va ,Vb , and Vc are drawn with Va as reference. The currents Ia , Ib ,
and Ic are considered to lag the corresponding voltages by the impedance angle θ. The line
voltages Vab , Vbc , and Vca are derived from the phase voltages Va ,Vb , and Vc .
The reading of the wattmeter W1 will correspond to the voltage Vac , current Ia , and the angle
between Vac and Ia . Thus,
W1 = jVac jjIa j cos =Vac , Ia

ðB:64Þ

W1 = jV1 jjI1 j cosðθ − 30 Þ

ðB:65Þ
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The reading of the wattmeter W2 will correspond to the voltage Vbc , current Ib , and the angle
between Vbc and Ib . Thus,
W2 = jVbc jjIbc j cos =Vbc , Ib


ðB:66Þ

= jVl jjIl j cosðθ + 30 Þ

ðB:67Þ

W1 + W2 = jVl jjIl j cosðθ − 30 Þ + jVl jjIl j cosðθ + 30 Þ
pﬃﬃﬃ
= 3jVl jjIl j cos θ

ðB:68Þ

Thus,

Equation B.68 represents the total power of the three-phase circuit. Note that, depending on
the value of the angle θ, one of the readings of the two wattmeters may be negative. In this
case, the connection of the voltage coil of that wattmeter should be reversed, and its reading
should be subtracted from the other wattmeter reading.
EXAMPLE B.1
For the circuit shown in Fig. EB.1a:
(a) Determine the rms value of the supply current.
(b) Express the supply voltage v and supply current i in the time domain.
(c) Determine the power from the supply and the supply power factor.
(d) Draw the phasor diagram for V, I, Vr , VL , and VC .
Solution
V = 120 =0 V

(a)

I=
=

120 =0
8 + j10 − j4
120 =0
10 =36:9

= 12 =−36:9 A

FIGURE EB.1

Three-Phase Power Measurement

603

pﬃﬃﬃ
v = 2 × 120 sin ωt
pﬃﬃﬃ
i = 2 × 12 sinðωt − 36:9 Þ

(b)

P = 120 × 12 × cos 36:9 = 1152 W

(c)
or

P = I2 R = 122 × 8 = 1152 W
(No real power absorbed by L or C)
PF = cos 36:9 = 0:8
VR = IR = 12 =−36:9 × 8 =0 = 96 =−36:9 V

(d)

VL = IjXL = 12 =−36:9 × 10 =90
= 120 =−36:9 + 90
= 120 =53:1 V
VC = Ið−jXc Þ = 12 =−36:9 × 4 =−90
= 48 =−36:9 − 90
= 48 =−126:9 V
The phasor diagram is shown in Fig. EB.1b.
Note: V = VR + VL + VC ▪
EXAMPLE B.2
In the three-phase balanced system shown in Fig. EB.2a, the load is Z = 8 + j6 Ω and consider
Vab = 200 =0 V (rms voltage) and phase sequence a, b, and c.

FIGURE EB.2
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(a) Determine the phase currents in phasor (Iab , Ibc , and Ica ).
(b) Determine the line currents in phasor (Ia , Ib , and Ic ).
(c) Determine the total three-phase power.
(d) Draw the phasor diagrams of currents and voltages.
(e) Determine the wattmeter readings W1 and W2 .
Solution
Z = 8 + j6 = 10 =36:9 Ω

(a)

Iab =

200 =0
= 20 =−36:9 A
10 =36:9

Ibc =

200 =−120
= 20 =−36:9 −120 = 20 =−156:9 A
10 =36:9

Ica = 20 =−36:9 + 120 = 20 =83:1 A
Ia = Iab −Ica = 20 =−36:9 −20 =83:1

(b)

pﬃﬃﬃ
= 3 × 20 =−36:9 −30 = 34:641 =−66:9 A
Ib = 34:641 =−66:9 −120 = 34:641 =−186:9 A
Ic = 34:641 =−66:9 + 120 = 34:641 =53:1 A
P3φ = 3Vp Ip cos θ = 3 × 200 × 20 × cos 36:9 = 9600 W

(c)
or

(d)
(e)

pﬃﬃﬃ
pﬃﬃﬃ
= 3 Vl Il cos θ = 3 × 200 × 34:641 cos 36:9 = 9600 W

The phasor diagram is shown in Fig. EB.2b.
W1 = Vab Ia cos =Vab , Ia = 200 × 34:641 × cosð36:9 + 30 Þ
= 2721:45 W
W2 = Vcb Ic cos =Vcb , IC = 200 × 34:641 × cosð36:9 −30 Þ
= 6878:26 W
Check W1 + W2 = 2721:45 + 6878:26 = 9600 W = P3φ :
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UNITS AND CONSTANTS
C.1

UNITS

Quantity

Units

Length

1 meter (m)

Mass

1 kilogram (kg)

Time
Force
Torque
Moment of inertia
Power

1
1
1
1
1

Energy

1 joule (J)

Magnetic ﬂux
Magnetic ﬂux density

1 weber (Wb)
1 tesla (T)

Voltage
Current
Frequency
Horsepower
Magnetomotive force
Magnetic ﬁeld intensity

1
1
1
1
1
1

C.2

second (sec)
newton (N)
newton-meter (N  m)
kilogram-meter2 (kg  m2)
watt (W)

volt (V)
ampere (A)
Hertz (Hz)
hp
ampere–turn (At)
ampere–turn/meter (At/m)

Equivalent
3.281
39.36
2.205
35.27

feet (ft)
inches (in.)
pounds (lb)
ounces (oz)

0.2248 pounds (lbf)
0.738 pound-feet (lbf  ft)
23.7 pound-feet2 (lb  ft2)
0.7376 foot-pounds/second
1:341 × 10−3 horsepower (hp)
1 watt-second
0.7376 foot-pounds (ft  lb)
2:778 × 10−7 kilowatt-hours (kWh)
108 maxwells or lines
1 weber/meter2 (Wb/m2)
104 gauss
1 watt/ampere
1 coulomb/second
1 cycle/second
746 watts
1.257 gilberts
1:257 × 10−2 oersted

CONSTANTS

Permeability of free space
Permittivity of free space
Acceleration due to gravity

μ0 = 4π × 10−7 H=m
ε0 = 8:854 × 10−12 F=m
g = 9:807 m=sec2
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LAPLACE TRANSFORMS
Laplace
Transform F(s)

Time Function
f(t)

1
s

UðtÞ ! unit step function

1
s2

t

1
s+a
ω
s2 + ω2
s
s2 + ω2

e−at
sin ωt
cos ωt
te−at

1
ðs + aÞ

2

ω
ðs + aÞ

2

+ ω2

s+a
2

e−at sin ωt
e−at cos ωt

ðs + aÞ + ω2
1
ðs + aÞðs + bÞ

e−at − e−bt
ðb − aÞ

1
sð1 + TsÞ

1 − e−t=T

ω2n
+ ω2n Þ

1 − cos ωn t

sðs2

ω2n
2
s + 2ξωn s + ω2n

sðs2
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ω2n
+ 2ξωn s + ω2n Þ

ωn
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e−ξωn t sin ωn
2
1−ξ
e−ξωn t
1 − qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ sinðωn
1 − ξ2

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − ξ2 t

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − ξ 2 t + cos−1 ξÞ

appendix E
ANSWERS TO SOME PROBLEMS

CHAPTER 1:

MAGNETIC CIRCUITS

1.1

(a) 50,000 At/m, 0.062832 T; (b) 308.43 μH.

1.3

1.2096 A.

1.5

0:392 × 10−3 Wb and 0:627 Wb=m2 , 0:196 × 10−3 and 0:3135 Wb=m2 .

1.7

0.628 T.

1.9

(a) 2.51 A; (b) 1:51 × 10−3 Wb; (c) 12.06 A.

1.11

(b) 6:2832 × 10−3 Wb, 1.257 T; (c) 1.6756 H.

1.13

0.1257 mm.

1.15

(a) −2:53 A; (b) 0.18 mWb.

1.17

Phð60Þ =Phð50Þ = 1:008, Peð60Þ =Peð50Þ = 1:21:

1.19

79.92 V.

1.25

(a) 0.45 T, −350 kA=m; (b) 0.7276 cm, 4:4444 cm2 ; (c) VðsamariumÞ =VðalnicoÞ = 0:2535.

CHAPTER 2:

TRANSFORMERS

2.1

(a) 460, 46; (b) 0:044 m2 .

2.3

(a) 0.934 T; (b) 500 V.

2.5

(a) 4.5 mWb; (b) 7.07 A; (c) 24 Ω; (d) 63.7 mH.

2.7

(i) 98.95%; (ii) 98.83%; (iii) 0.0%.

2.8

(a) 1.41 to 1; (b) 50 V to 70.7 V; (c) 5000 W.

2.10

(a) 10 kVA; (b) 1:21 =−36:87 Ω.

2.14

(a) Rc = 38:46 pu, Xm = 12:58 pu, Req = 0:0405 pu, Xeq = 0:0779 pu; (b) 8%.

2.16

(a) Rc1 = 125 kΩ, Xm1 = 60:32 kΩ, Req1 = 13 Ω, Xeq1 = 60:32 Ω; (b) Rc2 = 5 kΩ,
Xm2 = 2:4128 kΩ, Req2 = 0:52 Ω, Xeq2 = 2:4128 Ω.

2.18

(a) −0:95%; (b) 141.75 A, 283.5 A.

2.20

(a) RCðHVÞ = 60 kΩ, XmðHvÞ = 20 kΩ, ReqðHVÞ = 2:55 Ω, XeqðHVÞ = 8:5 Ω; (b) 0.0255 pu;
c(i) 201.7 V, (ii) 1314.7 W; d(i) 11255 V, (ii) −2:2667%.
607

608

appendix E Answers to Some Problems

2.22

3.03%.

2.24

(a) 95.92%; (b) 0.6455, 96.67%; (c) 95.93%.

2.26

(b) 48.33 kVA; (c) 99.2%.

2.28

(b) I2 = 69:4 A, I1 = 18:12 A; (c) 454.5; (d) −1:2%.

2.30

(a) 543.48 A; (b) P1 = 248:205 kW, P2 = 98:205 kW; (c) 1086.95 A; (d) 73.2%.

2.32

(a) HV side: 200 kVA, 2100 V, 95.24 A, 22.05 Ω; LV side: 200 kVA, 210 V, 952.4 A,
0.2205 Ω.

2.34

(a) RCðLVÞ = 375 Ω, XmðLVÞ = 125 Ω, ReqðLVÞ = 0:0938 Ω, XeqðLVÞ = 0:375 Ω; (b) 270.2 V,
54.04 A, −7:48%.

CHAPTER 3: ELECTROMECHANICAL ENERGY CONVERSION
3.1

fm = λ 2 :

3.3

a(i) 1.22 A, 4.88 V, (ii) 0.38 J, (iii) 248.7 N, (iv) 0.5123 H; b(i) 1.2 T, 1432.4 N, 0.9 J,
(ii) 1.0675 J, source to actuator, 0.5475 J.

3.5

a(i) 7.9577 A, (ii) 19.8 J, (iii) 1980 N, (iv) 201.64 kg; (b) 3.9789 A.

3.7

a(i) 10.45, (ii) 0.55 J; (b) 198.3 V.

3.9

(a) ±377 rad=sec, ±188:5 rad=sec; (b) 15 N  m, 5655 W, 20 N  m, 3770 W;
(c) 62.45 N  m.

3.11

(a) 213:2 cos ð240πt + δÞ, 150.8 V, 120 Hz; (b) 0, ±240π rad=sec, 2 N  m, 1:0 N  m.

CHAPTER 4: DC MACHINES
4.1

(a) Lap (120 V), wave (240 V); (b) 120, 120; (c) 2.4 kW.

4.3

(a) 0.907 V/rad/sec; (b) 114 V, 51.82 A; (c) 47N  m, 5370.6 W.

4.5

(a) 0.64 A; (b) 87:5 Ω.

4.7

(a) 156.25 V, 115 V; (b) 124:72 Ω, 110 V, 94.75 V.

4.9

(a) 126 V, 8 V; (b) 20 Ω, (i) 170 A, 60 V, (ii) 80 A, 74 V.

4.11

(a) 258 V; (b) 98:55 N  m; (c) 1.86 A; (d) 88.12%.

4.13

(1a) 222 V; (b) 10 Ω; (c) 21000 W, 111:41 N  m; (d) 0.09 A; (e) 250 A; (2b) 4.08 turns/pole.

4.15

(a) 100 V; (b) 172 V; (c) 190 V.

4.17

(a) 168:3 N  m; (b) 1180.2 rpm

4.19

(a) 1895.2 rpm; (b) 2064.9 rpm.

4.21

(a) 1568.8 rpm; (b) 1743.1 rpm.

4.23

(a) 1800 rpm; (b) 2176.5 rpm.
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4.25

(a) motor; (b) 0:25 Ω; (c) 400 W, 9200 W; (d) 73:19 N  m; e(i) 1252.2 rpm, (ii) 1127 rpm.

4.27

1:11 Ω.

4.30

1862.1 rpm.

4.32

(a) 190 V; (b) 298:4 N  m; (c) 80.71%.

4.34

(a) 240 V, 9600 W, 76:37 N  m; b(i) 996 W, (ii) 1245 rpm, (iii) 1131.82 rpm.

4.36

T = 11:244 N  m (a) 1700 rpm; (b) 9.27 A, 2002 W, 83.24%.

4.38

(a) 1410 A; (b) 33000 rpm.

4.40

n = 2170:3 rpm.

4.42

(a) 8640 W, 68:76 N  m; (b) 2324.7 rpm, 18:32 N  m, 4460 W.

4.44

(a) 0:103 A < Ifg < 1:2 A; (b) 2420 rpm.

4.46

(a) 1959 rpm, 1827.8 rpm; (b) 28.8 ; (c) 2.18%.

CHAPTER 5:

INDUCTION (ASYNCHRONOUS) MACHINES

5.2

(a) 4; (b) 0.03; (c) 1.8 Hz; d(i) 1800 rpm, (ii) 0 rpm.

5.4

(a) 1236 rpm, direction same as rotating ﬁeld; (b) 1.8 Hz; (c) 1200 rpm; (d) 1200 rpm;
e(i) −48 rpm, (ii) 1200 rpm, (iii) 0 rpm.

5.6

a(i) 0.05, (ii) 3 V, 3 Hz, (iii) 60 rpm, 1200 rpm; b(i) opposite, (ii) 7.2 V, 1.8 Hz.

5.8

(a) 1800 rpm; (b) 1737.9 rpm; (c) 84:48 N  m; (d) 82:84 N  m.

5.10

(a) 85.2 kW; (b) 4.26 kW; (c) 78.84 kW; (d) 660:41 N  m; (e) 87.6%.

5.12

I2 = 39:73 A.

5.14

(a) 465.78 W; (b) Rl = 0:27 Ω, Xl = 0:3834 Ω, Xm = 17:67 Ω, X20 = 0:3834 Ω, R02 = 0:4053 Ω;
(c) class D; (d) 9.94 hp.

5.16

(a) 383.33 V (line); b(i) 1500 rpm, 1455 rpm, 1.5 Hz, (ii) 33.097 A, 0.9324 (lag),
126:184 N  m, 86.9%.

5.18

1131.6 rpm, 178:32 N  m, 21.13 kW.

5.20

(a) 4; (b) 38:31 N  m; (c) 2:11 Ω.

5.22

89.3%.

5.24

(a) 1800 rpm, 30 Hz, 3pu, −2 pu; (b) 1800 rpm, 150 Hz, 0.6 pu, 0.4 pu.

5.26

(a) generator; (b) 17.8 A; (c) −5849:2 W, 2628.7 VAR; (d) 304.34 W; (e) 33.08 A ﬂow into
dc machine.

5.28

(a) 922.5 rpm; (b) 265 V; (c) 138.6 kW; (d) 93.72%.

5.30

0:45 Ω:

5.32

(a) 1455 rpm; (b) 0.9259 pu; (c) 2:11 Ω; (d) 1424.3 rpm.
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5.34

43:91 N  m, 11:33 N  m, 55:24 N  m.

5.36

(a) 244.8 A; (b) 153.3 V; (c) 0.1111.

5.38

(a) 57.46 A, 301:73 N  m.

5.40

(a) 15:757 N  m; (b) −0:01195 N  m; (c) 0:002666 N  m.

5.42

(b) −180 rpm:

5.44

(a) 0.3056; (b) 194.6 A, 74.67 kW, 0.73845 (lag), 57.63 kW, 40 kW, 17.63 kW,
1.921 kN.

5.46

(a) motoring; (b) 55 Hz; (c) 1/12; (d) 118.8 km/hr; (e) 92,286.7 W stator to rotor;
(f) 2563.52 N.

CHAPTER 6: SYNCHRONOUS MACHINES
6.1

548.24 kVA, 0.4082 (leading).

6.3

(b) 1:5465 Ω (1.3404 pu), 1:2372 Ω (1.0723 pu); (c) 601.2 A; (d) −9:33%.

6.5

(a) 0:588=31:8 pu, 1:3272=−18:5 pu, 265.44 A.

6.7

1.25 pu.

6.9

Ef = 11; 020:3 V.

6.11

Ef = 5445:4 V.

6.13

(a) 84.3%; (b) 88.6%; (c) 87.9%.

6.15

a(i) 6.35 kV, (ii) 421.65 A; b(i) 7510=9 V, (ii) 18.27%, (iii) 9540 kW.

6.17

(a) 14; 683:8=26:6 V; (b) 22.55 kN, 26.6 ; (c) 17.8 MW;
(d) 838.04 A, 0.876 (lead).

6.19

(b) 0.8041 pu 0.995 (lagging); (c) 1:6424=58:5 pu.

6.21

(a) 4; (b) 2:4134 Ω, 0:0305 Ω; c(i) 79152:87 N  m, (ii) 96.68%, (iii) 345.24 kW, (iv) 660 W,
(v) 5212.9 V/ph.

6.23

(a) motor; (b) 5.705 MW, 0.7815 (leading).

6.25

(a) 1:4968=−23:8 pu; (b) 1.871 pu, 1.871 pu; (c) 40%.

6.27

(a) 0 A, 10 A, 0 lagging; (b) 36.36 A, 22:74=−12:14 A, 0.9976 (lagging); (c) 36.36 A,
22:74=12:14 A, 0.9776 (leading).

6.29

(a) 1.5204 pu, 22.052 ; (b) 21.43 MW, 1.233 pu, 0.1736 (leading).

6.31

0.734 pu, 1.023 pu, 0.718 (leading).

6.33

a(i) 19.44 , 1.94 pu, (ii) 0.54 pu, 0.26 pu; (b) 0.8 pu, 36.9 .

6.35

1.18 pu, 1.651 pu, 0.716 (lagging).

6.37

(a) 10 < f < 60 Hz; (b) 239:8247=−42:6 V; c(i) 137.381 kW, (ii) 22.897 kW.

6.39

(a) 138.9 Hz; (b) 36 kN.

Answers to Some Problems

CHAPTER 7:

611

SINGLE-PHASE MOTORS



7.2

(a) 13.1 ; (b) 29.6 A.

7.3

(a) Rl = 2 Ω, X1 = X20 = 2:57 Ω, Xmag = 40:17 Ω, R02 = 1:98 Ω; (b) 39.45 W.

7.5

12.748.

7.7

(a) R1 = 1:85 Ω, X1 = X20 = 3:1 Ω, Xmag = 49:13 Ω, R02 = 1:57 Ω; (b) 67.84 W; (c) 63%.

7.9

(a) Zm = 3:42 + j6:19 Ω, Za = 4:08 − j1:73 Ω; b(ii) torque ratio 3.59, current ratio 0.87.

7.11

(a) 0.05; (b) 2:2A=−46:74 A; (c) 0.685 lagging; (d) 346.61 W; (e) 1:4464 N  m; (f) 214 W,
1:2 N  m; (g) 62%; (h) 3 Hz, 117 Hz, 39.48 W; (i) 12.54.

7.13

(a) 301:1 μF; (b) torque ratio 4.46, current ratio 0.89.

7.15

(a) Zm = 2:43 + j3:97, Za = 3:43 + j3:97; (b) 0:926 N  m, 48.55 A; (c) 382 μF, 6:62 N  m,
33.81 A; (d) without c ! 0:01907 N  m=A, with c ! 0:1958 N  m=A.

7.17

a(i) 7360 W, (ii) 92%; b(i) 17008.75 rpm, (ii) 0.866, (iii) 6288.2 W, (iv) 90.77%,
(v) 137 N  m.

CHAPTER 8:
8.1

SPECIAL MACHINES

ðaÞ

ðKp s + Ki Þ2:733
ωm ðsÞ
=
ω*m ðsÞ sð1 + 0:01575Þ + ðKp s + Ki Þ2:733

ðbÞ

ωm ðsÞ
2:733Ki
=
ω*m ðsÞ s + 2:733Ki
Kp = 0:005745
Ki = 0:3659

8.3

(a) −43:3 V, 43.3 V, 0; (b) −86:6 V, 43.3 V, 43.3 V.

8.5

A, B, C, D, A.

8.7

(a) 15 ; (b) 24; (c) 300 rpm.

8.9

15 :

8.11

A, A + B, B, B − A,−A, −A − B,−B,−B + A, A:

8.13

(a)

Signal
1000
1100
0100
0110
0010
0011
0001
1001

Phases

Angle

a
ab
b
bc
c
cd
d
da

0
45
90
135
180
225
270
315

(b) 76 nibbles/sec.
8.15

(a) 4.167 msec, 2.94 msec; (b) 60 V; (c) 85 V, 5 A, 60 V, 5 A; (d) 46.9 steps/sec.
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CHAPTER 9: TRANSIENTS AND DYNAMICS
9.1

(a) Vt = 216 − 96e−100t V; (b) 216 V; (c) T = 229:2ð1 − e−100t Þ N  m.

9.3

(a) ωm ðtÞ = 187 − 29:9e−0:744t rad=sec; (b) 172:95 rad=sec; (c) 187 rad/sec.

9.5

(a) 110 rad/sec; (b) ωm ðtÞ = −110 + 220e−2:222t rad=sec; (c) 0.315 sec.

9.7

ωm ðtÞ = 49:38 − 2:26e−4:05t
iðtÞ = 2:48 + 9:04e−4:05t
49:38 rad=sec, 2:48 A:

9.9
9.11

(a) 2.48 A, 49.38 rad/sec; (b) ωm t = 95:24 − 45:86e−1:05t , 909.5 rpm, 9.52 A, 9:52 N  m.
pﬃﬃﬃ
(a) 7.07 pu; (b) isc ðtÞ = 2ð1:25 + 1:607e−0:4t + 2:143e−14:3t Þsin ωt + 7:07e−4t pu; (c) 4.28 pu.

9.13

(a) Isc ðtÞ = 1:302 + 1:391e−t=1:2 + 1:4307e−t=0:025 pu; (b) 4.1237 pu, 2.219 pu, 1.3236 pu.

9.15

(a) 0.75 pu; (b) 2.5388 pu.

9.17

(a) ωm ðtÞ = 0:8 + 0:2e−5t :

CHAPTER 10:

POWER SEMICONVERTER CONVERTERS

10.1

(a) 1.2114; (b) 1.984.

10.3

(b) 1215.3 W; (c) 1469.7 W, 0.827; (d) 10.61 A, 10.61 A.

10.5

(b) 75.9 A; (c) 5465 W.

10.7

b(i) 59.3 , (ii) 33.9 A, 23.97 A, (iii) 0.5.

10.9

(ii) 490 rpm, (iii) 105 W, 980 W, (iv) 0.443.

10.11

(c) 70.21 V; (e) 60 , 0.34.

10.13

b(ii) 1036.5 rpm, (iii) 42.12 kW.

10.15

a(ii) 92.2 V; b(i) 45.6 , (ii) 8.37 A.

10.17

(a) a1 = 2Vðπ−α + ðsin 2αÞ=2Þ=π

pﬃﬃﬃ

pﬃﬃﬃ
b1 = 2Vðcos2α − 1Þ=2π

c1 = ða21 + b21 Þ1=2
pﬃﬃﬃ
sinðn − 1Þα
2V sinðn + 1Þα
−
(b) an =
n+1
n−1
π
pﬃﬃﬃ
2V cosðn + 1Þα − 1 1 − cosðn − 1Þα
bn =
+
π
n+1
n−1
cn = ða2n + b2n Þ1=2

(d) 3.84 A, 7.2 A, 1.32 A.

Answers to Some Problems

10.19

(a) ia =

pﬃﬃ
2V
ωL

ðcos α − cos ωtÞ

(b) 90 < α < 180, B = 2π − α
d(i) 55.17 A, (ii) 294 V, 39 A.

10.25

(a) 0.6563, 2.625 msec; (c) 59:683 N  m, 9844 W, 9844 W.
α
(a)
V, 0, V, 1:
1−α
(a) Buck–boost converter; (b) 0:4545 < α < 0:6842.

10.27

(c) ±25 A.

10.30

(a) 270 V; (b) 382 A, 3.4 A; (d) 125 μs.

10.32

(b) 120 V, 84.87 V.

10.34

(i) 0.2, 3 A, 2.25 A, 9 W, 0.75 A, (ii) 0.048 A, 2.13%, (iii) 2.274 A, 2.226 A.

10.21
10.23

613

INDEX

Accelerating torque, 467
Actuators, 93
AC voltage controller, 476, 511
delta-connected controller, 514
single-phase, 511–514
star-connected controller, 514
three-phase, 514–515
Alloy, 17, 26, 28
Alnico, 26, 28, 191
Alternator, 282, 288
Amortisseur winding, 293–294,
453, 466
Ampère’s circuit law, 2
Ampere-turn balance, 65
Armature voltage, 133–134,
148–149, 169
Armature winding, 122–123, 125,
128–133, 161, 285, 296
Autotransformer, 64–66, 246, 259
Back emf, 134, 177, 334, 339–340
Base values, 80
B-H characteristic, 5, 17, 19, 24
Braking torque, 214
Brush, 126
Brushless dc motors, 338–344
Brushless excitation, 336
Carrier ratio, 532
Carrier wave, 531–532
Cast iron, 5
Cast steel, 5, 8
Choppers, 186, 476, 515
duty ratio, 187–188, 258, 516
Hitachi commutation circuit, 517
step-down (buck-converter),
515–517
step-down and step-up (buck-boost
converter), 519–521
step-up (boost converter), 517–519
two quadrant, 521–523
Closed-loop control, 251–253, 334
Coenergy, 99
Coercivity or coercive force, 17
Coil:
chorded, 578
fractional-pitch, 578
full-pitch, 130, 208, 578, 580
short-pitch, 130, 578, 582
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Coil pitch, 130
Commutation, 126
Commutation circuits, 334, 479, 483,
516–517, 525–526
Commutator, 127
Commutator poles, 160–161
Compensating winding, 126,
144–146, 161
Controlled rectiﬁers, 181, 492
single-phase circuits, 492
ﬁring angle, 494, 498
full converter, 494–499
inversion operation, 498
line commutation, 496
reactive load, 494
rectiﬁer operation, 492–494
regenerative braking, 498
resistive load, 492–494
semiconverter, 499–500
three-phase circuits, 502
full converter, 505
half-wave diode rectiﬁer, 502
half-wave thyristor rectiﬁer, 503
inverter operation, 510
line commutation, 507
rectiﬁer operation, 509
semiconverter, 508–509
Control motors, 412
Copper loss, 59, 83, 190, 370
Core:
laminated, 20
magnetic, 3, 5, 13, 17, 19–21, 40,
49–50, 74–76, 78, 93, 102, 267
Core loss, 20–21, 40, 43, 48, 50, 52,
60, 93, 94–95, 219, 221
Cycloconverter, 476, 537
single-phase to single-phase,
537–539
three-phase, 539–540
Cylindrical machines, 111–113
Damper, 293–294, 453–454
Darlington transistor, 484–485
DC machines, 122–124, 441–452
armature reaction, 143–145
armature resistance control,
172–173
armature voltage, 133–134
armature winding, 128–133

lap, 130–132
wave, 132–133
classiﬁcation, 139–141
closed-loop operation, 188–189
compensating winding, 144–146
compound, 141, 155–158
long shunt, 156–157
short shunt, 156
constant-horsepower operation,
181, 343
constant-torque operation, 170, 173
cumulative compounding, 156
demagnetization effect, 143
differential compounding, 156, 157
efﬁciency, 162
ﬁeld control, 169–172
ﬁeld resistance line, 148
ﬁeld weakening, 171
ﬂat compounding, 157
generators, 141
separately excited, 141–148
series, 158–159
shunt (self-excited), 148–155
interpoles, 160–161
magnetization curve, 139
motors:
series, 174–176
shunt, 162–173
open-loop control, 333
overcompounding, 157
proportional–integral
controller,189
rotational loss, 162, 219
self-excited, 148–155
series ﬁeld winding, 126
shunt ﬁeld winding, 125, 140
solid-state control, 181–188
speed control, 180–189
speed regulation, 168, 186
starter, 176–180
starting current, 176–177
torque, 119, 134–135
undercompounding, 157
Ward–Leonard system, 180–181
If control, 181
Vf control, 181
Deltamax core, 17
Demagnetization curve, 28–29
Diode, 489–491

Index
Diode rectiﬁer circuit, 249, 492
Direct axis (d-axis), 126
synchronous reactance, 321
Drive circuits, 432–437
bipolar, 435–437
unipolar, 432–435
Dual converter, 332, 498, 509
Dynamic loop, 20, 21
Dynamics, 441
dc motor, 447–452
induction motor, 452–466
synchronous motor, 461–462
dynamic stability, 461–463
equal-area method, 463–466
steady-state stability limit, 461
Eddy current, 19
loss, 19–20
Electrical angle, 130, 421
Electromagnetic conversion,
119–124
Electromagnetic force, 120–121
Electromagnets, 93, 337
Electromechanical energy
conversion, 93–118
Emf, 134, 340
Energy, 93, 258, 560, 569
stored, 95, 433
Energy conversion process, 93–94
Energy product, 28
Exciting current, 24–25
Faraday’s law, 18, 21, 133, 207–208
Feedback diodes, 524
Feeders, 70
Ferromagnetic material, 1, 3, 11, 19,
121, 200, 345
Field energy, 94–99, 100, 103,
108–109
Field-oriented control, 421
Field poles, 126–128, 139,
292, 294
Field winding, 122, 125–126, 140,
285, 294, 453
Flux, 48, 94, 138
leakage, 3, 294, 320
linkage, 13, 95
mutual, 50
residual, 17
Flux density, 16, 107, 143, 207, 597
distribution, 127, 130, 143, 207,
575, 583–584
residual, 16, 26, 28
Force, 119, 120, 268
Forced commutation, 478–479

Freewheeling diode, 433, 500, 550
Freewheeling path, 433
Frequency control, 330–332
Friction and windage loss, 93–94,
219, 224
Fringing, 7
Gate-commutated thyristors (GCT),
483
gate-driving circuits, 483
GCT-switching characteristics, 483
integrated gate-controlled
thyristors (IGCT), 483
Gate pulse, 478–479, 494
Generators, 125, 141, 158–159, 285,
317–318
GTO (gate turn-off) thyristor, 481–483
current snubbing, 483
fall current, 483
polarized snubber, 486
spike voltage, 482
storage time, 483
switching characteristics, 482
tail current, 482
Hard iron, 26–28
Harmonics:
current, 263
ﬂux, 260–261, 575, 585
voltage, 78, 532–533, 582
High-power devices, 490
Hybrid device, 432, 435
Hysteresis, 15–19
loop, 17
loss, 17–19
Hysteresis motor, 403, 404–405
Hystero–eddy current loop, 20
Identical terminals, 46
IGBT, 488–489
IGBT-switching characteristics, 489
Impedance transfer, 44–45
Inductance, 13–15, 108
leakage, 49, 221, 242–243, 320
magnetizing, 25, 50, 215
mutual, 108–109, 111, 113, 441
self, 108–109, 111
Induction machine, 113, 122–123,
200, 466–469
air gap power, 217, 247
approximate equivalent circuit, 219
blocked-rotor test, 221
breakdown frequency, 250–251, 254
classes of squirrel-cage motors,
244–245

615

constructional features, 200–202
deep-bar squirrel-cage motors,
241–243
double-cage rotors, 243–244
dynamics, 467–469
efﬁciency, 230
equivalent circuit, 214–215
equivalent circuit parameters, 221
generating, 213
IEEE-recommended equivalent
circuit, 219–220
induced voltages, 207–208
induction regulator, 210
internal efﬁciency, 231
inverted operation, 214
maximum (pull-out) torque,
227, 254
mechanical power, 217, 232
mode(s):
motoring, 212–213
of operation, 212–214
no-load test, 221
parasitic torques, 260–261, 267
performance characteristics,
225–230
phase-shifter, 209–210
plugging, 214
polyphase, 209–212
power factor, 229
power ﬂow, 232–240
reduced-voltage starting, 259–260
rotor resistance, effects, 240–244
running operation, 210–211
shaft power, 217–218
slip, 217–218, 238
slip frequency, 211
slip power, 258–259
slip rings, 214, 241
slip rpm, 211, 214
space harmonics, 266–267
speed control, 245
closed-loop control, 251–253
constant-slip frequency
operation, 250–251
constant volt per hertz, 254
line frequency control, 248–250
line voltage control, 246–247
pole-changing, 245–246
rotor resistance control, 256–258
slip power recovery, 258–259
squirrel-cage type, 200
standstill operation, 209
starting torque, 259–260
Thevenin equivalent circuit, 220
time harmonics, 261–266
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Index

Induction machine (continued)
torque–speed characteristics,
227–228, 244, 249
transients, 294
two-phase, 200
wound-rotor type, 241
Inertia, 293, 341, 414
Inﬁnite bus, 288–292
Interpoles, 160–161
Inversion, 259, 492
Inverters, 523–537
current source inverter, 534–537
full-bridge, 525
half-bridge, 527
pulse-width-modulated, 530–534
single-phase, 524–525
three-phase bridge, 527–530
voltage source inverters, 524–530
Lamination, 20, 40
Leakage ﬂux, 3, 49, 242
Linear induction motor, 267–270
double-sided, 269
end-effect, 269–270
performance, 268–269
single-sided, 269
thrust–velocity characteristic, 268
Linear synchronous motor, 337–338
Linear system, 102–107
Load line method, 9–10
Loop, minor, 26
Magnetic circuits, 138
with air gap, 7
Magnetic core, 3, 7, 13, 17, 21, 24, 40,
74, 138
Magnetic equivalent circuit, 3–5, 7, 137
Magnetic ﬁeld intensity, 1, 2, 11, 17, 26
Magnetic materials, 1, 3, 5, 11, 19, 26,
29, 33, 50, 76, 121, 190, 230, 404
Magnetic path, 4–5, 13, 75, 111, 137
Magnetic pressure, 104
Magnetization, 26
curve, 5, 137–139, 159, 343
Magnetizing current, 25, 50, 75, 470
Magnetizing inductance, 25, 50
Magnetomotive force (mmf), 3–4, 137
backward rotating, 365–366
forward rotating, 376
fundamental, 262
harmonic, 262–263
pulsating, 202–203, 363, 367
sinusoidally distributed, 202,
206, 261
Maximum power transfer, 41, 309
McMurray inverter, 526

MCT, xi
Mechanical angle, 130, 210
Modulating wave, 531–532
Modulation index, 532
MOSFET, 339, 487–488, 550
safe operating area, 485–486
switching characteristics, 478–480
Motional voltage, 120
Motors, 93, 244–245, 362, 376–379
Multilevel inverters, 540–542
neutral point clamped multilevel
inverters, 540–542
NEMA, 244
Non-renewable energy, 561
Oscillation, 462, 464
Parallel connection, 47
Parasitic torque, 260–261, 263,
266–267
Permalloy, 40
Permanent magnet, 26
materials, 28–32
alnico, 26, 28
ferrite, 28
rare-earth, 28
samarium-cobalt, 28
neodymium-iron-boron, 28–29
Permanent magnet dc motors, 412
Permanent magnet rotor, 340, 342
inset magnets, 342–343
interior PM, 343
surface-mounted magnets, 340–341
Permeability, 3, 43
Permeance, 4
Per-unit system, 80–81, 296
Polarity, 46–48, 536–537
Pole pitch, 130, 578, 580
Pole voltage, 529–531
Power, 18, 44, 54, 61–62, 111, 285,
303, 305, 341, 362, 369, 432,
461, 467, 523, 572–573
apparent, 592
complex, 303, 305, 313, 592
electrical, 40, 135, 161, 162, 200,
256, 282
factor, 229–230, 282, 313–316, 378,
548–549
instantaneous, 44, 366, 590
mechanical, 135, 161–162, 217,
369, 372, 403
reactive, 292, 303, 312, 592, 597, 599
real, 292, 304, 312, 323, 592, 597
triangle, 592
Power angle, 300, 305, 323

Power semiconductor converters, 476
ac voltage controller, 476, 511–515
chopper, 515–523
controlled rectiﬁer, 492
cycloconverter, 537–540
inverter, 523–537
Power semiconductor devices, 476
diode, 489–491
power MOSFET, 487–488
power transistors, 484–486
thyristors, 477–478
Power supply in computers, 547–551
passive PF techniques, 548
power factor correction, 548
synchronous rectiﬁers, 550
transformer isolation, 549
voltage regulators, 550
Power transmission, 66, 288, 336
Printed circuit board motors,
191–192
Proportional–integral controller, 189
Pull-out torque, 305, 332
Pulsating ﬂux, 363
Pulsating torque, 112, 113, 366, 536
Pulse-width modulation, 340
q-axis synchronous reactance, 321
Quadrature (or q-) axis, 126
Quasi-steady-state, 467
Radar position control, 418–420
Reactance voltage, 161
Recoil:
line, 26
permeability, 26
Rectiﬁcation, 492
Regeneration, 507
Regenerative braking, 213, 521
Relay, 1, 8, 453
Reluctance, 4
Reluctance torque, 109
Renewable energy, 560
Residual magnetism, 148, 155, 287
Resistance, 43, 48, 149, 245, 294, 414,
433, 487
Retentivity, 26, 405
Revolving ﬂux, 122–123, 391, 392
Rotating machines, 108–111, 113
Rotating magnetic ﬁeld, 202–207
backward, 364
forward, 364
Rotational losses, 219
Screw rule, 120
Sensorless drive systems, 351–353
position estimator, 352

Index
position signals, 351
speed signals, 351, 353
Servo ampliﬁer, 414, 419
Servo control system, 425
Servomotors, 412
ac type, 412–414
analysis, 414–415
control-phase, 416–417
dc type, 412
drag-cup rotor, 420–421
reference-phase, 414
three-phase, 420–421
torque–speed characteristics, 414
two-phase ac, 414
Shear line, 27
Short circuit, 297
current, 454–456
dc component, 456–458
internal voltages, 459
loaded synchronous generator,
458–460
open-circuited synchronous
generator, 452–455
Silicon controlled rectiﬁer, see
Thyristor rectiﬁer
Silicon sheet steel, 5
Single-phase circuit, 492–500
Single-phase induction motors, 362
auxiliary winding, 370, 375–376,
381, 391
backward ﬂux, 365
backward revolving wave, 366, 391
backward torque, 366, 393
blocked-rotor test, 221
capacitor-run motors, 391–397
capacitor-start capacitor-run
motors, 378–379
capacitor-start motors, 376
centrifugal switch, 375–376
characteristics and applications,
379–380
classiﬁcation of motors, 376–379
design of capacitor-start motors,
385–391
design of split-phase motor,
383–385
double revolving ﬁeld theory,
363–367
equivalent circuit, 367–374
forward ﬂux, 366
forward revolving wave, 366, 391
forward torque, 366, 393
main winding, 370, 375, 383
maximum starting torque,
383–385, 386–391
no-load test, 370

shaded pole motor, 379
slip, 365
split-phase (resistance-start)
motors, 383–385
starting, 374–375
starting torque, 381–383
starting winding design, 381–391
torque–speed characteristics,
365–366
Single-phase motors, 362
Single-phase series (universal)
motors, 397–403
ac excitation, 398–400
compensated motor, 400–401
dc excitation, 398, 400
torque–speed characteristics, 400
Single-phase synchronous motors,
403–405
hysteresis type, 404–405
reluctance type, 403–404
Sinusoidal excitation, 21–25
Sinusoidal modulation, 531
Skin effect, 242
Slot angle, 579
Snubber, 481, 483
polarized, 486
Soft iron, 26
Solar energy, 560
Solenoid, 1, 93
Space harmonics, 266–267, 582
Speed control, 405–406
Static loop, 20
Static stability limit, 305, 461
Stepper motors, 426
multiple, 428–429
multistack, 429–431
permanent magnet type, 431–432
single-stack, 427–428
variable-reluctance type, 427–431
Stored energy, 98
Switched reluctance motors,
344–351
Switching frequency, 549
Synchronous condenser, 282,
316, 323
Synchronous generator, 282,
286–292
Synchronous machine, 112, 123–124,
292
air gap line, 297–298
amortisseur winding, 293–294
armature reaction, 143–145, 319
armature reaction ﬂux, 287, 295, 319
armature reaction reactance, 319
armature reaction voltage, 295
capability curves, 312–313
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complex power, 322
complex power locus, 312–313
construction, 285–286
current source equivalent
circuit, 300
cylindrical rotor, 286, 323
damper winding, 294
equivalent circuit, 294–303
excitation voltage, 286–287
independent generators,
317–319
inverted V-curve, 315
leakage reactance, 296, 338
magnetization curve, 287
magnetizing reactance, 296, 319
modiﬁed air gap line, 299
nonsalient pole, 285
Norton equivalent circuit, 296
open-circuit characteristics,
287, 297
open-circuit test, 297
paralleling, 288, 289, 290
phasor diagram, 299–303
power angle, 300, 305
characteristics, 323–324
power factor control, 313–317
power and torque characteristics,
303–312
pull-out torque, 305
reactive power, 292, 303–304
real power, 304, 323
reluctance torque, 323
salient pole, 319–329
self-controlled, 330, 332–334
short-circuit characteristics (SCC),
297–298
short-circuit test, 297–298
slip test, 329
space phasor diagram, 288
speed control, 330–335
static steady-state stability
limit, 313
synchronizing lamps, 289–290
synchronous impedance, 296
synchronous reactance,
296–299
synchroscope, 289–290
three-phase, 285–286
torque angle, 305
torque-speed characteristic,
306, 331
V-curve, 315
Synchronous motor, 282, 292–294,
300, 330–337
Synchronous speed, 110, 122,
246, 294
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Synchros, 289–290, 421
applications, 424–426
control receiver, 421–422
control transformer, 421–422
control transmitter, 421–422
electrical zero, 421–422
error detection, 425–426
master–slave, 424
torque transmission, 424
voltage relations, 422–423
Tachogenerator, 125
Tertiary winding, 79
Three-phase circuits, 79
Δ-Y transformation of load,
599–600
delta connected load, 597–599
delta ðΔÞ connection, 594–595
power measurement, 600–604
star connected load, 595–597
star ðYÞ connection, 592–594
two-wattmeter method, 601
Three-phase transformer, 66–76
delta conﬁguration, 66
harmonics, 76–79
open-delta, 68
phase shift, 68
single-phase equivalent circuit,
68–70
V-connection, 68, 73–74
wye-conﬁguration, 66
Thrust, 268–269
Thyristor rectiﬁer, 493–494
Thyristors (SCR), 477
circuit turnoff time, 480
commutation failure, 480
data sheet, 480
dv=dt turn-on, 480
ﬁring circuit, 479
forced commutation, 478
forward breakover voltage, 478
gate pulse, 478–479
holding current, 478
inverter-type, 480
natural commutation, 478
phase-control type, 480
protection, 480–481
reverse breakdown voltage, 478
switching characteristics,
478–480
switching loss, 480, 482
turnoff time, 479–480
turn-on time, 479
volt–ampere characteristics,
477–478

Time constant, 433
armature circuit, 189
ﬁeld circuit, 442
mechanical, 450, 469
Time harmonic voltages, 583–587
Toroid, 3–4
Torque angle, 111, 305, 462
Transfer functions, 415
Transformer, 40
air-core, 40
copper loss, 59
core loss, 20–21, 52, 59–60
core-type, 41, 75
distribution, 41–42, 61–62
efﬁciency, 59–64
all day, 61–64
energy, 61–64
maximum, 60–61
equivalent circuit, 50–55, 82–83
ideal, 42–58
inrush current, 469–471
instrument, 41
iron core, 40
no-load test, 52
open-circuit test, 52
power factor, 55
practical, 48–55
primary-winding, 469
rating, 51
secondary-winding, 40
shell-type, 40, 41
short-circuit test, 52–53
single-phase, 47, 66
step-down, 259
step-up, 41, 66
turns ratio, 45, 70
voltage regulation, 55–59
Transients, 441
armature circuit, 443–445
dc generator, 441–447
ﬁeld circuit, 442–443
steady-state period, 454
subtransient period, 454, 456
symmetrical current, 455
transient period, 441, 454
Transistor (BJT), 484–487
power, 484
safe operating area (SOA),
485–486
secondary breakdown, 486
switching mode, 484
turnoff characteristics, 486
Translational force, 93, 268
Traveling wave, 268
Triac, 481

Trial-and-error method, 10
Two-phase machine, 375
Universal motors, 362, 397–403
Variable-speed drive, 336, 349,
351, 352
V connection, 68, 73–74
Vector control, 421
Viscous friction, 414–415
Voltage controller, 246, 247, 476,
511–515
Voltage regulation, 55–59
Ward–Leonard system, 180–181
Wind energy system, 560
ﬁxed-speed wind energy system,
569–570
horizontal axis wind turbines,
564, 565
maximum power point tracking,
568–569
off-shore wind farms, 563
on-shore wind farms, 563
passive stall control, 567
pitch control, 566–567
stall control, 565–566, 567–568
variable-speed wind energy
system, 570
vertical axis wind turbines, 564–565
wind energy conversion system,
569–573
wind turbines, 562, 564–566
Windage and friction losses, 59, 162
Winding, 575
chorded, 578
concentrated, 575–576
distributed, 201, 575, 577–578
distribution factor, 579–580
double-layer, 578
fractional-pitch, 578
full-pitch, 578
induced voltage, 578
lap, 130–132
mmf distribution, 575–577
phase belt, 578
pitch factor, 580–581
short-pitch, 578
wave, 132–133
winding factor, 581
Y-connection, 592–594
Y-Δ connection, 66–68, 77
Y-Δ transformation, 66–68
Y-Y connection, 66–68

