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Abstract—The mechanism of torque production in the vernier
machine is difficult to understand since the stator teeth originating
flux modulation effects, upon which the torque is produced, are
usually minor factors which are ignored in normal synchronous
machines. This paper begins with an analytical study of a spoke
type Vernier PM Machine (SVPM), which has a generic number of
stator slots per pole per phase, upon which the key sizing equations
are developed. An equivalent winding factor is defined to model
stator teeth originating flux modulation phenomena and resulting
multi-harmonic field coupling effects. Performance predictions
and design observations concerning SVPMs are then obtained. A
new topology for an SVPM using ferrite magnets is proposed
where a consequent pole design having an alternating leakage flux
blocking ability is developed for the rotor. Overall, this improved
SVPM design significantly boosts the back-EMF compared to
conventional SVPM, and the torque production even surpasses
that of a benchmark rare earth IPM machine although with a
slightly lower power factor.
Keywords—alternating flux barrier; alternating rotor leakage;
consequent pole; flux blocking; ferrite magnet; high torque density
low speed; spoke type; vernier machine

NOMENCLATURE
𝜽𝒔
𝜽𝒓
𝜽𝒓𝒎
𝒌𝒉
𝒆𝒒𝒖𝒊𝒗
𝒌𝒘
𝑵𝒔
𝑰𝒑𝒌
𝑪𝒑
𝑷𝒔 , 𝑷𝒓
𝑺𝒔
𝜸
𝜸𝟎
̂𝟎 , 𝒑
̂𝒉
𝒑
𝒍𝒔𝒕𝒌

Spatial angle of the stator MMF.
Spatial angle of the rotor magnet MMF.
Mechanical rotor rotation angle.
hth harmonic winding factor.
Equivalent winding factor.
Total number of turns per phase.
Stator peak current.
Number of parallel circuits.
Number of stator poles, and number of rotor poles.
Number of stator slots.
Current phase shift angle.
Stator slot pitch angle.
dc and hth harmonic component of relative permeance
Stack length.

I.
INTRODUCTION
The vernier machine which was first introduced as a
precision angle transducer in 1957 [1] utilizes a reluctance rotor
topology with a high tooth count. The first application as a
motor using a similar structure was reported in 1963 [2].

Although the large number of rotor teeth may appear to be the
design requirement for operation of such a motor, these Vernier
machines actually can be driven as a normal poly-phase
synchronous machine, and operate on the principle of a Vernier
gauge at the same time, given the fact that the stator and rotor
pole number are different. In other words, the vernier machine
effectively works as an electric gear, where the motor torque
steps up as the rotor speed steps down from the usual
synchronously rotating field. This feature makes it an ideal
candidate for low speed, high torque direct drive systems.
As a relatively new type of electric machine, the torque
density of the vernier machine has been improved about 11
times over the years, as the research on this type of machine has
been extended to applying different excitation methods and
structure topologies. Three major advancements have been
achieved during this development era. The first advancement is
to utilize the rotor field torque rather than the reluctance torque
by replacing rotor reluctance teeth [1], [2] with surface mounted
magnets [3]–[5]. A dual excitation/double stator structure [6]
and double rotor structure [7] were then proposed to further
boost torque density when extra airgap areas were provided for
torque production. The third advancement has been the adoption
of spoke type magnets in the double stator structure [8], which
produces the highest torque density to date. The design uses an
opposing magnet arrangement on the rotor such that the flux
focusing effect is enabled. As a result, thick ferrite magnets are
found to be also a suitable alternative for a flux source, which
produces good torque density and possesses decent fault tolerant
capability [9], [10]. Meanwhile, other attempts to improve
torque capability have also been pursued. A hybrid type
excitation method was proposed in [11] with the aim to combine
the reluctance torque with field torque, where both windings and
magnets are placed on the stator. Another attempt is the axial
flux design with a multi-stator/rotor structure [12]. While the
torque density of Vernier machines has been greatly improved,
its complicated structure remains a hurdle for industry adoption.
During the six decades of development, various methods
have been adopted to characterize the electromagnetic properties
of the vernier machine, mainly through finite element analysis
based parametric studies and sizing equation based analytical
models, to investigate the impact of key machine parameters on
performance. However, the parametric studies conducted with
FEA were mostly target function-oriented and time-consuming,
which also lacks generalization across the field of design
parameters [9]. On the other hand, the analytical models thus
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reported are either constrained to specific electromagnetic
quantities as in [3], [13], [14], or limited in its generalization of
slot/pole combinations [5],[15],[13]. Furthermore, the
developed analytical models generally lack physical insights
into vernier machine design due to self-defined intermediate
coefficients [13], [14], [16], [17]. Thus, a true physics-based
model has not yet been established, nor does the characterization
of a generic vernier machine which includes key design
parameters.
The purpose of this paper is twofold. First, an analytical
study of a generic spoke type vernier PM machine is presented,
which has an arbitrary number of stator slots per pole per phase.
Physics-based sizing equations are developed, where an
equivalent winding factor is defined to model stator teeth
originating flux modulation effects and multi-harmonic fields
coupling effects. Two generic gear ratio designs are identified
and compared. Performance predictions and design
observations of vernier PM machines are obtained. Second, a
novel spoke type vernier permanent magnet machine (SVPM),
which uses ferrite magnets with an alternating rotor leakage flux
blocking design is proposed and two gear ratio designs are
compared. Key results are benchmarked against a conventional
ferrite SVPM and an existing low-speed commercially available
IPM using rare earth magnets.

II.

STATOR TEETH ORIGINATED FLUX MODULATION
EFFECTS
With an ideal smooth rotor, the flux density distribution in
the air gap can be modeled having a constant value 𝐵0 , as
shown in Fig. 1, which corresponds to that of a north pole of
the rotor. However, in practice, a slotted stator is required to
secure the stator windings. The slotted iron regions at the airgap
will cause a flux density reduction in that portion, which can be
described with an increased effective airgap length ge. This
approach, that was originally proposed by F. W. Carter [18], is
mainly valid for characterization of the average flux density
Bavg variations compared to B0 in a machine with an ideal
smooth airgap g. Assuming an open slot stator and smooth rotor
machine, as shown with a partial model in Fig. 2(a), where the
rotor north pole is aligned and opposing the stator slot, and by
adopting Carter’s coefficient kc, as indicated by Fig. 2(b), one
can obtain

ge  kc g , kc  B0 / Bavg
(1)
However, the actual flux density distribution along the
airgap circumference is more concentrated under the stator
teeth than the slots, as shown in Fig. 3(b) due to the much higher
permeability of iron teeth, acting as that the rotor flux is
modulated. To account for such stator teeth originated airgap
flux density variations, a unitless quantity, i.e. a relative
permeance 𝑝̂ may be used, the definition for which is
pˆ  B  s  / B0  f  s 
(2)
In other words, instead of modeling the average flux density
variation with the Carter’s coefficient, the spatial distribution
of flux density can be expressed as a function of the stator angle
s.

(a) Smooth airgap
Fig. 1.

(b) Corresponding flux density distribution

Modeling of a smooth airgap for one magnetic pole

(a) Slotted airgap

(b) Averaged flux density distribution

Fig. 2.
Modeling of a slotted air gap for one magnetic pole using Carter’s
coefficient

(a) Slotted airgap

(b) Actual flux density distribution

Fig. 3.
Modeling of a slotted airgap for one magnetic pole considering flux
modulation effects

Fig. 4.

Linearized model of a consequent pole PM machine

If one ignores the leakage and fringing effects, then for a
specific consequent pole design as shown in Fig. 4, the relative

0093-9994 (c) 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TIA.2018.2856579, IEEE
Transactions on Industry Applications

permeance 𝑝̂ can be explicitly written as the sum of harmonic
components based on the stator slot number Ss [19]

𝑏0 ⁄𝜏𝑠 increases, corresponding to a progressively larger
permeance variation in the airgap.



pˆ  f ( s )   pˆ h cos  hSs s 

(3)

h 0

where the magnitude of each component 𝑝̂ℎ is determined by
the key slot geometry (i.e. 𝜏𝑠 , b0, g) as identified in Fig. 3(b).
Given that the magnet induced airgap flux density distribution
𝐵𝑟𝑔_𝑠𝑚𝑜𝑜𝑡ℎ in a slotless airgap is

 P 
Brg _ smooth   Bmi sin  i r  r 
(4)
 2 
i 1
the resultant airgap flux density 𝐵𝑟𝑔 due to the slot effects can
be expressed as the product of (3) and (4) as

Brg  Brg _ smooth pˆ
 
 P 
  pˆ h Bmi sin  i r  r  cos  hS s s 
 2 
i 1 h  0
Setting 𝜃𝑠 − 𝜃𝑟 = 𝜃𝑟𝑚 , (5) becomes:

(5)

B pˆ    P
P


Brg   mi h sin   i r  hS s   s  i r  rm 
2   2
2

i 1 h  0

(6)
  Pr
Pr


 sin   i  hS s   s  i  rm  
2

 2

Extra spatial harmonics of the air gap B field (with respect
to 𝜃𝑠 ) show up in (6) compared to (4), which can be considered
as result of a stator teeth originated spatial modulation of the
magnet induced airgap flux. These extra harmonic B fields
generally exist in an machines having an open slot stator and
round rotor structure, but they are normally ignored for the
purpose of torque production. However, this effect will be
important in a vernier machine as will be demonstrated in the
following section.




Fig. 5.
Parametric study of the dc and fundamental components of relative
permeance

III. PHYSICS-BASED SIZING EQUATIONS
To establish proper design principles for a generic spoke
type vernier machine, an analysis utilizing physics based sizing
equations has been adopted in this study, where a generic
winding function is first developed, followed by flux
linkage/back-EMF induction and torque production. An
equivalent winding factor is defined to characterize the flux
modulation effects.
A. Generic Form of Winding Function

Furthermore, the resultant air gap B field (6) can be
simplified by excluding higher harmonics in (3) and (4), and
only retaining the dc and fundamental (h = 0, 1) components in
(3) with the fundamental component (i = 1) in (4), which has
the largest magnitude. Then (6) becomes
1
 P

P

Brg  Bm1  pˆ1 sin   r  S s  s  r  rm  
2

 2

2
 P

P
P
 1

pˆ 0 sin  r  s   rm    pˆ1 sin   r  Ss  s  r  rm  
2
2
2
 2





(7)

where Bm1 is determined by the magnet material and usage. The
relative permeance can be explicitly expressed as functions of
slot geometries namely 𝑝̂0 (𝑏0 ⁄𝜏𝑠 , 𝑏0 ⁄𝑔)and 𝑝̂1 (𝑏0 ⁄𝜏𝑠 , 𝑏0 ⁄𝑔).
This procedure has been thoroughly studied and the details can
be found in [19], [20]. Thus, the analytical form of the resultant
airgap B field is readily defined. For certain simple slot shapes,
the relative permeance can be calculated with given parameters
as shown in Fig. 5. The results suggest that: 𝑝̂0 is 1 and 𝑝̂1 is 0
with smooth/slotless stator when 𝑏0 ⁄𝜏𝑠 or 𝑏0 ⁄𝑔 is 0,
corresponding to an absence of permeance variations. The
difference between 𝑝̂0 and 𝑝̂1 begins to decrease as 𝑏0 ⁄𝑔 and

Fig. 6.

Building blocks for a generic winding function

The winding function is developed as a generic model with
an arbitrary number of slots per pole per phase (SPP) i.e. its q
value, such that the effects of different slot/pole combinations
can be included in the analysis. There are generally two
building blocks to derive an analytical form of the generic
winding function in a per phase fashion. One concerns the use
of a full-pitch concentrated winding. It is constructed as an even
function, where an ideal step change of the value of winding
turns occurs at positions windings are placed, as shown in Fig.
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6(a), the expression of which can be represented by a Fourier
Series as

N  s  

sin  h / 2 



2Ns



values and 𝑁𝑠 = 10 per phase. The corresponding 𝑘ℎ for the
first six harmonics are tabulated in Table. I.

cos  h s 
(8)
h
The other building block is the distributed winding having
pitch angle 𝛾0 , where the step function is defined in the similar
manner as shown in Fig. 6(b). It can be considered as an Ns turn
winding which is split into two strands, each of which has half
of the turns. The corresponding expression is:
N  s  





sin     0  h / 2 

h 1,3,5...

h

2Ns


⁄
where 𝛾0 = 𝜋 3𝑞 .

TABLE I. WINDING FACTOR COEFFICIENT

h 1,3,5...



cos  h s 

kh
1st
3rd
5th
7th
9th
11th

q=1
1.00
-1.00
1.00
-1.00
1.00
-1.00

q=2
0.97
-0.71
0.26
0.26
-0.71
0.97

q=3
0.96
-0.67
0.22
0.18
-0.33
0.18

q=4
0.96
-0.65
0.21
0.16
-0.27
0.13

(9)
The observations are:


The higher order harmonics in 𝑘ℎ become reduced
significantly as q increases.



There are sign changes in different harmonic orders with
certain choices of q.

Although a single layer winding is assumed, the modeling
can be extended to other winding configuration using the same
building blocks methodology.

Fig. 7.

Single layer winding function with a 60-degree phase belt

Assume that the stator only has one winding layer resulting
in a 60-degree phase belt. A stepwise winding function with an
arbitrary q number can then be represented as the sum of a
series of building blocks as (8) and (9). The generic form for
𝑁(𝜃𝑠 ) with respect to 𝑃𝑠 stator poles and q SPP value can be
written as
kh
 P 
cos  h s  s 
(10)
 h 1,3,5... h
 2 
where the winding factor 𝑘ℎ is a function of q. If q = 1:
N  s  

2

Ns



 h 
kh  sin 

 2 

(11)

2sin  hq 0 / 4  sin  h  2  q 0  / 4 

q sin  h 0 / 2 
If q is odd and larger than 1:
kh 

 cos  h / 2  cos  h 0 / 2   cos  h   q 0  / 2 

  Ps

2 / Ps


0



(12)

(13)
q sin  h 0 / 2 
The results from (10) to (13) suggest that, for q larger than
unity, there is a slot pitch angle γ0 introduced (assuming a full
pitch winding configuration). The winding functions are
verified and plotted on a 2-pole base in Fig. 7, for different q

1
d   Dislstk Ps
2

Dislstk N s Bm1Ps





2 / Ps

0

2 / Ps



N  s  Brg  s , rm  d s

0

  kh

 P 
cos  h s  s   psum d s 
 
h
2


h

1,3,5...



(14)

Given that
psum 

pˆ1   Pr
P


P

sin    Ss s  r rm   pˆ 0 sin  r  s  rm  
2
2
2

2





If q is even:
kh 

B. No-Load Flux Linkage and Back-EMF Induction in Two
Gear Ratio Designs
With the airgap flux density 𝐵𝑟𝑔 (𝜃𝑠 , 𝜃𝑟𝑚 ) and winding
function 𝑁(𝜃𝑠 ) both obtained, a generic form of flux linkage
can then be found by integrating an incremental flux linkage 𝑑𝜆
over the stator circumference. Over one stator pole 𝑑𝜆 =
2𝜋/𝑃𝑠
1
𝐷 𝑙 ∫
𝑁(𝜃𝑠 )𝐵𝑟𝑔 (𝜃𝑠 , 𝜃𝑟𝑚 ) 𝑑𝜃𝑠 , assuming stator coils
2 𝑖𝑠 𝑠𝑡𝑘 0
per phase are series connected. The total flux linkage is then
written as

pˆ1   Pr
P


sin    Ss  s  r rm 
2
2
2




(15)

where the stator inner diameter 𝐷𝑖𝑠 is used to approximate the
airgap dimension for a inner-rotor machine configuration, and
𝑙𝑠𝑡𝑘 is stack length.
A physical interpretation of (14) is that multiple spatial
harmonics of airgap B field can be coupled with the stator
winding. To utilize as much flux linkage as possible, it is
preferred to couple the lower order harmonics, since their
magnitudes are inversely proportional to their harmonic order.
This observation suggests that the fundamental component of
winding function (10) and the lowest order of airgap B field (7)
should share the same spatial frequency. Thus, the
corresponding acceptable slot/pole combinations are:
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Ps / 2    Pr / 2  S s 
(16)
where ‘±’ designs are included since they both produce the
same field spatial distribution.
In a balanced three-phase machine with 𝑆𝑠 = 3𝑃𝑠 𝑞 ,
equation (16) can be simplified to an effective gear ratio
between rotor pole number 𝑃𝑟 and stator pole number 𝑃𝑠 as:

Pr
 6q  1
(17)
Ps
corresponding to plus sign and minus sign design. The flux
linkage can then be explicitly expressed as
2k6 q 1
k12 q 1

1  k1
pˆ1 
pˆ 0 
pˆ1  
2 1
6q  1
12q  1 

  Dislstk N s Bm1 


 P
cos  r rm  
2
 2

(18)

The result suggests that all three major airgap B fields
couple with different winding harmonics, and contribute to the
flux linkage induction both in plus sign design and minus sign
design as shown in the parenthesis in (18). The corresponding
harmonic orders are fundamental, 6𝑞 ± 1 𝑡ℎ and 12𝑞 ± 1 𝑡ℎ,
each of which are multiplied by a unitless relative permeance
term to account for the flux modulation effects originated by
the stator. Thus, the sum of the quantities in the parenthesis
essentially characterize the effectiveness of flux linkage
induction in the stator coil in the manner of a winding factor,
which is effectively a product of a relative permeance vector
and a harmonic winding factor vector. The overall product can
be conveniently defined as an equivalent winding factor

equiv

kw

 k 
 1 
 1 
1   k6 q 1 
1
 p  k T   pˆ1 pˆ 0
pˆ1  

2   6q  1 
2
 k

 12 q 1 
12q  1 
2k
k

1 k
  1 pˆ1  6 q 1 pˆ 0  12 q 1 pˆ1 
2 1
6q  1
12q  1 

(19)

The back-EMF seen in the stator winding can then be calculated
as the rate of change of no-load flux linkage over time as
e

d  d  drm
d

 rm
dt drm dt
drm

Pr
 P

rm kwequiv cos  r rm   
2
 2

= 𝜔𝑟𝑚 𝑡, (19) becomes

(20)

 Dis lstk N s Bm1
With 𝜃𝑟𝑚

Pr
P

rm k wequiv cos  r rm t   
(21)
2
 2

Thus, a parameter-based back-EMF equation has been
established, where the term 𝐷𝑖𝑠 𝑙𝑠𝑡𝑘 is the sizing coefficient
which relates to machine dimensions, 𝑁𝑠 is winding turns per
phase value, 𝐵𝑚1 is fundamental component of magnet induced
e  Dis lstk N s Bm1

airgap flux density, 𝑃𝑟 𝜔𝑟𝑚 /2 is the synchronous excitation
𝑒𝑞𝑢𝑖𝑣
is the equivalent winding factor that
frequency, and 𝑘𝑤
models multiple harmonic coupling effects, flux modulation
effects and SPP value (gear ratio effects).
C. Torque Production
One means to model the torque production in electric
machines considering flux modulation effects is, to start with
energy storage in the rotating electromagnetic system as:

1

B dV
(22)
2 0 V
The torque produced in the rotating magnetic field is then:
W

2

 

Brg Fs d s
(23)

0
  rm

where 𝐵𝑟𝑔 is the airgap flux density in (7), and 𝐹𝑠 is the stator
MMF derived in [21] as:
T

Fs 

Dl
W
 is stk
 rm
2



2

 6  kh N s I pk
 P

cos  h s  s  et    
 
h 1,5,7,11...    hC P
 2

p s


(24)

Since the peak surface current density 𝐾𝑠 is expressed as

Ks 

6 N s I pk

 Dis

(25)

By substituting (7), (24), (25) into (23), the torque
expression becomes
T

 Dis2lstk
4

K s Bm1

Pr equiv
P

kw cos  r rm et   
Ps
2



(26)

The results indicate that average torque can be produced in
both gear ratio designs, where the stator current must either
rotate synchronously at the speed 𝜔𝑒 = 𝑃𝑟 𝜃𝑟𝑚 ⁄(2𝑡) =
𝑃𝑟 𝜔𝑟𝑚 /2, which corresponds to the plus sign design having the
gear ratio 𝑃𝑟 /𝑃𝑠 = 6𝑞 + 1 , or rotate in the reverse rotation
direction of rotor, at the speed 𝜔𝑒 = 𝑃𝑟 𝜔𝑟𝑚 /2 , which
corresponds to the minus sign design that produces the gear
ratio 𝑃𝑟 /𝑃𝑠 = 6𝑞 − 1.
Thus, a physical parameter-based torque equation has been
derived where the term 𝜋𝐷𝑖𝑠2 𝑙𝑠𝑡𝑘 /4 is the sizing coefficient
which relates to rotor volume, 𝐾𝑠 is the peak surface current
density, 𝐵𝑚1 is the fundamental component of magnet induced
airgap flux density, 𝑃𝑟 /𝑃𝑠 is the gear ratio that is a function of
the SPP value with two design options, and 𝑘𝑤𝑒𝑞𝑢𝑖𝑣 is the same
equivalent winding factor as in (19).
D. Design Consideration of the Equivalent Winding Factor
It has been shown that both induced back-EMF and torque
production are proportional to an equivalent winding factor,
which is readily configured as the product of relative
permeance vector and winding factor harmonic vector in (19).
Based on the choice of gear ratios, this equivalent winding
factor can be categorized into two forms as shown in Table. II,
in which the multi-harmonic fields coupling effect is
represented by the winding factor harmonic vector.
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TABLE II. EQUIVALENT WINDING FACTOR
Plus sign design
6𝑞 + 1
2k
k

1  k1
T
p  k   pˆ1  6 q1 pˆ 0  12 q1 pˆ1 
2 1
6q  1
12q  1 

Gear ratio
𝑒𝑞𝑢𝑖𝑣

𝑘𝑤

1
p   pˆ1
2

Relative permeance vector
Winding factor harmonic vector
Order of coupling
harmonic
components

Harmonic 1
Harmonic 2
Harmonic 3

Harmonic components of

Parametric study of

1 
pˆ1
2 
k6 q1
k12 q1 
k
k 1

 1 6q  1 12q  1 
fundamental
6𝑞 − 1
12𝑞 − 1

(b) Minus sign design

equiv
kw .

(a) Plus sign design
Fig. 9.

pˆ 0

k6 q1
k12 q1 
k
k 1

 1 6q  1 12q  1
fundamental
6𝑞 + 1
12𝑞 + 1

(a) Plus sign design
Fig. 8.

Minus sign design
6𝑞 − 1
2k
k

1  k1
T
p  k   pˆ1  6 q1 pˆ 0  12 q1 pˆ1 
2 1
6q  1
12q  1 

equiv
kw

(b) Minus sign design

including effects from multi-harmonic coupling and stator teeth geometry

It is shown that the winding factor harmonic vector 𝐤 is
mainly determined by its SPP value, and the relative permeance
vector 𝐩 is determined by the stator slot geometry i.e.
(𝑏0 ⁄𝜏𝑠 , 𝑏0 ⁄𝑔) . Thus, a certain choice of these parameters
should be made to achieve an optimum equivalent winding
factor design which will help increase the back-EMF induction
and torque capability.
The multi-harmonic fields coupling effects are evaluated in
Fig. 8(a) with the plus sign gear ratio design, and Fig. 8(b) with

the minus sign gear ratio design, respectively. The two plots
contain both the individual harmonic components (the product
of winding factor and relative permeance divided by
corresponding harmonic order) and the total value. Here
𝑏0 ⁄𝜏𝑠 = 0.5 , 𝑏0 ⁄𝑔 = 20 are assumed such that
𝑝̂0 (𝑏0 ⁄𝜏𝑠 , 𝑏0 ⁄𝑔), and 𝑝̂1 (𝑏0 ⁄𝜏𝑠 , 𝑏0 ⁄𝑔) are kept unchanged to
exclude the effects of stator teeth geometry. The magnitude of
individual and total harmonic components are compared across
different q values ranging from 1 to 4. The results suggest that
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the minus sign design generally produces a larger 𝑘𝑤𝑒𝑞𝑢𝑖𝑣 as it
has less significant negative harmonics which essentially
produce braking torque. It is also preferred to choose q as small
as possible, so that the sum of the harmonic components can be
maximized by coupling the lowest order harmonics. It should
be noted that among the three coupling harmonics, the
fundamental harmonic contributes most to the term 𝑘𝑤𝑒𝑞𝑢𝑖𝑣 .
Meanwhile, to maximize the back-EMF and torque production,
the choice of q value should be evaluated along with 𝐵𝑚1 and
𝑃𝑟 /𝑃𝑠 on a case by case basis, to account for the leakage flux
that might be severe for a high pole count design. Geometry
constraints may also play an important role as shall be seen in
the following design case study.
The analysis can be expanded to include the effects of stator
teeth geometry, by implementing a two-dimensional parametric
study using ratios 𝑏0 ⁄𝜏𝑠 , and 𝑏0 ⁄𝑔, as shown in Fig. 9(a) with
plus sign gear ratio design and Fig. 9(b) with a minus sign gear
ratio design. A surface mesh plot of 𝑘𝑤𝑒𝑞𝑢𝑖𝑣 can be obtained for
different SPP values, where the range of parameters are chosen
to cover most machine cases as 𝑏0 ⁄𝑔 spans the region from 10
to 40, and 𝑏0 ⁄𝜏𝑠 ranges from 0.2 to 0.8. The parametric study
provides a consistent result that the minus sign design with a
𝑒𝑞𝑢𝑖𝑣
small q value generally produces a larger 𝑘𝑤 , which is the
characteristic shared by the conventional winding factor. In
addition, particular ranges of 𝑏0 ⁄𝜏𝑠 , and 𝑏0 ⁄𝑔 must be selected
for an optimum design.
Thus, based on this study, a maximum 𝑘𝑤𝑒𝑞𝑢𝑖𝑣 design leads
to a minus sign gear ratio design with SPP value q = 1, which
results in the gear ratio being

Pr Ps  6q 1  5

Fig. 10.

IV.

ALTERNATING ROTOR LEAKAGE FLUX BLOCKING
STRUCTURE IN A CONSEQUENT POLE DESIGN

A. Alternating Flux Barrier Structure
As the spoke type structure is considered to be ideal for the
adoption of cost-effective ferrite magnets, following the
derivations of the previous section, a unity q SPP, 4 stator pole,
20 rotor pole (𝑃𝑟 /𝑃𝑠 = 5) ferrite SVPM of the conventional
topology and a new proposed topology are shown in Fig. 10.
Both of them are consequent pole design, whose dimensions
can be found in Table IV. For the conventional topology, as the
zoomed-in rotor portion in Fig. 10(a) suggests, the rotor radial
space is occupied by ferrite magnets with thin iron bridges on
the top and bottom to hold the magnets in place. For the
proposed design in Fig. 10(d), where the key design parameters
are delineated, an alternating flux barrier structure is now
placed on the bottom of pair-wise spoke type magnets. The
barriers need to be of low permeability material (or air), which
are connected by a thin iron bridge. The iron bridge is preferred
which can help limit the axial leakage flux at the rotor ends and
eliminate any unbalanced force [22].
The corresponding no load flux line distributions are shown
in Fig. 10(b), and (e), where the flux from rotor magnets that
links to the coil set A can be extracted by simple inspection.
Two major rotor magnet flux paths specified in red and orange
that links coil A in the conventional SVPM design can be
observed in Fig. 10(b), with colored arrows indicating the
corresponding flux direction. By adopting the proposed design,
there is three major rotor magnet flux paths, linking four
magnets to coil A.

(27)

(a) Zoomed-in rotor part

(b) No-load flux line distribution

(c) Back-EMF waveform

(d) Zoomed-in rotor part

(e) No-load flux line distribution

(f) Back-EMF waveform

No-load study comparison of a conventional design and an alternating flux barrier design
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The extra iron space created in between pair-wise adjacent
magnets is also a part of the flux path colored in brown and
helps include two additional magnets to link coil A. It also
should be noted that the alternating use of rotor flux barriers
allows the use of an enlarged rotor back iron, which in turn,
effectively reduces the leakage flux at the rotor inner radius
surface. This result is verified by the back-EMF plots in
Fig.10(c), and (f), where the fundamental of phase voltage
becomes doubled with the same amount of magnet usage and
with minimum modification on the rotor. Furthermore, the noload voltage waveform also becomes more sinusoidal.
B. Performance Comparison of Two Gear Ratio Designs
As indicated by the sizing equations, two gear ratio designs
are available for a given SPP value as the plus sign design and
the minus sign design. It has been shown that the minus sign
design is preferred as it has the larger equivalent winding factor,
which will lead to larger back-EMF induction and torque
production. A finite element analysis (FEA) based comparison
is made between these two ratio designs to validate the
developed analytical model. Furthermore, for the proposed
alternating flux barrier topology, the rotor pole pitch angle 𝛼𝑝𝑟
is directly related to the flux path in between rotor magnets, and
can be expressed as

 pr 

360
 6q  1 Ps

(a) minus sign design

(b) plus sign design
Fig. 11.

No-load flux density distribution

Fig. 12.

No-load flux density distribution at the airgap centerline

(28)

Hence, to allow for a sufficiently large flux path to enable the
alternating flux barrier design, the SPP value q and stator pole
number 𝑃𝑠 should be kept small.
TABLE III. KEY DIMENSIONS
Key Parameters

Minus sign design

Plus sign design

Output power [kW]
Magnet material/ 𝐵𝑟 [T]
Current density Js [A/mm2]
Stator pole number 𝑃𝑠
Rotor pole number 𝑃𝑟
Slot per pole per phase (SPP) q
Gear ratio 𝑃𝑟 /𝑃𝑠
Turns per phase 𝑁𝑠
Slot fill factor 𝐾𝑐𝑢
Magnet dimension 𝑑 × 𝑤 [mm]
Stator OR/IR [mm]
Rotor OR/IR [mm]
Active stack length [mm]
Airgap length [mm]
Rotor pole pitch angle 𝛼𝑝𝑟 [°]

20
Ferrite/0.45
4.6
4
20
1
5
10
0.4
20.8×39.5
177.8/139
138/95.5
311.15
1
12.85

20
Ferrite/0.45
4.6
4
28
1
7
10
0.4
12×38.9
177.8/139
138/95.5
311.15
1
18

Two models with plus and minus gear ratio designs have
been developed and the corresponding key dimensions are
tabulated in Table. III where the two models share the same
stator with a unity SPP value and 4 poles. The rotor pole
numbers are different based on the choice of gear ratio, which
are 𝑃𝑟 = 7𝑃𝑠 for the plus sign design and 𝑃𝑟 = 5𝑃𝑠 for the
minus sign design. A no load study of two models are shown in
Fig. 11. The flux density distribution and flux lines indicate that
the minus sign design has a larger flux linkage with the stator
coils. On the other hand, instead of linking the stator coils, a
considerable amount of leakage flux exists at the airgap surface
of the plus sign design.

Fig. 13. FFT analysis of no-load flux density distribution at the airgap
centerline

To verify the flux modulation effects of the stator teeth, the
flux density distribution at the airgap center line around
machine circumference is provided in Fig. 12. The results
suggest that the flux density of the plus sign design has more
variations but with a smaller peak to peak value compared to
the minus sign design. A corresponding FFT analysis of spatial
flux density distribution is illustrated in Fig. 13, where the
harmonic order is based on the stator pole number. It verifies
that it is the gear ratio value which determines the flux density
distribution in the airgap. For the plus sign design, the three
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major flux density harmonics are fundamental, 7th and 13th. For
the minus sign design, the three major flux density harmonics
are fundamental, 5th and 11th. Both results match very well with
the conclusions in Table II.
Comparisons of back-EMF induction and torque production
between the plus sign design and minus sign design were
carried out using both derived analytical equations and FEA
calculations, where the parameters are given in Table III. A 0.4
T is assumed for 𝐵𝑚1 consistent with the adoption of ferrite
magnets. The comparison of the fundamental component of
back-EMF in Fig. 14 confirms that the minus sign design has
more induced voltage compared to the plus sign design. The
analytical equation (21) achieves high accuracy in modelling
the two designs, with about 5% difference compared to FEA
results for the plus sign design, and less than 6% difference for
the minus sign design. The waveforms also verify that the
machine synchronous frequency/speed is proportional to the
rotor pole number.

Fig. 14.

Fig. 15.

The FEA calculation results verify the validity of the
analytical model for back-EMF and torque production for
proposed vernier machine topologies and confirm that the
minus sign gear ratio design should be adopted for better
performance due to the effect of an equivalent winding factor.
C. Non-salient Electromagnetic Behavior
In general, the proposed alternating flux barrier structure
appears to produce reluctance variations on the rotor, which
might cause saliency differences such as with an interior
magnet PM machine. A study of the stator flux linkage at
different rotor positions is presented in Fig. 16 with all the rotor
magnets removed, where the flux linkage is extracted from 3phase windings and converted to the rotor synchronous frame.
The results, however, show that the fluctuations of flux linkage
along rotor circumference are very limited, i.e. within 10%.
This non-salient electromagnetic behavior is further confirmed
with a torque vs. current angle study shown in Fig. 17, where
the average torque in red circles are marked at different current
angles. The waveform profile is very close to the blue dashed
pure sine waveform, whose magnitude is the same as the
maximum available torque obtained at 𝛾 = 0° in the FEA
model. Thus, the proposed machine such as the one in Fig. 10
needs to be modeled only as a surface PM with no saliency and
the torque manipulation can be realized by a simple q-axis
current control.

Back-EMF verification using sizing equation and FEA calculations

Fig. 16.

Stator excited flux linkage at different rotor positions

Fig. 17.

Torque V.S. current angle of the proposed topology

Torque verification using sizing equation and FEA calculations

Fig. 15 shows a torque vs. current comparison at MTPA
(maximum torque per ampere) points, where 1 pu current
corresponds to 4.6 A/mm2 current density. The FEA results
verify the prediction that the minus sign design will produce
more torque compared to the plus sign design. Meanwhile,
discrepancies become exaggerated between the analytical
model (26) and FEA calculations as current level increases for
both designs. The difference is mainly caused by the saturation
effects in iron cores, which was ignored in the analytical model.
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machine in torque production, or equivalently the torque
density given the same machine volume. The torque of the
proposed machine is even higher than the commercially
available benchmark IPM using rare earth magnets at the rated
current condition.
TABLE IV. OPTIMIZED KEY DIMENSIONS
Fig. 18.

Phasor diagram of the proposed topology

A corresponding field-oriented vector diagram is shown in
Fig. 18, where the voltage across the reactance is proportional
to the synchronous speed. The induced voltage is proportional
to the product of the synchronous speed and the equivalent
winding factor, which would have a negative impact on the
power factor as it would decrease along an increasing SPP
value. From structural perspective, the non-salient feature of the
proposed topology is attributed to the use of different stator and
rotor pole number, plus the consequent rotor pole design.
D. Design Case Study
A proposed and conventional SVPM using ferrite magnets
have been designed, following the observations obtained in the
previous section, for an industrial cooling fan application. To
make a fair comparison, the designs are compared with a
commercially available benchmark rare earth IPM of a major
motor manufacturer. The machine outer stator diameter and
stack length are kept the same, as well as the stator current
density. A multi-objective FEA optimization is carried out for
the proposed and conventional SVPM, to maximize the average
torque and minimize the ripple torque, where parametric
dimensions of two topologies are identified in Fig. 19. The
optimized dimensions are summarized in Table IV with the
corresponding 2D model presented in Fig. 20. The results show
that the proposed SVPM adopts a smaller split ratio, i.e. ratio
between stator inner and outer radius. However, a larger rotor
back iron is required to enable the alternating rotor leakage flux
blocking feature.

Stator OR/IR [mm]
Rotor OR/IR [mm]
Stator back iron length Dcs [mm]
Rotor back iron length Dcr [mm]
Stator teeth pitch angle 𝛼s [°]
Rotor pole pitch angle 𝛼pr [°]
Stator teeth width ts [mm]
Magnet thickness dpm [mm]
Magnet width wpm [mm]
Top leakage bridge length dbg1 [mm]
Bottom leakage bridge length dbg2 [mm]
Flux barrier thickness db [mm]
Flux barrier width wb [mm]

(a) Conventional design
Fig. 20.

(a) Conventional design

(b) Proposed design

Key design parameters and geometric definitions

A comparison of transient and average torque is provided in
Fig. 21(a), between the proposed and conventional design at the
rated current excitation, where the average torque is improved
by more than 50%, whereas the ripple torque also reduced by
about 60%. A torque vs. current evaluation is carried out in Fig.
21(b). The results suggest that the proposed machine using
ferrite magnets consistently outperforms the conventional

(b) Proposed design

(b) Torque vs. current

Torque performance comparison

TABLE V.

Fig. 19.

Existing
Design
177.8/130.9
129.8/66.5
11.3
30
18
26.6
20
39.5
0.8
0.8
-

Optimized models

(a) Instantaneous torque
Fig. 21.

Proposed
Design
177.8/139
138/95.5
19.8
13.5
30
18
26.5
20.8
38.9
0.5
0.8
14.6
10.4

PERFORMANCE COMPARISON

Machine type
Magnet type/Br [T]
Stator/rotor pole number
SPP
Js [A/mm2]
Excitation frequency, [Hz]
PM mass/% of total weight [kg]
Cu vol. (incl. end wind.) [L]
Torque [Nm]
Torque density [Nm/L]
Power factor [lagging]

Benchmark
Motor
IPM
NdFeB/1.2
4/4
4
4.6
13.33
11.3/3.6%
3.1
534
17.3
0.8

Proposed
Design
VPM
Ferrite/0.42
4/20
1
4.6
66.67
25.2/8%
3.5
605
19.4
0.62

Conv.
Design
VPM
Ferrite/0.42
4/20
1
4.6
66.67
24.8/7.9%
3.74
384
12.2
0.61

To achieve this high torque density level, a detailed
performance comparison in Table. V shows that the proposed
SVPM requires about twice the weight of ferrite magnets with
a somewhat lower power factor, due to the low remanence of
the ferrite. The excitation frequency is also increased because
of a larger rotor pole number. Meanwhile, only minimum
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modifications have been made to the rotor to achieve the degree
of performance improvement obtained.
V. CONCLUSION
A comprehensive analytical model for a generic consequent
pole spoke type vernier PM machine has been presented.
Physics-based sizing equations were developed where an
equivalent winding factor 𝑘𝑤𝑒𝑞𝑢𝑖𝑣 is defined to model flux
modulation effects and multi-harmonic fields coupling effects.
Two generic gear ratio designs are identified and compared, for
a given q value; the minus sign design generally producing a
larger 𝑘𝑤𝑒𝑞𝑢𝑖𝑣 . The analytical modeling of back-EMF and torque
production were further verified by FEA calculations, from
which the non-salient electromagnetic behavior is also
identified and studied. Furthermore, a consequent pole
alternating flux barrier SVPM using ferrite PMs has been
proposed. The FEA results suggest that the proposed SVPM
significantly improves the back-EMF/torque production of a
conventional SVPM. The torque production even surpasses that
of a benchmark rare earth magnet assisted IPM under the same
stator current density condition, with the tradeoff being that the
magnet weight is increased while the power factor is lowered
due to the use of ferrite magnets. Overall, the simple structure
and good torque capability make this proposed SVPM an
attractive and practical candidate for low-speed applications,
such as industrial cooling fans, wind turbines, and marine
propulsion.
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