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Preamble

Linear systems theory is the cornerstone of control theory and a prerequisite for essentially all gradu-
ate courses in this area. It is a well-established discipline that focuses on linear differential equations
from the perspective of control and estimation.

Content

The first set of lectures (1-17) covers the key topics in linear systems theory: system representation,
stability, controllability and state feedback, observability and state estimation, and realization theory.
The main goal of these chapters is to provide the background needed for advanced control design
techniques. Feedback linearization and the LQR problem are also briefly introduced to increase
the design component of this set of lectures. The preview of optimal LQR control facilitates the
introduction of notions such as controllability and observability, but is pursued in much greater
detail in the second set of lectures.

Three advanced foundational topics are covered in a second set of lectures (18-25): poles and
zeros for MIMO systems, LQG/LQR control, and control design based on the Q parameterization
of stabilizing controllers (Q design). The main goal of these chapters is to introduce advanced
supporting material for modern control design techniques. Although LQG/LQR is covered in some
other linear systems books, it is generally not covered at the same level of detail (in particular the
frequency domain properties of LQG/LQR, loop shaping, and loop transfer recovery). In fact, there
are few textbooks in print that cover the same material, in spite of the fact that these are classical
results and LQG/LQR is the most widely used form of state-space control. By covering the ARE in
detail, I set the stage for H-2 and H-infinity.

In writing this book, it is assumed that the reader is familiar with linear algebra and ordinary dif-
ferential equations at an undergraduate level. To profit most from this textbook, the reader would also
have taken an undergraduate course in classical control, but these notes are basically self-contained
regarding control concepts.

Organization and Style

This book was purposely designed as a textbook, and because it is not an adaptation of a reference
text, the main emphasis is on presenting material in a fashion that makes it easy for students to
understand. The material is organized in lectures, and it is divided so that on average each lecture
can be covered in 2 hours of class time. The sequence in which the material appears was selected to
emphasize continuity and motivate the need for new concepts as they are introduced.

In writing this manuscript there was a conscious effort to reduce verbosity. This is not to say
that I did not attempt to motivate the concepts or discuss their significance (on the contrary), but
the amount of text was kept to a minimum. Typically, discussion, remarks, and side comments
are relegated to marginal notes so that the reader can easily follow the material presented without
distraction and yet enjoy the benefit of comments on the notation and terminology, or be made aware
that a there is a related MATLAB® command.

vii

Attention! When a marginal note
finishes with “» p. XXX,” more
information about that topic can
be found on page XXX.
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I have also not included a chapter or appendix that summarizes background material (e.g., a
section on linear algebra or nonlinear differential equations). Linear algebra is a key prerequisite to
this course, and it is my experience that referring a student who is weak on linear algebra to a brief
chapter on the subject is useless (and sometime even counter-productive). I do review advanced
concepts (e.g., singular values, matrix norms, and the Jordan normal form), but this is done at the
points in the text where these concepts are needed. I also take this approach to referring the reader
to MATLAB® by introducing the commands only where the relevant concepts appear in the text.

Learning and Teaching using This Textbook

Lectures 1-17 can be the basis for a one-quarter graduate course on linear systems theory. At the
University of California at Santa Barbara I teach essentially all the material in these lectures in one
quarter with about 40 hours of class time. In the interest of time, the material in the Additional
Notes sections and some of the discrete-time proofs can be skipped. For a semester-long course,
one could also include a selection of the advanced topics covered in the second part of the book
(Lectures 18-25).

I have tailored the organization of the textbook to simplify the teaching and learning of the ma-
terial. In particular, the sequence of the chapters emphasizes continuity, with each chapter appearing
motivated and in logical sequence with the preceding ones. I always avoid introducing a concept
in one chapter and using it again only many chapters later. It has been my experience that even if
this may be economical in terms of space, it is pedagogically counterproductive. The chapters are
balanced in length so that on average each can be covered in roughly 2 hours of lecture time. Not
only does this greatly aid the instructor’s planning, but it makes it easier for the students to review
the materials taught in class.

As T have taught this material, I have noticed that some students arrive at graduate school without
proper training in formal reasoning. In particular, many students come with limited understanding
of the basic logical arguments behind mathematical proofs. A course in linear systems provides a
superb opportunity to overcome this difficulty. To this effect, I have annotated several proofs with
marginal notes that explain general techniques for constructing proofs: contradiction, contraposition,
the difference between necessity and sufficiency, etc. (see, e.g., Note 8 on page 75). Throughout
the manuscript, I have also structured the proofs to make them as intuitive as possible, rather than
simply as short as possible. All mathematical derivations emphasize the aspects that give insight
into the material presented and do not dwell on technical aspects of small consequence that merely
bore the students. Often these technical details are relegated to marginal notes or exercises.

MATLAB®

Computational tools such as the MATLAB® software environment offer a significant step forward
in teaching linear systems because they allow students to solve numerical problems without being
exposed to a detailed treatment of numerical computations. By systematically annotating the theoret-
ical developments with marginal notes that discuss the relevant commands available in MATLAB®,
this textbook helps students learn to use these tools. An example of this can be found, e.g., in
MATLAB® Hint 9 in page 12, which is further expanded on page 48.

The commands discussed in the “MATLAB® Hints” assume that the reader has version R2007b
of MATLAB® with Simulink®, the Symbolic Math Toolbox, and the Control System Toolbox.
However, essentially all these commands have been fairly stable for several versions so they are
likely to work with previous and subsequent versions for several years to come. Lecture 25 assumes
that the reader has installed CVX version 1.2, which is a MATLAB® package for Disciplined Con-
vex Programming, distributed under the GNU General Public License 2.0 [8].

MATLAB® and Simulink® are registered trademarks of The MathWorks Inc. and are used
with permission. The MathWorks does not warrant the accuracy of the text or exercises in this book.
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This book’s use or discussion of MATLAB®, Simulink®, or related products does not constitute an
endorsement or sponsorship by The MathWorks of a particular pedagogical approach or particular
use of the MATLAB® and Simulink® software.

Web

The reader is referred to the author’s website at www.ece.ucsb.edu/~hespanha for corrections,
updates on MATLAB® and CVX, and other supplemental material.
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State-Space Linear Systems

Contents

This lecture introduces state-space linear systems, which are the main focus of this course.

1. State-space linear systems (continuous and discrete time)
2. Block diagrams and interconnections
3. System representation and interconnection in MATLAB®

1.1 State-Space Linear Systems

A continuous-time state-space linear system is defined by the following two equations:

X)) )AL ) ) BiAut), xe®', ue R, (1.1a)
yt Ctxt D(t)u(t), y R™ (1.1b)

The signals
u:[0,00)— R, x:[0,00)— R", y:[0,00)— R™,
are called the input, state, and output of the system. The first-order differential equation (1.1a) is

called the state equation and (1.1b) is called the output equation.

The equations (1.1) express an input-output relationship between the input signal u(-) and the
output signal y(-). For a given input u(-), we need to solve the state equation to determine the state
x(-) and then replace it in the output equation to obtain the output y(-).

Attention! For the same input u(-), different choices of the initial condition x(0) on the state equa-
tion will result in different state trajectories x(-). Consequently, one input u(-) generally corresponds
to several possible outputs y(-). O

1.1.1 Terminology and Notation

When the input signal u takes scalar values (k = 1) the system is called single-input (SI), otherwise
it is called multiple-input (MI). When the output signal y takes scalar values (m = 1) the system is
called single-output (SO), otherwise it is called multiple-output (MO).

When there is no state equation (n = 0) and we have simply
y(t) = D(t)u(t), ue Rk yeR™,

the system is called memoryless.

Notation. A function of time (ei-
ther continuous 7 € [0,00) or dis-
crete 1 € N) is called a signal.

Notation 1. We write u v y to
mean that “y is one of the outputs
that corresponds to u,” the (op-
tional) label P specifies the sys-
tem under consideration.




Note. The rationale behind this
terminology is explained in Lec-
ture 3.

MATLAB® Hint 1.

ss(A,B,C,D) creates the
continuous-time LTI state-space
system (CLTI). »p.6

Attention! One input generally
corresponds to several outputs,
because one may consider sev-
eral initial conditions for the state
equation.

Note. Since this equation appears
in the text numerous times, we use
the special tag (DLTI) to identify
it. The tag (DLTV) is used to
identify the time-varying case in
(1.2).

Note. Initial conditions to LTI
state-space MATLAB® systems
are specified at simulation time.

6 Jodo P. Hespanha

When all the matrices A(t), B(t), C(¢), D(t) are constant V¢ > 0, the system (1.1) is called a
Linear Time-Invariant (LTI) system. In the general case, (1.1) is called a Linear Time-Varying (LTV)
system to emphasize that time invariance is not being assumed. For example, Lecture 3 discusses
impulse responses of LTV systems and transfer functions of LTI systems. This terminology indicates
that the impulse response concept applies to both LTV and LTI systems, but the transfer function
concept is meaningful only for LTI systems.

To keep formulas short, in the following we abbreviate (1.1) to

X =A(t)x +B(t)u, y=C(t)x+D(t)u, xeR", ueRF yeR" (CLTV)
and in the time-invariant case, we further shorten this to
% = Ax+ Bu, y = Cx+ Du, xeR" ue Rk yeR™. (CLTI)

Since these equations appear in the text numerous times, we use the special tags (CLTV) and (CLTI)
to identify them.

1.1.2 Discrete-Time Case

A discrete-time state-space linear system is defined by the following two equations:

xX(t+1)) ) AGEHL) ) Blehut),
y@ Crxt D(t)u(t),

All the terminology introduced for continuous-time systems also applies to discrete time, except that
now the domain of the signals is N := {0,1,2,...}, instead of the interval [0, 00).

xe®", ue Rk,
y R™

(1.22)
(1.2b)

In discrete-time systems the state equation is a difference equation, instead of a first-order dif-
ferential equation. However, the input-output relationship between input and output is analogous.
For a given input u(-), we need to solve the state (difference) equation to determine the state x(-)
and then replace it in the output equation to obtain the output y(-).

To keep formulas short, in the sequel we abbreviate the time-invariant case of (1.2) to

xt = Ax+Bu, y = Cx+ Du, xeR" ueRF yeR™ (DLTI)

1.1.3 State-Space Systems in MATLAB®

MATLAB® has several commands to create and manipulate LTI systems. The following basic
command is used to create an LTI system.

MATLAB® Hint 1 (ss). The command sys_ss=ss(A,B,C,D) assigns to sys_ss a continuous-
time LTI state-space MATLAB® system of the form

X = Ax+Bu, y = Cx + Du.

Optionally, one can specify the names of the inputs, outputs, and state to be used in subsequent plots
as follows:

sys_ss=ss(4,B,C,D, ...
’InputName’, {’inputl’, ’input2’,...},...
’OutputName’ ,{’outputl’,’output2’,...},...
’StateName’, {’inputl’, ’input2’,...});

The number of elements in the bracketed lists must match the number of inputs,outputs, and state
variables.

For discrete-time systems, one should instead use the command sys_ss=ss(A,B,C,D,Ts), where
Ts is the sampling time, or -1 if one does not want to specify it. O



System Representation 7

Y1
Py
u T y
u y +
— P | —= Py
Y2
(a) single block (b) paralle
u z y
+ P
u Z y _
— P, P, =
¢) cascade

(d) negative feedback

Figure 1.1. Block diagrams.

1.2 Block Diagrams

It is convenient to represent systems by block diagrams as in Figure 1.1. These diagrams generally
serve as compact representations for complex equations.

the directions of the arrows specify which is which. The two-port block in Figure 1.1(a) represents
a system with input u(+) and output y(-), where

Although not explicitly represented in the diagram, one must keep in mind the existence of the
state, which affects the output through the initial condition.

1.2.1 Interconnections

Interconnections of block diagrams are especially useful to highlight special structures in state-
space equations. To understand what is meant by this, assume that the blocks P; and P, that appear
in Figure 1.1 are the two LTI systems

P : X =A18 + B, yi = €% + Bri, xR, u e,y e®™,

P X2 Axxy  Bau, 2 Gxy Dau, x R2u Ry, R™.

The general procedure to obtain the state-space for an interconnection consists of stacking the states
of the individual subsystems in a tall vector x and computing x using the state and output equations
of the individual blocks. The output equation is also obtained from the output equations of the
subsystems.

In Figure 1.1(b) we have u = u; = u and y = y; +y,, which corresponds to a parallel intercon-
nection. This fighre Jepresents )Ehe LTI system

x| 1 0] B, x2
= 1 2
[XZ] [0 AZ] [Xz] + [Bz] u, y=[C1 G ot (Dl +D2)u,
with state x := [x] x5]" € R™ *72_ The parallel interconnection is resppnsible for the block-diagonal
structure in the matrix ’%1 f?z . A block-diagonal structure in this matfix indicates that the state-

space system can be decomposed as the parallel of two state-space systems with smaller states.

In Figure 1.1(c) we have u = u;, y = y», and z = y; = up, which corresponds to a cascade
interconnectiore This figure rep&eseﬂts the LTI system

X1 Ay 0 1 B B -
[xz] [BZCI Az] [xz] [szl] u, y=[D2C1 G [Xz] +DyDu,

Note. It is common practice to de-
note the input and output signals
of a system by u and y, respec-
tively. However, when dealing
with interconnections, one must
use different symbols for each sig-
nal, so this convention is aban-
doned.

Notation. Given a vector (or
matrix) x, we denote its transpose
/

by x’.



Note. How to arrive at equation
(1.3)? Hint: Start with the output
equation.

MATLAB® Hint 2. To  avoid
ill-posed feedback interconnec-
tions, MATLAB®warns about
algebraic loops when one at-
tempts to close feedback loops
around systems like P; with
nonzero D matrices (even when
I+ Dy is invertible).

MATLAB® Hint 3. This  type
of decomposition is especially
useful to build systems in
Simulink®.

Note. In general, this type of de-
composition is not unique, since
there may be many ways to repre-
sent a system as the interconnec-
tion of simpler systems.
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with state x := [x} x5]|" € R"1*"2, The cascade interconnection is responsible for the block-triangular
structure in the matrix [ BI:E‘I AOZ] and, in fact, a block-triangular structure in this matrix indicates

that the state-space system can be decomposed as a cascade of two state-space systems with smaller
states.

In Figure 1.1(d) we have u; = u —y; and y = y;, which corresponds to a negative-feedback
interconnection. This figure represents the following LTI system

x1 =@Ar—B1(I+Dy)'C)x; + B (I - (I+D1)"'Dy)u,
y (I+D)7'Cix; + (I +D1)"'Dyu,

(1.3a)
(1.3b)
with state x; € R™. Sometimes feedback interconnections are ill-posed. In this example, this would
happen if the matrix 7 + D; was singular.

The basic interconnections in Figure 1.1 can be combined to form arbitrarily complex diagrams.
The general procedure to obtain the final state-space system remains the same: Stack the states of
all subsystems in a tall vector x and compute x using the state and output equations of the individual
blocks.

1.2.2 System Decomposition

(&) X=x+4u, y=x (b) LTI system in (1.4)

Figure 1.2. Block diagram representation systems.

Block diagrams are also useful to represent complex systems as the interconnection of simple
blocks. This can be seen through the following two examples:
1. The LTT system

X=x+u, y=x

can be viewed as a feedback connection in Figure 1.2(a), where the integrator system § maps
each input z to the solutions y of

y=z
x2
2. Consider the LTI system X + 1 xl
x] LI 1 _ J
B Lol Ll o ] e
Writing these equations as
X = 3xp +5u, y2=x (1.5)
and
X] = X1 +2, y =X, (16)

where z := x; +u, we conclude that (1.4) can be viewed as the block diagram in Figure 1.2(b),
where P3 corresponds to the LTI system (1.5) with input «# and output y, and P, corresponds
to the LTT systems (1.6) with input z and output y.
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1.2.3 System Interconnections with MATLAB®

MATLAB® Hint 4 (series). The command sys=series(sysi,sys2) or, alternatively, Attention! Note the different

sys=sys2#*sys1 creates a system sys from the cascade connection of the system sysl whose
output is connected to the input of sys2.

For MIMO systems, one can use sys=series(sysl,sys2,outputsl,inputs2), where
outputsl and inputs?2 are vectors that specify the outputs of sys1 and inputs of sys2, respec-
tively, that should be connected. These two vectors should have the same size and contain integer
indexes starting at 1. O

MATLAB® Hint 5 (parallel). The command sys=parallel(sys1,sys2) or,
alternatively, sys=sysl+sys2 creates a system sys from the parallel connection of the systems
sysl and sys2.

For MIMO systems, one can use
sys=parallel(sysl,sys2,inputsl,inputs2,outputsl,outputs2), where inputsl and
inputs2 specify which inputs should be connected and outputsl and outputs2 specify which
outputs should be added. All four vectors should contain integer indexes starting at 1. O

MATLAB® Hint 6 (append). The command sys=append(sys1,sys2,...,sysn) creates a
system sys whose inputs are the union of the inputs of all the systems sys1, sys2, ... , sysn and
whose outputs are the union of the outputs of all the same systems. The dynamics are maintainer_c}

MATLAB® Hint 7 (feedback). The command sys=feedback(sys1,sys2) creates a system
sys from the negative feedback interconnection of the system sys1 in the forward loop, with the
system sys2 in the backward loop. A positive feedback interconnection can be obtained using
sys=feedback(sysl,sys2,+1).

For MIMO systems, one can use

sys=feedback(sysl,sys2,feedinputs,feedoutputs,sign), where feedinputs specify
which inputs of the forward-loop system sys1 receive feedback from sys2, feedoutputs spec-
ify which outputs of the forward-loop system sys1 are feedback to sys2, and signe {—1,+1}
specifies whether a negative or positive feedback configuration should be used. More details can be
obtained by using help feedback. |

1.3 Exercises

1.1 (Block diagram decomposition). Consider a system Py that maps each inpys u to the solutions y
of = + 4

x1

ARt SR

Represent this system in terms of: aflock diagram consisting only of
X

e integrator systems, represe;lx d by the symbol , that map their input u(-)€ R to the solution

y()e Rof y =u;
e summation blocks, represented by the symbol , that map their input u(-)e R to the output
y(1) =Y wi(r), Ve = 0; and

e gain memoryless systems, represented by the symbol , that map their input u(-)e R to the
output y(r) = gu(t) € R, Vr = 0 for some g € R. O

order in which sys1 and sys2
appear in the two forms of this
command.
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Lecture 2

Linearization

Contents

This lecture addresses how state-space linear systems arise in control.

1. Local linearization around an equilibrium point
2. Local linearization around a trajectory
3. Feedback linearization

2.1 State-Space Nonlinear Systems

Linear voltage versus current laws for resistors, force versus displacement laws for springs, force
versus velocity laws for friction, etc., are only approximations to more complex nonlinear relation-
ships. Since linear systems are the exception rather than the rule, a more reasonable class of systems
to study appear to be those defined by nonlinear differential equations of the form

X = f(x,u), y = glx,u), xeR" ueRk yeR™ (2.1)
It turns out that

1. one can establish properties of (2.1) by analyzing state-space linear systems that approximate
it, and

2. one can design feedback controllers for (2.1) by reducing the problem to one of designing
controllers for state-space linear systems.

2.2 Local Linearization around an Equilibrium Point

Definition 2.1 (Equilibrium). A pair (x*9,u4%9) € R" x R* is called an equilibrium point of (2.1) if
J(x*9,u%) = 0. In this case,

u(t) = u®, x(r) = x4, y(t) =y = g(x*, u®9), V=0
is a solution to (2.1). O
Suppose now that we apply to (2.1) an input
u(t) =u®+6u(t), vi=0
that is close but not equal to #°? and that the initial condition

x(0) = x4+ 5x°

11



MATLAB® Hint 8.

jacobian(f,x) can be used
to symbolically compute the
matrices in (2.5). > p. 48

MATLAB® Hint 9. Symbolic
computations in MATLAB® will
be discussed in Lecture 6. » p. 48
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is close but not quite equal to x*4. Then the corresponding output y() to (2.1) will be close but not
equal to y*4 = g(x°4,u®d). To investigate how much x(7) and y(¢) are perturbed by du(-) and x4,
we define

Bx(r) = x(1) —x°, SY(1) = y(1) =y, v >0
and use (2.1) to conclude that

8y = g(x,u) =y = g(x* + 6x, 1™ + Su) — g (x*, u).

Expanding g(+) as a Taylor series around (x4, 1), we obtain

=t u ) ¥ dg(x )
8 e leq 8%eq"eq) 54 1 0(|6x]2) + O(||ul]?), 2.2)
Ox ou
where € €
ag(xvu) gi('xvu) Rmxn ag(xa“) gi('xvu) Rmxk
ox oxj i ’ ou uj ij ’
To determine the evolution of 5)1) we take its time derivative )

Ox =X = f(x,u) = f(x+ 6x,u*1+ 5,)

and also expand f as a Taylor series around (x®4,u®), which yields
ox = Ox+

af(xeqvueq) 6f(xeqa“eq) 2 2
o o 0u+ 0([[6x[7) + O(]|8ul), (2.3)
where € €
af(xuu) — ﬁ(xvu) Rnxn af(xuu) — ﬁ(xau) Rnxk
ox 0xj ij ’ ou ouj ij ’

By dropping all but the first-ordgr terms in (2.2) and (2.3), we obtain a local dinearization of (2.1)
around an equilibrium point. j

Definition 2.2 (Local linearization around an equilibrium point). The LTI system
0x =Adx+ Bdu, 0y =Céx+ Ddbu (2.4)

defined by the following Jacobian matrices

A= B = C:= D =
0F (5t 0 (i) 08l ) Pligt) o)
ox ou ox ou
is called the local linearization of (2.1) around the equilibrium point (x*4,2%). O

Attention! The local linearization (2.4) approximates (2.2) and (2.3) well only while 6x and Su re-
main small. Therefore a key property that needs to be checked to make sure that a local linearization
is valid is that Su and dx remain small along solutions to the linearized system. |

Attention! The local linearization (2.4) expresses only a relation between perturbations on the in-
put, state, and output of the original system (2.1). Consequently, the input, output, and state of the
local linearization system (2.4) are perturbation values with respect to 14, y*4, and x®4, respectively
(cf. Figure 2.1). O
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X
""""""""""""" xe+J
‘ Sx St
u 3 Y
4+ ou local 8y :
< > linearization| + ( ) ;
X 2 +:
u nonlinea? y
system L yed
(a) Nonlinear system (b) Local approximation

Figure 2.1. Nonlinear system (a) and its local approximation (b) obtained from a local linearization.

Discrete-Time Case

Consider the following discrete-time nonlinear system
xt = f(x,u), y = g(x,u), xeR" ueRk yeR™. (2.6)

Definition 2.3 (Equilibrium). A pair (x*9,u°9) € R" x R¥ is called an equilibrium point of (2.6) if
F(x*4,u%9) = x*9. In this case,

u(r) = u, x(r) = x4, y(1) = y™ = g(x*,u), VieN
is a solution to (2.6). O

Definition 2.4 (Local linearization around an equilibrium point). The discrete-time LTI system

SxT = Adx+ Béu, 6y =Cox+ Ddu,
defined by the following Jacobian matrices
A= B = C:= D =
Of (x*,u) Of (x4, u%) 08(x*,u) 08(x*9,u)
ox ou ox ou
is called the local linearization of (2.6) around the equilibrium point (x*4,1%). O

2.3 Local Linearization around a Trajectory

Often it is convenient to consider perturbations around an arbitrary solution to (2.1), instead of an
equilibrium point. To do this, suppose that

w1 [0,00)— RE, x*°': [0,00)— R, ¥ [0,00)— R™
is a solution to (2.1) (not necessarily constant). Assuming that we apply to (2.1) an input
u(t) = u(r) + Su(t), Ve=0
that is close but not equal to #*°!(¢) and that the initial condition
x(0) = x*°1(0) 4 5x°!

is close but not quite equal to x*°!(0). Then the corresponding output y(¢) will be close but not equal

to y*°!(¢). To investigate how much x(¢) and y(¢) are perturbed by this, we now define

8x(r) = x(t) —x*°\(r), 8y(1) = y(t) —y*°' (1), Ve > 0.



Note. These include robot arms,
mobile robots, airplanes, heli-
copters, underwater vehicles, hov-
ercraft, etc.

Note. A symmetric matrix M
is positive-definite if x' Mx > 0,
Vx # 0 (cf. Section 8.4).

Note 1. A force is conservative if
the total work of moving an object
from one point to another is inde-
pendent of the path taken. » p. 14
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Proceeding as before, we conclude that

_ af(xSOI(t), MSOI(Z‘)) - af(xSOI(t), MSOI(Z‘))
ox Ju

5y _ (9g(x501(ta)x, MSOl(t)) - ag(xsol(;)u, uSOl(t))

with the main difference with respect to (2.2) and (2.3) being that the derivatives are computed along
x*°!(¢) and u*°'(r). By dropping all but the first-order terms, we obtain a local linearization of (2.1)
around a trajectory.

ox Su+0(|6x]*) +0(|8ul?),

Su+0(|6x]*) +0(|8ul?),

Definition 2.5 (Local linearization around a trajectory). The state-space linear system
Ox =A(t)0x+ B(t)0u, Oy =C(t)0x+D(r)u
defined by the following Jacobian matrices

_ af(xSOI(t), MSOI(l‘)>

A(t) ; ax ’ B(t) - au )
0g(x501(t),u501(t)) 0g(x501(t),u501(t))
C(t) = N , D(t) = i
is called the local linearization of (2.1) around the trajectory (x*°!(-),u*!(-)). O

Attention! In general, local linearizations around trajectories lead to LTV systems because the par-
tial derivatives need to be computed along the trajectory. However, for some nonlinear systems
there are trajectories for which local linearizations actually lead to LTI systems. For models of ve-
hicles (cars, airplanes, helicopters, hovercraft, submarines, etc.) trajectories that lead to LTI local
linearizations are called trimming trajectories. They often correspond to motion along straight lines,
circumferences, or helices (see Exercise 2.2). O

2.4 Feedback Linearization

In this section we explore another mechanism by which linear systems arise out of nonlinear ones.
We start by restricting our attention to mechanical systems.

2.4.1 Mechanical Systems
The equations of motion of many mechanical systems can be written in the following form
M(q)"+B(q.q)q+Glq) = F, 2.7

where ¢ € R¥ is a k-vector with linear and/or angular positions called the generalized coordinates
vector, M(q) is a k x k nonsingular symmetric positive-definite matrix called the mass matrix, F € R¥
is a k-vector with applied forces and/or torques called the applied forces vector, G(q) is a k-vector
sometimes called the conservative forces vector, and B(q,q) is a k x k matrix sometimes called the
centrifugal/Coriolis/friction matrix. For systems with no friction, we generally have

i'B(¢,4)§=0,  VgeR,
whereas for systems with friction

i'B(¢,4)§>0,  VgeR,
with equality only when ¢ = 0.

Note 1 (Conservative force). A force is conservative if the total work W = Sf G(q)-dg of moving an
object from point A to point B is independent of the path that the object took. The term “conservative
force” comes from the fact that objects moving under such forces maintain their total mechanical
energy. Typically G accounts for gravity and spring forces. O
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2.4.2 Examples

Figure 2.2. Inverted pendulum.
Figure 2.3. Two-link robot manipulator.

Example 2.1 (Inverted pendulum). The dynamics of the inverted pendulum shown in Figure 2.2 are
given by

ml*0 = mglsin @ — bO +T,

where T denotes a torque applied at the base and g is the gravitational acceleration. This equation
can be identified with (2.7), provided that we define

g=6,  F=T,  Mg)=m  Blg)=b .
G(g) = —mglsin 8.

When the base of the pendulum is connected to a motor, one can regard the torque 7" as the contrp] ~ Note. When the pendulum is

attached to a cart and the 2,
vanthaldnput=is-éZeas®. This
makdsrationsystem more difficult
to control. Things become espe-
cially difficult around 6 = +7/2.

_ |01 _ | Why?
o=lo) r=[3)

where 7| and 7, denote torques applied at the joints. For this system

Example 2.2 (Robot arm). The dynamics of the robot arm with two revolution joints shown in
Figure 2.3 can be written as in (2.7), provided that we define

Mig) = [

m2€% +2myl1lycos 0y + (ml + mZ)E% m2€% +myl145c0s 0,
mol1¥ cos 0, + mzﬁ% mzf%
B(qaq) = —2m2£1€_2é2 sin 92 _m2€1£2é2 sin 62
mzélfzel sin 62 0

G( ) o ngézCOS(el + 92) + (ml +m2)g€1 cos 0
= mogls COS(91 + 92) ’

where g is the gravitational acceleration [4, p. 202, 205]. O

Example 2.3 (Hovercraft). Figeure 2.4 shows a small hovercraft built at Caltech [5]. Its dynamics
can be written as in (2.7), providj:d that we define
F =
x—l [(@—FF—,,)}&()SG—nginG
g= 1y, F; F, sin@ + Fycos0 |,
UF—F)
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Figure 2.4. Hovercraft.

where Fj, F,, and Fy denote the starboard, port, and lateral fan forces. The vehicle in the photograph
does not have a lateral fan, which means that F; = 0. It is therefore called underactuated because
the number of controls (Fy and F),) is smaller than the number of degrees of freedom (x, y, and 6).
For this system

INY
<

0
M(q) = 0

)

S o 3
oR o

00
m 0|, B(q)=
0 J

(el )

d

e

where m = 5.5 kg is the mass of the vehicle, J = 0.047kg m? is its rotational inertia, d, = 4.5 is the
viscous friction coefficient, dg, = .41 is the coefficient of rotational friction, and ¢ = 0.123 m is the
moment arm of the forces. The geometric center and the center of mass of the vehicle are assumed
to coincide [5]. O

2.4.3 Feedback Linearization Control Design

A mechanical system is called fully actuated when one has control over the whole vector or gen-
eralized forces. For such systems we regard u := F as the control input and we can use feedback
linearization to design nonlinear controllers. In particular, by choosing

F=u=un(q,q) +M(q)v, un(q,9) = B(q,9)g + G();
we obtain
M(q)"+B(q.9)q+G(q) = B(q,9)q+G(q) +M(q)v <= G=v.

In practice, we transformed the original nonlinear process into a (linear) double integrator, whose
state-space model is given by €

0 I 0
x= [O O]x-i— [1] v, y=[1 0]x, Yo [Z] R 2.8)

We can now use linear methods to find a controller for v that results in adequate closed-loop perfor-
mance for the output y = ¢, e.g., a proportional-derivative (PD) controller

v=—Kpq—Kpq

that leads to the following closed-loop dynamics:

0 I
x:[—KP —Kp X, y=[l O]x.

Figure 2.5 shows a diagram of the overall closed-loop system. From an input-output perspective,
the system in the dashed block behaves like the LTI system (2.8).
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| ]\1— B()g+G() |

Figure 2.5. Feedback linearization controller.

Attention! Measurement noise can lead to problems in feedback linearization controllers. When
the measurements of ¢ and ¢ are affected by noise, we have
M(q)"+B(q,q)q+G(q) = un(q +n,g+w)+M(q+n)v,

where n is measurement noise in the ¢ sensors and w is the measurement noise in the ¢ sensors. In
this case

M(q)" +B(q,4)4+G(q) = B(g+n,g+w)(g+w) +G(g+n) +M(g+n)v, (2.9)
and (with some work) one can show that
g=(+A)v+d, (2.10)
where
A=M(q)~" (M(q+n) —M(q)),
d=M(g)~" ((Bla-+n.q+w) — B(4,4))4+Bla +n,d-+whw+Glg+n) ~ G(q)).
Since A and d can be very large, with feedback linearization controllers it is particularly important

to make sure that the controller selected for v is robust with respect to the multiplicative uncertainty
A and good at rejecting the disturbance d in (2.10). O

2.4.4 Feedback Linearization for Systems in Strict Feedback Form

Defining x; = g and x, = ¢, the equations seen before for a mechanical system can be written as

X1 =X
X = Mﬁl(x1)<—B(x1,x2)x2 —G(xy) +u)

and feedback linearization uses a portion of the control effort u to cancel the nonlinearities in the
x» equation. This idea can be generalized to larger classes of systems such as those in the so-called

strict feedback form, Note. See Exercise 2.5 for sys-
tems in strict feedback form of or-

X :#Féﬁﬁ) +x5 der higher than 2.
X2 fa x1,x%2) +u
For this system we cannot quite cancel the term fj (x;) in the first equation using u, but we can make
it linear by introducing a new variable, Note. This procedure is called
Backstepping and can be signifi-
2=/ (Xl) + X2, cantly generalized [10].

which we take as the second component of the state, instead of x,. In this case, we get

X1 =22
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. ofe .. . @
o= _ﬂ(xl)xl T = a_f(xl)(fl(xl) +x2) + folxi,x2) +u.
1

Now we can use a portion of u to cancel the nonlinear terms that arise in the equation for z, and use
the rest to control the resulting linear dynamics:

0AQ
U = g (x1,%2) + v, un (x1,%2) = —=—(x1) (/1 (x1) +x2) = fo(x1,x2),
which leads to

X1 =838 =
2 W

The reader is referred, e.g., to [9] for a much more detailed discussion on feedback linearization.

2.5 Exercises

g From Newton’s law:
ml*6 = mglsin 0 — bO + T,

where T denotes a torque applied at the
base, and g is the gravitational accelera-
tion.

Figure 2.6. Inverted pendulum

2.1 (Local linearization around equilibria). Consider the inverted pendulum in Figure 2.6 and
assume the input and output to the system are the signals u and y defined as

T = sat(u), y=20,

where “sat” denotes the unit-slope saturation function that truncates u at +1 and —1.

(a) Linearize this system around the equilibrium point for which 6 = 0.

is free to rotate all the way to this configuration without hitting the table). (b)

4
'nearizehthis sgilsﬁﬁ%lr%ound.t e \%uilibriurP}point for which 6 = 7 (assume that the pendulum

0cs such an € m point always exis
d) Assume that b ===1/2 and mgl = 1/4. Compute the torque 7'(r) needed for the
O e B A e o o B T ) e, Lot he
system around this trajectory. O

2.2 (Local linearization around a trajectory). A single-wheel cart (unicycle) moving on the plane
with linear velocity v and angular velocity @ can be modeled by the nonlinear system

Px =Vvcos0, py =vsin0, 9 =, (2.11)

where (py, py) denote the Cartesian coordinates of the wheel and 6 its orientation. Regard this as a
system with input u := [v a)]' e R2.
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(a) Construct a state-space model for this system with state

X1 pxcosO + (py,—1)sin6
x=|xy| = |—prsin®+ (py—1)cosO
X3 0

and output y := [xl xg]' eR2.

(b) Compute a local linearization for this system around the equilibrium point x*4 = 0, u®*4 = 0.

system. (c) Show that w(t) = v(t) = 1, p,(t) =sint, py(t) = 1 —cost, () =1, Vt = 0isa
solution to the

O
. . . . tried
d ow that a local linearization of the system around this trajectory. results i LTI system.  Attenti 'W t}ll Syst
&% (§'l<;e acﬁ Iiearization controﬂer{. Esonzléer the 1nverteé pengﬁﬁun%, 1nel§1gurelhzg1 Y ?e 121‘18%‘1:’ n ully l;e}’fioo: ﬁ;z%ﬁg
0r1g1na cootdin

lS cruct ng an
(a) Assume that you can directly control the system in torque, i.e., that the control inputis u = T. ifmlés l‘iggvaby (ngq g"ne
Design a feedback linearization controller to drive the pendulum to the upright position. Use the system.

following values for the parameters: £ = 1m, m = 1kg, b=0.1Nm~!s~! and g =9.8 ms~
2

Verify the performance of your system in the presence of measurement noise using Simulink.

(b) Assume now that the pendulum is mounted on a cart and that you can control the cart’s jerk,
which is the derivative of its acceleration a. In this case,

T =—mlacos0,

Design a feedback linearization controller for the new system.
What happens around 6 = +7/2?

Note that, unfortunately, the pendulum needs to pass by one of these points for a swing-up, i.e.,
the motion from 6 = 7 (pendulum down) to 6 = 0 (pendulum upright). |

2.4 (Feedback linearization with noise). Verify that (2.10) is indeed equivalent to (2.9), by solving

the latter equation with respect to . m|

2.5 (Feedback linearization for systems in strict feedback form). Extend the procedure outlined in
Section 2.4.4 for systems in strict feedback form of order 2 to systems in strict feedback of any order
n=2:

=Frtl) +x2

Xy fo x1,x0)+x3

Xn = fulX1,%0, ..., X) +u. O
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Lecture3

Causality, Time Invariance, and
Linearity

Contents

This lecture introduces a few basic properties of state-space linear systems and some of their direct
consequences.

Basic system properties: causality, time invariance, and linearity
Characterization of all outputs: homogeneous and forced responses
Impulse response

Transfer function for time-invariant systems

Discrete-time case

M

Topics 2—4 are direct consequences of causality, time invariance, and linearity. They apply to
any system that exhibits these properties, even if such systems are not one of the state-space systems
introduced in Lecture 1. For example, they also apply to infinite-dimensional systems.

3.1 Basic Properties of LTV/LTI Systems

In this section we state three basic properties of LTV and LTI systems. All these properties are
simple consequences of results in subsequent lectures, so we will defer their proofs for later.

t t t t
t t t t
(a) Causal system (b) Noncausal system

Figure 3.1. Causality.
All state-space systems introduced so far (both LTV and LTT) have the property that the output

before some time ¢ does not depend on the input after time ¢ (cf. Figure 3.1). Such systems are called
causal.
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Notation 1. We recall that u v~y
means that “y is one of the outputs
that corresponds to u.” »p.5

Note. In words: if the inputs
match on [0,7) then the outputs
must match on [0,7) for appro-
priate initial conditions.

Note. In words: if the inputs are
time shifted, then the outputs will
also be time shifted, for appropri-
ate initial conditions.

Notation 2. There  is some
abuse in the LTV/LTI terminol-
ogy. »p.22

Note. In words: If u; and uy have
outputs y; and y, respectively,
then oy} + By, must be (one of
the) outputs to owu; + Pua, for ap-
propriate initial conditions.
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Property P3.1 (Causality). The state-space system (CLTV) is causal in the sense that if u v~y
then, for every other input i for which

a(ty=u(t), VO<t<T
for some time 7 > 0, the system exhibits (at least) one output y that satisfies
(1) =y(t), VO<t <T. O

Attention! The statement of the causality property is not “for every input & that matches u on [0,T),
every output y matches y on [0,7').” In general, only one output y (obtained with the same initial
condition) will match y. O

(a) Time-invariant system (b) Not time-invariant system

Figure 3.2. Time invariance.

A key difference between the LTV and LTT systems introduced so far is that the latter have the
property that time-shifting of their inputs results in time-shifting of the output (cf. Figure 3.2). This
property justifies the terminology time-varying versus time-invariant for these systems.

Property P3.2 (Time invariance). The state-space system (CLT]I) is time-invariant in the sense that
if u v y then, for every scalar 7 > 0, we have it v~ y for

a(t)=u(t+T), V=0, and y(@)=ye+T), Vr=0. O
Attention! Recall that i v~ 7 means that y is one of the outputs corresponding to the input i#. In
general, the input i has many other outputs (obtained from different initial conditions) that will not
match the time-shifted version of y. Moreover, the initial conditions used to obtain y and ¥ will not

be the same. O

Both the LTV and LTI systems have the property that they can be viewed as linear maps from
their inputs to appropriate outputs. This justifies the qualifier /inear in LTV and LTI

Property P3.3 (Linearity). The state-space system (CLTV) is linear in the sense that for every
o,B eR, if uy v~y and up v yo, then 0wy + Buy v otyy + Byo. O

Attention! Recall that ou; + Buy v ay; + By, means that ory; + By» is one of the outputs cor-
responding to the input otu; + Bus. In general, there may be many other outputs (obtained from
different initial conditions) that will not be of this form. O

Notation 2 (LTV and LTI). We use LTV and LTI to denote the continuous-time systems given by
the equations (CLTV) and (CLTI), respectively, or the discrete-time systems (DLTV) and (DLTI),
respectively. There is some abuse in this terminology because there are many linear time-invariant
and time-varying systems that cannot be expressed by these state-space equations. This is the case,
e.g., of infinite-dimensional systems. O
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3.2 Characterization of All Outputs to a Given Input

Linearity allows one to use a single output y, corresponding to a given input u to construct all
remaining outputs corresponding to u.

1. Lety be another output associated with the given input u. Since we can write the zero input as
0 = u —u, by linearity we conclude that y — y; must necessarily be an output corresponding
to the zero input: Notation. An output correspond-

ing to the zero input is called a ho-
mogeneous response.
/%
s = Owwy-—yr
U~y ’

2. Conversely, suppose that one is given an output y, corresponding to the zero input. Since
u = u+0, we conclude that y = y; +y;, is another output corresponding to u:

0o yp '

The following result summarizes the two observations above.

Theorem 3.1. Let y; be an output corresponding to a given input u. All outputs corresponding to u
can be obtained by

y=Yyf +yha
where yy, is an output corresponding to the zero input. O

This means that to construct all outputs corresponding to u, it is enough to known how to solve
the following two problems:

1. Find one particular output corresponding to the input u.
2. Find all outputs corresponding to the zero input.

The remainder of this section addresses the first problem.

3.3 Impulse Response

=Y
>
—

~
~

ik

N A
LINN = = Ada(r—7
. le fo 8a(n)dr =1 RN s fvm(t)
JAY
N Q
0 A t T T+A t t
(a) Pulse (b) Time-shifted pulse (c) Step approximation

Figure 3.3. Step approximation to a continuous-time signal.

Consider a linear SISO system and let 05 denote the unit-area pulse signal d, in Figure 3.3(a).
Using 85, we can write an approximation to an input signal « : [0,00)— R as in Figure 3.3(c):

up(t) = i:u(kA)ASA(t—kA), Vi > 0. 3.1)
k=0



Note. This assumes we can
choose outputs ga(#,7) for which
the series (3.2) converges.

Note 2. The last equality in (3.3)
is a consequence of the definition
of the Riemann integral. It implic-
itly assumes that the limit in (3.4)
and the integral in (3.3) both ex-
ist. »p. 27

Notation. This output has the
special property that it is equal
to zero when u = 0, it is called
a forced or zero-state response.
The latter terminology will be-
come clear in Lecture 4.

Note. Equation (3.5) is generally
taken as the definition of impulse
response.

Note. Soon we will see that the
impulse response of LTV/LTI sys-
tems is unique. Therefore one
could replace “one can choose the
impulse response to satisfy” by
“the impulse response satisfies.”

Notation. With some abuse of no-
tation, it is common to write sim-
ply G(ta,t1) = G(t —11), V1o =
tH =0.
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For each 7 > 0, let ga(#, 7), r = 0 be an output corresponding to the input S (1 — 7):
5A([ - ‘L') N gA(l,T).

Because of (3.1) and linearity

e)
ua o ya(1) = " Au(kA)ga(t.kA), Vi >0.

(3.2)
k=0
Moreover, since up — u as A — 0, we conclude that
u v~ y(t) = lim ya(r) = lim Z Au(kA)ga(t,kA) = J- u(t)g(t,7)dr, Vi=>0 (3.3)
A—0 A—»()kzo 0
is an output corresponding to u, where g is defined by
g(t,T) =iin})gA(t7T)' (3.4

output at time ¢, corresponding to an input pulse of zero length but unit area (a Dirac pulse)

applied at time 7. The function g(z,7) can be viewed as the

For MIMO systems this generalizes to the followm%l@;gp,(ltmch that for every input u, a corre-

Tleestiesn By iiispgisenrésponse). Consider a continuous-time linear system with k inputs and m
outputs. There exists a matrix-valued signgl G(t,7) €
s (1) = T G(t, t)u(r)dr,

Ve = 0. (3.5)

The matrix-valued signal G(¢,7) € R™*K is called a (continuous-time) impulse response. Its entry
gij(t,7) can be viewed as the ith entry of an output at time ¢, corresponding to a pulse of zero length
but unit area (a Dirac pulse) applied at the jth input at time 7. The impulse response G(¢,7) that
appears in (3.5) has several important properties that will be explored below.

Properties (Impulse response).

P3.4 For causal systems, one can choose the impulse response to satisfy

G(t,71) =0, Vr>1. (3.6)

P3.5 For time-invariant systems, one can choose the impulse response to satisfy

G(t+T,7+T)=G(,r1), Vi,7,T >0. (3.7

In particular fort=0,4y =T, tr =t +T
G(tr,11) =G(tr—11,0), V=1 >0,

which shows that G(1,,1;) is just a function of 1, — 1.

P3.6 For causal, time-invariant systems, we can write (3.5) as

2

U s y(t) = Jo G(r—1)u(t)dt = (G *u)(r),

Vi >0, (3.8)

where » denotes the convolution operator.
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Proof. For simplicity we assume a SISO system.

P3.4 By linearity u = 0 v~ y = 0. Since the impulse 6 (¢ — 7) at time 7 is equal to u on [0, 7), it
must have an output that is zero on [0, 7); i.e.,

0(t—1)=0, VO<tr<t = 3J:0(t—7)w>y and y(r)=0, YO<r < 7.
Choosing this input to construct the impulse response, we obtain (3.6).
P3.5 By the definition of impulse response
S(t—1—T)wy(t)=g(t,t+T),

where 8(r — T —T) is an impulse at time 7+ 7. By time invariance, the impulse 6(r — 7) at
time T must have an output y such that

O(t—1) o 3(t)=y(t+T)=g(t+T,7+T).
By using this output to construct the impulse response, we obtain (3.7).

P3.6 Equation (3.8) is obtained by using P3.5 to replace G(¢,7) by G(t — 1) in (3.5). Because of
P3.4 we can further replace the co in the upper integration limit by ¢, since G(¢,7) = G(t — 1)
is equal to zero for T > ¢. [ |

For causal, time-invariant systems, P3.6 provides a convenient way to compute the forced re-
sponse. Due to the closed connection between the (time domain) convolution of signals and the
(frequency domain) product of their Laplace transforms, it is especially easy to compute forced
responses in the frequency domain. This is explored in the following sections.

3.4 Laplace Transform (review)

Given a continuous-time signal x(¢), r > 0 its unilateral Laplace transform is given by
MATLAB® Hint 10.

o laplace(F,t,s) symboli-
Z[x(l‘)]= xA(S) = J eiStx(l‘)dt, seC. cally computes the Laplace
0 transform of F. > p. 48

MATLAB® Hint 11.

ilaplace(F,s,t) symbol-
ically computes the inverse
Laplace transform of F.  » p. 49

The Laplace transform of the derivative x(¢) of the signal x(7) can be related to £(s) by
ZL[x(t)]= x(s) = si(s) —x(0), seC. (3.9)

Given two signals x(7) and y(¢), ¢ = 0, the Laplace transform of their convolution is given by Note 3. The term —x(0) in (3.9)

P does not appear in bilateral trans-

L[(x*y)(1)]= & [ J x(T)y(t - T)d}' = 2(s)y(®). (3.10) forms. > 2
0
Note 4. Why does (3.10)
The Laplace Transform is covered extensively, e.g., in [ 14]. hold? »p.28

3.5 Transfer Function

Because of Theorem 3.2, the continuous-time linear system has an output
o0
y(t) = J G(t—71u(r)dt, VYr=0.
0
Taking its Laplace transform, one obtains

() = f: LI e "Gt —t)u(t)dtdr.



Notation. For MIMO systems the
transfer function is often called
the transfer matrix.

MATLAB® Hint 12.
ztrans(F,t,z)

the % -transform of F.
MATLAB® Hint 13.
iztrans(F,z,t) computes
the inverse 2 -transform of
F. » p. 49

computes
»p. 49
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Changing the order of integration, one gets

%0

$(s) = J-OI LI e 'G(t — t)u(t)dtdt = f

( J "m0, — ‘L’)dt)e_” u(t)dr.  (3.11)
0 0

But because of causality,

J e 0Gl— r)dt = J e TG dE = J " e TG(0dE = G(s). (3.12)
0 0

-7

Substituting (3.12) into (3.11) and removing G(s) from the integral, we conclude that

Theorem 3.3. For every input u, the Laplace transform of a corresponding output y is given by
I(s) = G(s)a(s). O

This result motivates the following definition.

Definition 3.1 (Transfer function). The transfer function of a continuous-time causal linear time-
invariant system is the Laplace transform

oL

G(s) = Z[G(1)] = f eG(1)dr, seC.

0

of an impulse response G(fp,11) = G(ta —11), Vta = 1; = 0. O

3.6 Discrete-Time Case

A result absolutely analogous to Theorem 3.2 can be derived for discrete-time systems, except that
now the step approximation is actually exact, so there is no need to take limits and the result appears
as a summation.

Theorem 3.4 (Impulse response). Consider a discrete-time linear system with k inputs and m out-
puts. There exists a matrix-valued signal G(t,t) € R™** such that for every input u, a corresponding
output is given by

U y(t) = Zf: G(t,7)u(t), Vr=0.
=0

(3.13)

The matrix-valued signal G(t, 7) € R™** is called a discrete-time impulse response. Its entry g;;(t,T)
can be viewed as the ith entry of an output at time ¢, corresponding to a unit discrete-time pulse
applied at the jth input at time 7. The discrete-time impulse response also satisfies Properties P3.4—
P3.6.

For discrete-time systems the 2 -transform plays a role analogous to the Laplace transform
in defining a transfer function, essentially by replacing all the integrals by summations. Given a
discrete-time signal y(+), its (unilateral) % -transform is given by

(z) =Zp()] = i:fty(t), seC.
=0

The 2 -transform is covered extensively, e.g., in [14].



System Representation 27

Definition 3.2 (Transfer function). The transfer function of a discrete-time causal linear time-
invariant system is the 2 -transform

G(z) = Z[G(t)] = iz_tG(t), zeC
=0

of an impulse response G(fp,11) = G(ta —11), Vta = 1; = 0. O
Theorem 3.5. For every input u, the 2 -transform of a corresponding output y is given by y(z) =
G(2)a(z). O

3.7 Additional Notes

Note 2 (Impulse response). To prove the last equality in (3.3), we use the fact that given a function
of two variables f(x,y),

lim f(z,2) = Jimm lim f (x,¥),

as long as the two limits on the right-hand side exist. Using this in (3.3), we conclude that

A—0e—0

o8] o8]
¥(1) = lim Tim > Au(kA)ge(r,kA) = lim > Au(kA) ( lim ge(, kA)) :
A—0 P £—0

for every r = 0. But limg_,( g¢(#,kA) is precisely g(7,kA). Therefore
%
y(t) = A%I;)Au(kA)g(t,kA), 1>0. (3.14)
We recall now, that by the definition of the Riemann integral,

%0 o0
dt =li Af(kA).
|, e = fim S area)
k=0
Comparing this with (3.14), we conclude that indeed

’_/_‘\
y(t) = f u(t)g(t,7)dr, t>0. (3.15)
0
In this derivation, we assumed that the limit limg_,0 g¢(7,kA) and the integral in (3.15) both ex-
ist. [ |
Note 3 (Laplace transform of the derivative). By the product rule,

d

= (x(r)e™™") =xe " —sx(t)e .

Integrating the above equation from 0O to oo, we conclude that
gl\

[x(t)e—ﬂ] = #(s) — s£(s).

Since lim,_,, x(t)e " = 0, whenever £(s) exists, we conclude that

Note. Verify that this is so using
the definition of limit of a func-
tion. Hint: Use a contradiction
argument.



28 Jodo P. Hespanha

Note 4 (Laplace transform of the convolution). Given two signals x(¢) and y(z), r > 0,

L(xxy)(1)]= z[ ﬁ x(r)y(t—r)d}: J 07‘ LI e x(t)y(t — 7)ddr.

Exchanging the order of integration, we obtain

oel L

Ll*y)(0)]= L e—”x(r)(ﬁé—ﬂf—f)y(t—r)d;) ar.

If we then make the change of integration variable 7 = ¢ — 7 in the inner integral, we obtain

L(xxy)(1)]= L e x(1) ( [ ‘ e*sfy(f)dt)dr = 2(5)9(s). 0
3.8 Exercise
3.1 (Impulse response). Prove Theorem 3.4. O

ﬁ

POWEREN.IR



Lecture4

Impulse Response and Transfer

Function of State-Space Systems

Contents

This lecture applies the concepts of impulse response and transfer function introduced in Lecture 3
to state-space linear systems.

Nk e =

Impulse responses and transfer functions for state-space linear time-invariant systems
Elementary realization theory (from transfer function to state-space system)
Equivalent state-space systems
Discrete-time case

State-space systems in MATLAB®

4.1

Consider the continuous-time LTI system

Taking the Laplace transform of both sides of the two equations in (CLTI), we obtain

X =Ax+ Bu,

sX(s) —x(0) = AX(s) + Bi(s),

Solving for £(s), we obtain

(sI —A)%(s) = x(0) + Bii(s)

from which we conclude that

3(s) = ¥(5)x(0) + G(s)a(s),

=

#(s) = (sI—A) | Bi(s)+ (sI—A)

y = Cx+ Du.

$(s) = Cx(s) + Di(s).

1

(P CWl -4,

Gs =Csl A 'B+D.

Coming back to the time domain by applying inverse Laplace transforms, we obtain

where

G(1) =2 '[G(s)],

0

f

2(6) = W(Ox(0) + (G x)(1) = ¥(e)2(0) + |

G(r —t)u(t)dt,

¥(r) =2 "[¥(s)].

x(0),

Impulse Response and Transfer Function for LTI Systems

(CLTID)

.1

Comparing (4.1) with the equation (3.8) that is used to define the impulse response of a causal,

linear, time-invariant system, we conclude the following.

29

MATLAB® Hint 1.

ss(A,B,C,D) creates the
continuous-time LTI state-space
system (CLTI). »p.6

Note 3. Why? »p. 27

Note. Equation (4.1) confirms the
decomposition seen in Lecture 3
of any output as the sum of a
particular output with a homoge-
neous response.



MATLAB® Hint 14.

tf(sys_ss) and zpk(sys_ss)
compute the transfer func-
ﬁ%’%at‘fgn.“’fhiétaé%'ts;ﬁﬁc‘?s:XSH:%‘@

S_SS. .
fie Jorced or zero-state respo%se.

Notation. For short, one often
says that (A,B,C,D) is a realiza-
tion of G(s).

Note. Why? Because if G(s) and
ii(s) are the same, then j;(s) =
G(s)i(s) will be the same. How-
ever, as we shall see later, the ho-
mogeneous responses may differ
even for the same initial condi-
tions.
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Theorem 4.1. The impulse response and transfer function of the system (CLTI) are given by
G(t) =27 [C(sI—A)"'B+D] and G(s)=C(sI—A)"'B+D,

respectively. Moreover, the output given by (3.8) corresponds to the zero initial condition x(0) =
0. O

4.2 Discrete-Time Case

Consider the discrete-time LTI system

xT = Ax + Bu, y = Cx+ Du. (DLTT)
Theorem 4.2. The impulse response and transfer function of the system (DLTI) are given by
G(t)=2"'[C(ad —A)"'B+D] and G(z)=C(zd—A)"'B+D,

respectively. Moreover, the output given by (3.13) corresponds to the zero initial condition x(0) =
0. m|

4.3 Elementary Realization Theory

Definition 4.1 (Realization). Given a transfer function G(s), we say that a continuous-time or
discrete-time LTI state-space system

A o e
respectively, is a realization of G(s) if

G(s) =C(sI —A)"'B+D. (4.2)

For discrete-time systems, one would replace s by z in (4.2). |

In general, many systems may realize the same transfer function, which motivates the following
definition.

Definition 4.2 (Zero-state equivalence). Two state-space systems are said to be zero-state equivalent
if they realize the same transfer function, which means that they exhibit the same forced response to
every input. O

4.3.1 From Realization to Transfer Function

A first question one can ask is, What types of transfer functions can be realized by LTT state-space
systems? To answer this question, we attempt to compute the transfer function realized by (LTI). To
do this, we recall that

M_| = deiM

(adjM) adjM = [cof;; M|,

/7
where adjM denotes the adjoint matrix of M, whose entry cof;; M is the ijth cofactor of M, i.e, the
determinants of the M submatrix obtained by removing row i and column j multiplied by (—1)i+/.
Therefore

C(sI—A)"'B+D = Cladj(sI —A)]'B+D.

1
det(sI —A)
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The denominator det(s/ —A) is an n-degree polynomial called the characteristic polynomial of A. Its
roots are the eigenvalues of A. The adjoint adj(s/ —A) will contain determinants of (n—1) x (n—1)
matrices and therefore its entries will be polynomials of degree n — 1 or smaller. The entries of
Cladj(sf —A)]'B will therefore be linear combinations of polynomials of degree smaller than or
equal to n — 1. Therefore all the entries of

1

will be ratios of polynomials with the degrees of the denominators strictly larger than the degrees of

the numerators. A function of this form is called a strictly proper rational function.

When D # 0, some of the polynomials in the numerators of

1
— . C[adj(sI—A)'B+D
deto —a) CR I —A)TB +

will have the same degree as the denominator (but not higher). This is called a proper rational
function. We thus conclude that an LTT state-space system can realize only proper rational functions.
It turns out that an LTT state-space system can actually realize every proper rational function.

Theorem 4.3 (MIMO realization). A transfer function G(s) can be realized by an LTI state-space
system if and only if G(s) is a proper rational function. ]

4.3.2 From Transfer Function to Realization

We have seen only that being a proper rational function is necessary for G(s) to be realized by an
LTI system. To prove the converse, we need to show how to construct an LTI system that realizes an
arbitrary given proper rational function G(s). This is can be done by the following steps:

1. Decompose the m x k matrix G(s) as

G(s)= Gip(s) +D, (4.3)
where Gy (s) is strictly proper and
D = lim G(s) (4.4)
§—>00
is a constant matrix.
The matrix D is part of the state-space realization, and we will choose A, B, C so that
Gep(s) =C(sT —A)7'B.
2. Find the monic least common denominator of all entries of Gsp (s):
d(s)=s"+ s s T Q1S+ .
3. Expand Ggp(s) as
A 1
Gopls)= o [le”—l T R VA —I—N,,], (4.5)

where the N; are constant m x k matrices.

Notation. The characteristic
polynomial of an n X n matrix A
is the degree n monic polynomial
given by A(s) = det(s] — A). Its
roots are the eigenvalues of A.

MATLAB® Hint 15. poly(A)

computes  the  characteristic
polynomial of A, and eig(A)
computes its eigenvalues. » p. 71

Note. The degree of the denomi-
nator will never be larger than n,
but it may be smaller due to can-
cellations with common factors in
the numerator.

Note. To prove that that two state-
ments P and Q are equivalent, one
generally starts by showing that
P = (Q and then the converse
statement that Q = P. In direct
proofs, to prove that P = Q, one
assumes that P is true and then,
using a sequence of logical steps,
arrives at the conclusion that Q is
also true.

Example. Step 1.

0 &
A, S+ s+
G(s) = ) s+1
@+DG+2) (s+2),
=
A == S+
Gsp(s): 1 s+1
s+ (+2) (s42),
—[20
D =[]

Notation. The monic least com-
mon denominator (lcd) of a family
of polynomials is the monic poly-
nomial of smallest order that can
be divided by all the given ones.

Example. Step 2.
2
d(s) = (s+-)(s+2),
=55+ §x2 +6s+2

Example. Step 3.

—6(s+2)% 3(s+2)(s+2)
S (1) (s+ 1)

GSP(S) = [ d(s)

m=leilm= | 75

2 2



Example. Step 4.

-3 0 =60 20
0 -3 0 —602 -
A=11 0 0 000
0 1 0 000
[0 0 1 oooJ
0 0 0 100
r10
00
B= 09
00
Loo
—63 —24 s —243
C= L5 1
L0 2 2 1 3

MATLAB® Hint 16.

tf(num,den) creates a ra-
tional transfer function with
numerator and  denominator
specified by num, den.  » p. 34

MATLAB® Hint 17.

zpk(z,p,k) creates a ratio-
nal transfer function with zeros,
poles, and gain specified by z, p,
k. »p. 34

MATLAB® Hint 18.

ss(sys_tf) computes a re-
alization for the transfer function
sys-tf. »p. 35
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4. Select
[ —olTkxk  —0lpg e O 1Lk x i x —Olnlixk
Dk Okxkex Ok sk Oksckex | 14
A= O« Ii Or « O & , (4.62)
Ok sk Ok sk Liexk Ok sk Jnkx,,k
[ Lexie
0k k111
B= . =[N M Noct N, (4.6b)
0k><l§<J<
KUV P

This is called a realization in controllable canonical form for reasons that will become clear

later.

Proposition 4.1. The matrices (A,B,C,D) defined by (4.4) and (4.6) are a realization for é(s)

Proof of Proposition 4.1. We start by computing the vector Z(s) = [Zi z, -z "=

A)~'B, which is a solution to

(sl —A)Z(s) =B

sta))Zi+Zy+- -+ 0, 1Zy 1+ nZy = Lixk
(S‘Zg—Zl =0, SZ3—Zg =0, ey SZn =Zn_1.

From the bottom equations, we cor%lude that

1

Zn:_ n—1, Zn—lz_ n—2y -
S S

1 1 1

and, by substituting this in the top equation, we obtain

an

(2]
(S+ oy +— +--- +W_j- ] )Z1 = lxk-

Since the polynomial in the left-hand side is given by j%f%, we conclude that

Z(s)

From this, we conclude that

C(sI—A)"'B=CZ(s) =

Z S e
Z NN e
- S

AL

d(s)

Nro =1k

n—2
Jos" ey

Nooi S LG g0s)
[ Ik;<k ]

because of (4.5). Finally, using (4.3), one concludes that G(s) = C(sI —A)~'B + D. m|

forum
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4.3.3 SISO Case

From SISO strictly proper systems, the construction outlined in Section 4.3.2 becomes extremely
simple, and determining a realization can be done by inspection. The following theorem (to be
proved in Exercise 4.4) summarizes this observation.

Theorem 4.4 (SISO realization). The SISO transfer function

Bis" '+ Bos" 2+ +Bu_15+ Ba

g(s) = ST oy st 02 oy S+ O,
admits either of the realizations
[_al —O2 e or—1  —on 1
1 0 0 0 | 0],
A= O 1 .. 0 0 . B= - , C=[B1 Br - Bu Bl

o o 2 ol Lol

[_z; : (1) ““““ ng | [g;] I

(e

A=~ 00 0 g B =10 - 0 0, O
[-a 00 ol el
4.4 Equivalent State-Space Systems
Consider the continuous-time LTI system
X = Ax + Bu, y =Cx+Du.
Given a nonsingular matrix 7, suppose that we define
X=Tx.
The same system can be defined using X as the state, by noting that
%= Bi—= TAx+TBu=TAT '%+ TBu,
y Cx+Du= CT~'%+ Du,
which can be written as
X=AX+Bu, y = Cx +Du
for
A :=TAT™, B:=TB, C=cT!, D :=D. 4.7

Definition 4.3 (Algebraically equivalent). Two continuous-time or discrete-time LTI systems
x/xt = Ax+ Bu ¥/¥t = Ax+Bu
y=Cx+Du y =Cx+ Du,
respectively, are called algebraically equivalent if there exists a nonsingular matrix 7 such that

(4.7) holds. The corresponding map x = Tx is called a similarity transformation or an equivalence
transformation. O

Notation. This realization is said
to be in controllable canonical
Jform for reasons that will become
clear later.

Notation. This realization is said
to be in observable canonical
form for reasons that will become
clear later.

Note. This transformation can be
viewed as a change of basis for the
state.

Notation. Often one also says
that the system on the right can be
obtained from the system on the
left using the similarity transfor-
mation ¥ = Tx.



Note. To obtain the same output
we simply need to use solutions
to the state equation related by
X = Tx, which are obtained using
initial conditions related by the
similarity transformation: ¥(0) =
Tx(0).

Attention! MATLAB®  simula-
tions of a transfer function model
always produce a forced response
(zero initial conditions).
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Properties. Suppose that two state-space LTI systems are algebraically equivalent.

P4.1 With every input signal u, both systems associate the same set of outputs y.

However, the output is generally not the same for the same initial conditions, except for the
forced or zero-state response, which is always the same.

P4.2 The systems are zero-state equivalent; i.e., both systems have the same transfer function and
impulse response.

This is a consequence of P4.1, but can also be proved directly as follows:
C(sl —A)'B+D=CT~"(s1 —TAT~")"'TB+D
=C T ' (sI—TAT")T)

: “'B4+D=C(sI—A)"'B+D.
O

Attention! In general the converse of P4.2 does not hold, i.e., zero-state equivalence does not impgj
algebraic equivalence.

4.5 LTI Systems in MATLAB®

MATLAB® represents LTI systems using either state-space or transfer function models. State-space
models are created using the MATLAB® function ss () introduced in Lecture 1, whereas transfer
function models are created using the MATLAB® functions t£ () and zpk () described below.

The functions ss(), t£(), and zpk() can also be used to convert between state-space and
transfer function models. However, most MATLAB® functions that manipulate LTT models accept
both state-space and transfer function models.

Creation of Transfer Function Models

MATLAB® Hint 16 (tf). The command sys_tf=tf (num,den) assigns to sys_tf a MATLAB®
rational transfer function. The argument num is a vector with the coefficients of the numerator of
the system’s transfer function, and den is a vector with the coefficients of the denominator. The last

coefficient must always be the zeroth one; e.g., to get %, one should use

num=[2 0] ;den=[1 0 3];
For transfer matrices, num and den are cell arrays. Type help tf for examples.

Optionally, one can specify the names of the inputs, outputs, and state to be used in subsequent plots
as follows:

sys_tf=tf (num,den, ...
>InputName’, {’inputl’, ’input2’,...},...
’OutputName’ ,{’outputl’,’output2’,...},...
’StateName’, {’inputl’, ’input2’,...});

The number of elements in the bracketed lists must match the number of inputs, outputs, and state
variables.

For discrete-time systems, one should instead use the command sys_tf=ss(num,den,Ts), where
Ts is the sampling time, or -1 if one does not want to specify it. O

MATLAB® Hint 17 (zpk). The command sys_tf=zpk(z,p,k) assigns to sys_tf a MATLAB®
rational transfer function. The argument z is a vector with the zeros of the system, p is a vector with

its poles, and k is the gain; e.g., to get m, one should use

z=0;p=[1,3] ;k=2;
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For transfer matrices, z and p are cell arrays and k is a regular array. Type help zpk for examples.

Optionally, one can specify the names of the inputs, outputs, and state to be used in subsequent plots
as follows:

sys_zpk=zpk(z,p,k, ...
>InputName’, {’inputl’, ’input2’,...},...
’QutputName’ ,{’outputl’,’output2’,...},...
’StateName’, {’inputl’, ’input2’,...});

The number of elements in the bracketed lists must match the number of inputs, outputs, and state
variables.

For discrete-time systems, one should instead use the command sys_tf=zpk(z,p,k,Ts), where
Ts is the sampling time, or -1 if one does not want to specify it. |

Model Conversion

MATLAB® Hint 14 (tf). The functions tf (sys_ss) and zpk(sys_ss) compute the transfer
function of the state-space model sys_ss specified as in MATLAB® Hint 1 (p. 6).

The function tf (sys_ss) returns the transfer function as a ratio of polynomials on s.

The function zpk (sys_ss) returns the polynomials factored as the product of monomials (for the
real roots) and binomials (for the complex roots). This form highlights the zeros and poles of the
system. O

MATLAB® Hint 18 (ss). The function ss(sys_tf) computes a state-space realization for the
transfer function sys specified as in MATLAB®Hints 16 (p. 34) or 17 (p. 34). O

4.6 Exercises

4.1 (Causality, linearity, and time invariance). Use equation (4.1) to show that the system
X =Ax+ Bu, y=Cx+Du (CLTT)
is causal, linear, and time invariant. O

4.2 (Z -transform of a LTI system’ output). Show that the 2 -transform of any output to

xT = Ax + Bu, y=Cx+Du (DLTT)
is given by
3(z) = ¥(2)x(0) + G()a(z), PP -4z,
Gz =Cz A 'B+D. m

4.3 (Observable canonical form). Given a transfer function G(s), let (A, B,C, D) be a realization for
its transpose G(s) == G(s)’. Show that (A,B,C,D), where A=A, B:=C',C:=B',and D=D'is a

PN

realization for G(s).

Note that if the realization (A,B,C D) for G(s) is in controllable canonical form, then the realization
(A,B,C,D) for G(s) so obtained is in observable canonical form. O

4.4 (SISO realizations). This exercise aims at proving Theorem 4.4. Use the construction outlined
in Section 4.3.2 to arrive at results consistent with those in Theorem 4.4.

(a) Compute the controllable canonical form realization for the transfer function

k
st oS s 4 Oy S+ Oy

8(s)

Note. These functions essentially
compute C(s/ —A)~'B+D.

Note. This function uses an algo-
rithm similar to the one described
in Section 4.3.
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(b) For the realization in (a), compute the transfer function from the input « to the new outputy = x;,
where x; is the ith element of the state x.

Hint: You can compute (sI —A)~'b using the technique used in class for MIMO systems, or you
may simply invert (sI — A)_1 using the adjoint formula for matrix inversion:

Y= detM

(adjM)’, adjM = [cof;; M],

where cof;; M denotes the ijth cofactor of M. In this problem you actually need only to compute
a single entry of (sI —A)~!.

(c) Compute the controllable canonical form realization for the transfer function

ols) Bis" 4 Bos" 24+ Buis+ B
ST oSt st 4 S O

4.8)

(d) Compute the observable canonical form realization for the transfer function in equation (4.8).
Hint: See Exercise 4.3. O

4.5 (Zero-state equivalence). Show that the following pairs of systems are zero-state equivalent, but
not algebraically. equivalent

(a)

(b)

y [to]x

Hint: To prove that the systems are not algebraically equivalent, you must show that there exists no
similarity transformation that transforms one system into the other. O

4.6 (Equivalent realizations). Consider fhe following two systems:

2
2 x4+ | 1] u, y=[1 -1 O]x,
1 0
1 1
1 [x+|1]|u, y=[1 —1 O]x.
-1 0

SN = O =

(a) Are these systems zero-state equivalent?

(b) Are they algebraically equivalent? |
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Lecture 5

POWEREN.IR

Solutions to LTV Systems

Contents

This lecture studies the properties of solutions to state-space linear time-varying systems.

1. Solutions to homogeneous linear systems — Peano-Baker series and state transition matrix
2. Solutions to nonhomogeneous linear systems — variation of constants formula
3. Discrete-time case

5.1 Solution to Homogeneous Linear Systems

We start by considering the solution to a continuous-time linear time-varying system with a given
initial condition but zero input,

X =A(1)x, x(t9) =xo e R", 1=0. (5.1

A key property of homogeneous linear systems is that the map from the initial condition x(#o) = xo
€R" to the solution x(¢) €
a matrix multiplication. R" at a given time ¢ > 0 is always linear and can therefore be expressed by

Theorem 5.1 (Peano-Baker serig@(),.) ﬂl@{tﬂé@%@&Ol%&)@lKﬂ (3-B ¢ given by (5.2)

where

Ot 10) = I+ J "Als1)ds + f "As) f " A(s)dssds,

fo fo fo

/ St s
+J A(Sl)f A(Sz)f 2A(S3)dS3dS2dS1 +--- (5.3)

fo 1o 1o

The n x n matrix ®(z,1y) is called the state transition matrix, and the series in (5.3) is called the
Peano-Baker series. The state transition matrix defined by (5.3) has several important properties
that will be explored below.

Properties (State transition matrix).

P5.1 Forevery 1y = 0, ®(1,1) is the unique solution to

d
7 2(t10) =AN)(r,10), D(tg,t0) =1, t=0. (5.4)
Theorem 5.1 is a direct consequence of this property because (5.1) follows from (5.4) and

(5.2).
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Note. A state-space linear system
without inputs is called
homogeneous.

solution (5.2) holds before 7.
Attention! Even when ¢y > 0, the

Note. This theorem is a
consequence of Property P5.1
below.
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derivative of each side of (5.3) with respect to time, we obtain Proof. Fort = ty, ®(19,19) =
I, because all the integrals in (5.3) are equal to zero. Taking the

d tA(sz)dsz +A(t) JZA(SZ)JSZA(Sg)dgdsz 4
CID(IJ(); At)+A( D o fo
dt ffA(;)cp(;,ﬂ)).

This proves that ®(z,1) satisfies (5.4).

Proving that the series actually converges for all 7,7y > 0 and that the solution is unique is
beyond the scope of this course. Both results follow from general properties of solutions to
ordinary differential equations and are a consequence of the fact that & — A(r)® is a globally
Lipschitz map for every fixed ¢ [ 1, Chapter 1]. |

For every fixed 1y = 0, the ith column of ®(#,1y) is the unique solution to
x(t) = A(1)x(1), x(to) = ei, =0,

where ¢; is the ith vector of the canonical basis of R”.

This is just a restatement of Property P5.1 above.
For every t,s,7 > 0,

D(1,5)P(s,7) = D(1,7). (5.5)
This is called the semigroup property.

X = (s, 7)x0

X0 3 X2 = D(t,7)x9 = D(1,5)x)

T s f

Figure 5.1. Semigroup property.

Proof. Take an arbitrary xy € R"” and consider the solution to

X =A(t)x, x(T) = xg.
Its value at times s and ¢ is given by

x1 = P(s, T)xp, X = D(1,7)x0,

respectively. However, we can regard the same x(-) as the solution to

X =A(t)x, x(s) =x;
(cf. Figure 5.1.) Therefore its value at time ¢ is given by

xp = D(t,5)x; = D(t,5)D(s,7)x0.
By unicity of solution, the two vales for the solution at time # must coincide, so we have
D(t,s)D(s,7)x0 = D(1,T)x0, Vxo.

Since this must be true for every xg € R”, we conclude that (5.5) holds. ]



System Representation

P5.4 Foreveryt,T >0, P(¢,7) is nonsingular and
&(r,7)"! = d(1,1).
Proof. From Property P5.3, we have

DO(7,1)P(1,7) = P(t,7)P(7,1) =1,

39

which means that ®(z, T) is the inverse of ®(7,¢) and vice versa, by definition of the inverse

of a matrix.

5.2 Solution to Nonhomogeneous Linear Systems

We now go back to the original nonhomogeneous LTV system

X =A(t)x+ B(t)u, y=C(t)x(t) + D(t)u, x(t9) =xp e R",
to determine its solution.
Theorem 5.2 (Variation of constants). The unique solution to (5.6) is given by
!
x(t) = ®(t,19)x0 +J ®(r,7)B(7)u(t)dt

fo
t

y(t) = C(1)D(t,10)x0 +f C(t)®(t,7)B(t)u(t)dt + D(t)u(r),

where ®(1,1y) is the state transition matrix.

Equation (5.7) is known as the variation of constants formula. The term
(1) = C()®(t,10)x0

in (5.8) is called the homogeneous response, whereas the term

yr(t) = f C(t)®(t,7)B(t)u(t)dt + D(t)u(t)

fo

is called the forced response.

t=0

(5.6)

(5.7)

(5.8)

Proof of Theorem 5.2. To verify that (5.7) is a solution to (5.6), note that at ¢t = t(, the integral in
(5.7) disappears, and we get x(fp) = xo. Taking the derivative of each side of (5.7) with respect to

time, we obtain

#= 2200 o B + 0 WD g eyu(eyae
t@(t,T)B(T)u(‘L’)dT

1o

— A()D(t,00)x0 + B(t)u(t) +A(r)

= A(1)x(t) + B(1)u(t),

which shows that (5.7) is indeed a solution to (5.6). Unicity of solution results from the fact that

x+— A(t)x+ B(r)u(r) is a globally Lipschitz map for every fixed 7 [1, Chapter 1].

The expression for y(r) in (5.8) is obtained by direct substitution of x(¢) in y(r) = C(¢)x(t) +

D(t)u.

Note. This term corresponds to
the system’s output for a zero in-
put.

Note. This term corresponds to
the system’s output for zero initial
conditions.

Note. We recall that

% J F(o.8)ds = £(t.1)

N " of(t,s)

ds.
ot y

Note. Unicity for the nonhomo-
geneous case can also be con-
cluded from the unicity for the ho-
mogeneous case using a proof by
contradiction.



Attention! As opposed to the
continuous-time case, in discrete
time (5.11) is valid only for t > 1.
Therefore the state transition ma-
trix cannot be used to go back in
time.

Notation. Sometimes (5.11) is
written as

t—1

() =[] A®®),

=1y

but this notation can be dangerous
because it does not accurately de-
scribe the case r = fo and it hides
the fact that the order of the matri-
ces in the product (5.11) is gener-
ally crucial.
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5.3 Discrete-Time Case

The (unique) solution to the homogeneous discrete-time linear time-varying system

x(t+1) =A(t)x(z), x(tg) = xp e R", treN (5.9
is given by
x(t) = ®(t,10)x0, xo€R" 1 >19, (5.10)
where
Blorto) = {i(;- DA@=2)-+Alty + DA(t) o 64D
is called the (discrete-time) state transition matrix.
Properties (State transition matrix).
P5.5 Forevery ty = 0, ®(t,19) is the unique solution to
D(r+1,10) =A(t)P(z,10), D(tg,10) =1, 1=1.

The fact that (5.10) is the unique solution to (5.9) is a direct consequence of this property,
which can be proved by induction on ¢, starting at# = f.

P5.6 For every fixed #p > 0, the ith column of ®(z,1)) is the unique solution to

x(t+1) =A(t)x(r), x(ty) = ei, t =1,

where ¢; is the ith vector of the canonical basis of R”.

This is just a restatement of Property P5.5 above.
P5.7 Foreveryt>s>1>0,

D(t,5)D(s,7) = D1, 7).

Attention! The discrete-time state transition matrix ®(¢,#p) may be singular. In fact, this will always
be the case whenever one of A(r — 1), A(t —2), ..., A(fo) is singular. O

Theorem 5.3 (Variation of constants). The unique solution to

x(t+1)=A@)x(r) +B(t)u(t), y(t)=C(t)x(t) +D()u(r), x(to)=x€R", reN
is given by
t—1
x(t) = ®(t,t0)x0+ ». P(t,7+1)B(7)u(), Vi =19
t—1
y(t) = C(t)D(t,10)x0 + Z C(t)®(t,t+ 1)B(t)u(t) + D(t)u(t), Vit = 1o

T=ly

where ®(t,1) is the discrete-time state transition matrix. ]
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5.4 Exercises
5.1 (Causality and linearity). Use equation (5.7) to show that the system

X =A(t)x+B(t)u, y=C(t)x+D(t)u (CLTV)
is causal and linear. ]

5.2 (State transition matrix). Consider the system

0 ¢ 0 2
xz[o z]x—i-[t]u, yz[l O]x, xeR" u,yeR.
(a) Compute its state transition matrix

(b) Compute the system output to the constant input u(r) = 1, V¢ > 0 for an arbitrary initial condition
x(0) = [x1(0) x2(0)]". O
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Lecture 6

Solutions to LTI Systems

Contents

This lecture studies the properties of solutions to state-space linear time-invariant systems.

Matrix exponential

Computation of matrix exponentials using Laplace transforms
Characteristic polynomial

Discrete-time case

Symbolic computation in MATLAB®

Nk e =

6.1 Matrix Exponential
By applying the results in Lecture 5 to the homogeneous time-invariant system
X = Ax, x(ty) =x0 e R", =0,
we conclude that its unique solution is given by
x(t) = ®(t,t0)x9, xo€R", >0,

where now the state transition matrix is given by the Peano-Baker series,

t t S T S1 [S2
d(1,19) :=1+fAds1+jf Azdszdsl—i-fj J Addszdsyds) + - --
%) 1y Jig 1o Yo Jig

! 1 Sk—2 Sk— t—t, k
J J’U J]m Akdskdsk,l---dszdsl = (t—to) Ak7
,0 % k!

Since

we conclude that

(1,10) = Z (t_kifo)mk. 6.1)
k=0 :

Motivated by the power series of the scalar exponential, we define the matrix exponential of a given

n x n matrix M by MATLAB® Hint 19. expm(A)

computes the matrix exponential
of M. > p. 48

1
M ._ N gk
e .—Zk!M,
k=0
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Attention! Equation (6.2) does
not generalize to the time-varying
case in any simple way. In partic-
ular, the state transition matrix of
a time-varying system is not gen-
' A(t)dt
erally equal to e”0 .

Note. This is a consequence
of the semigroup property:
D(,0)P(0,—7) = P(t, 7).

Attention! In general, 4¢P #
€a+B)-

Attention! For A = [ % ﬁ] and
p(s) = s> +25+5,

p() =[33][#]
+2 53] 1551

~ 124+p+5 22+2x2+5]
3242x3454242%4+5]°
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which allows us to rewrite (6.1) simply as
D(1,19) = A010) (6.2)

Attention! Do not fail to notice that ¥ is defined by (6.1). It is not true that its i jth entry is given
by e™ii, where m;; is the ijth entry of M. m|

Going back to the nonhomogeneous case, we conclude from the variation of constants formula
that the solution to

X =Ax+ Bu, y=Cx+ Du, x(t9) =xp e R", 1=0 (6.3)

is given by

x(t) = eAU0)xg 4 J t AUTIB(t)u(t)dr,

(1) = CeA(l—lo)xO _{_J- CeA(t_T)BM(T)dT +Du(r). (6.4)

fo

6.2 Properties of the Matrix Exponential

The following properties are direct consequences of the properties seen before for the state transition
matrix of general time-varying system.

Properties (Matrix exponential).

P6.1 The function e*' is the unique solution to

eAt A-0 — I Z
dt L A, ¢ ’ =0
P6.2 The ith column of ¢* is the unique solution to
x(r) = Ax(t), x(0) = e, t =0,

where ¢; is the ith vector of the canonical basis of R”.
P6.3 Foreveryt,7eR,
AlAT — eA(H—r)'

P6.4 Foreveryt e R, ¢ is nonsingular and
(eAt>*1 —

O

For LTI systems, the state transition matrix has further important properties that derive from the
Cayley-Hamilton theorem, reviewed next. Given a polynomial

p(s) = aps” +ais" a4 +a, 15+ ap
and an n x n matrix A, we define
P(A) = aoA" + a1 A" + ar A" + - ay 1A + dulyn,

which is also an n X n matrix.
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Theorem 6.1 (Cayley-Hamilton). For every n x n matrix A,

where

AA) = A"+ a A"+ A" o ay A+ andysn = O,

A(s) =" +ars" a4 Fan_1s+an

is the characteristic polynomial of A. O

The reader is referred, e.g., to [ 1] for a proof of the Cayley-Hamilton theorem.

The following properties of the matrix exponential are a consequence of the Cayley-Hamilton
theorem and are specific to the time-invariant case.

Properties (Matrix exponential, continued).

P6.5

For every n x n matrix A, there exist n scalar functions (), o (), ..., 0,—1 () for which
n—1 )
A= 2 ai(1)A, vt e R. (6.5)
i=0

Proof. By the Cayley-Hamilton theorem,
A" a A A" g, A ta,d =0,
where the a; are the coefficients of the characteristic polynomial of A. Therefore
A" = —q A" — A T — - —a, A —ayl.

Using this, we conclude that

AT = —mAt AT — g, AT —a,A
al(alA”_1 + A+ ta, A+ ayl) — WA = —a,_ 1A —a,A
=(a} —ap)A" '+ (ajay —az)A" 24 (@1au_1 —an)A +ajand — - —a,_ 1A%
Therefore A”+! can also be written as a linear combination of A” 1, A"~2, ... A, I. Applying

the same procedure for increasing powers of A, we conclude that for every k > 0, A can be
written as

A =G, (A" +a, o (k)A" 2 4 - - +ay (k)A +ag(k)I, (6.6)

for appropriate coefficients a;(k). Replacing this in the definition of e*’, we conclude that

0 tk L o0 tk n—1 )
&’:ZEA =1§E§di(k)A’.

k=0

Notation. One often says that
A(s) annihilates A.

Notation. The characteristic
polynomial of an n X n matrix A
is the degree n monic polynomial
given by

A(s) = det(s] —A).

Its roots are the eigenvalues of A.



Note. Exchanging the order of
summation essentially amounts to
rearranging the order in which we
add the terms of the series. This
is allowed because this series is
absolutely convergent. You may
verify this by noting that the nu-
merator #*d; (k) grows only expo-
nentially on &, which is dominated
by the factorial growth of k!

Note. Since we are working with
unilateral Laplace transforms, this
method gives values for ¢ = 0.

Note. Recall that if A; = a + jb,

with a;,b; € R, then
Mt = ¢t (cos(bit) + jsin(bit))
and therefore || = %, V1.
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Exchanging the order of summation, we obtain

A :"i( S fkﬁ/;!(k))Ar.

i=0 k=0

Equation (6.5) follows if one defines a;(t) = >}" deé!(k) . [ |

P6.6 For every n x n matrix A,
At = MA, VteR.

This is a direct consequence of P6.5.

6.3 Computation of Matrix Exponentials using Laplace Trans-
forms

We saw in Property P6.1 that ¢!’ is uniquely defined by

ieA’ =AM, A0 = 1, t=0.
dt

Taking the Laplace transform.gf each side of the differential equation, we conclude that
f[gt eAt] = f[AeA’] et — M i, = At
o (I-A)=] o eli=(sI—A) "
Therefore we can use inverse Laplace transform tables to compute ¢*':
AN =g [(sI—A)_1 .

]

6.4 The Importance of the Characteristic Polynomial

We have seen in Lecture 4 that
_ det(sI—A)

(sI—A) = ——[adj(sI—A)]

1 r

where
det(sI —A) = (s — A1)™ (s — Ap)" -+ (s — Ag)™,

is the characteristic polynomial of A, whose roots A; are the eigenvalues of A, and adj(s] —A) is the
adjoint matrix of s/ — A whose entries are polynomials in s of degree n — 1 or lower.

To compute the inverse Laplace transform of (sI —A)~!, we need to perform a partial fraction
expansion of each entry of (s/ —A)~!. These are of the form

Oc]s”’l—i-azs”’z-i- ----- & 1S+ 0 ain (Sﬁl&l)2+___+ Aimy
(S_/’Ll)ml(S_/’Lz)m2 ”(S_A’k)mk _S—ll (S_/’U)ml
+et Akl a2 Al

+ L
s—Ar  (s—AK), +‘”+(s—kk) &

The inverse Laplace transform is then given by

lll l]l

e dap MM

rons" a4 @15+ O
+ajte

(s— A1), 1 (s—A2),2 -+ (s—AK), K ]Zalle

k1 k2 kmk
+ +a elk[—i—a telkt—i_ -+ axkm tmk—lelkt'
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Thus, when all the eigenvalues A; of A have strictly negative real parts, all entries of e/’ converge to  Notation. A matrix is called Hur-

zero as t — o0, which means that the output witz or a stability matrix if all its
eigenvalues have strictly negative

. real parts.
y(t) = CeAt=0)xy + J Ce*"=" Bu(t)dt + Du(t)
to Note. Here we have shown only
that if A is a stability matrix, then
converges to the forced response lim,—, -, €' = 0, but we show in

Lecture 7 that only stability ma-
t trices have this property. » p. 54
yi(t) = J CM' =D Bu(t)dt 4 Du(r).
1

0

6.5 Discrete-Time Case
Applying the results of Lecture 5 to the discrete-time homogeneous time-invariant system
xT = Ax, x(to) = xo € R", teN,
we conclude that its unique solution is given by
x(t) = ®(t,t9)x9, xo€R", >0,
where now the state transition matrix is simply given by
D(t,19) = A"Vt >1.

Going back to the nonhomogeneous case, we conclude from the discrete-time variation of constants
formula that the solution to

xT =Ax+ Bu, y =Cx+ Du, x(t9) =xp e R", t

WV
o

is given by

t—1

x(t) = A"xo+ Y AT Bu(t)
T=ly

t—1

¥(t) = CA0xg +

T=Iy

CA" "7 Bu(t) + Du(r).

The matrix power can be computed using Z-transforms as follows. From the definition of the
Z -transform, we conclude that

o0 x
g[Al+1] :=ZZ7IAI+1 =z ) Z*([+1)Al+1 =z sztAl_I) =Z(g[At]_1)
=0 t=0

t

On the other hand, Z°[A"+!] = A Z[A"]. Therefore we conclude that

~ ~

AA =z(AT =) o (d—AA =z < A =zz—A)""
Taking inverse 2 -transforms, we obtain
A =2z (ad—-A)].

Now, when all eigenvalues of A have magnitude smaller than 1, all entries of A’ will converge to  Notation. A matrix is called

zero as t — o0, which means that the output will converge to the forced response. Schur stable if all its eigenvalues
have magnitude strictly smaller

than 1.
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6.6 Symbolic Computations in MATLAB®

MATLAB® is capable of performing symbolic computation using Maple’s engine. This is
especially useful to compute matrix exponentials and Laplace transforms.

MATLAB® Hint 9 (syms). The command syms x1 x2 defines x1 and x2 as symbolic variables.
From this point forward, any computations involving these variables are performed symbolically
and result in symbolic expressions. One can include in the syms command information about the
types of the variables.

1. The command syms x1 x2 real defines x1 and x2 as symbolic variables in R.

By itself, the command syms lists all symbolic variables. 2. The command syms x1 x2

positive defines x1 and x2 as symbolic variables in (0,00).

For example,

>> A=[1,1;8:1]; 53448 41 d=1nv (sxeye (2)-A)

definé & new symbolic variable Q that is equal to (s/ —A) ' for A = [} 1]. ]
[ 8(5_—1), 1/(s-1)"2] o ) i
MAT[JAB Hint 8 (jacobian). The function jacobian(f,x) computes the Jacobian of the vec-

tor £ of symbolic expressions with respect to the vector x of symbolic variables.

For example,

>> syms px py theta v omega

>> x=[px;py;thetal ;u=[v;omegal; % state variable and control input
>> f=[v*cos(theta) ;v*sin(theta) ;omegal; % system dynamics
>> A=jacobian(f,x),B=jacobian(f,u)

A =

[ 0, 0, -v*sin(theta)]

[ 0, 0, vxcos(theta)]

L 0, o, 0]

B =

[ cos(theta), 0]

[ sin(theta), 0]

L 0, 1]

computes the local linearization of the unicycle considered in Exercise 2.2 in its original coordinates,
as in equation (2.11). O

MATLAB® Hint 19 (expm). The function expm(M) computes the matrix exponential of M. When
Mis a symbolic variable, the computation is carried out symbolically.

For example,

>> A=[1,1;0,1];syms t;Q=expm(A*t)

Q =
[ exp(t), txexp(t)]
L 0, exp(t)]
defines a new symbolic variable Q that is equal to ¢*’ for A == [(1) H O

MATLAB® Hint 10 (1aplace). The function 1aplace(F,t,s) computes the unilateral Laplace
transform of the symbolic expression F on the symbolic time variable t and returns it as a function
of the complex variable s.

For example:
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>> A=[1,1;0,1];syms t s;Q=laplace(expm(A*t),t,s)

qQ =
[ 1/G-1), 1/(s-1)"2]
L 0, 1/(s-1]

MATLAB® Hint 11 (ilaplace). The function ilaplace(F,s,t) computes the unilateral inverse
Laplace transform of the symbolic expression F on the symbolic complex variable s and returns it
as a function of the time variable t.

For example:

>> A=[1,1;0,1];syms t s;Q=ilaplace(inv(s*eye(2)-A),s,t)

Q =
[ exp(t), txexp(t)]
L 0, exp(t)]

MATLAB® Hint 12 (ztrans). The function ztrans (F, t,z) computes the unilateral 2 -transform
of the symbolic expression F on the symbolic time variable t and returns it as a function of the com-
plex variable z.

For example:

>> At=[1,t;0,1];syms t z;Q=ztrans(At,t,z)

Q =
[ z/(z-1), z/(z-1)"2]
L 0, z/(z-1)]

MATLAB® Hint 13 (iztrans). The function iztrans(F,z,t) computes the unilateral inverse Note. iztrans is especially
Z -transform of the symbolic expression F on the symbolic complex variable z and returns it as a  useful to compute matrix powers,

. . . b At d t k£
function of the time variable t. ceause 0es mot work for
a symbolic t.

For example:
>> A=[1,1;0,1];syms t z;Q=iztrans(z*inv(zxeye(2)-A),z,t)
Q =
[ 1, t]
[ 0, 1]

6.7 Exercises

6.1. We saw in Section 4.1 that the solution to the time-invariant system (6.3) with #y = 0 was given
by
!

() =P (t)xo+ (G*u)(t) =¥ (t)xo + L G(t — 7t)u(7)dt,

where
W(r) =27 [C(sI—A)7], G(t) = £~ '[C(sI —A)~'B+D].
In view of (6.4), what do you conclude about the relationship between G(t), ¥(¢), and *'?

Hint: Recall that a Dirac pulse has the property that

5]
J S(r—1)f(r)dr = f(1), Vi e [r,12]. a
n
6.2 (Matrix powers and exponential). Compute A’ and e/’ for the following matrices
110 110 A3:22881
Ar=1]0 1 0f, Ar=10 0 1], l 1l (6.7)
0 0 1 0 0 1 0033
t(2) 0 0 3J
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Lecture 7

Solutions to LTI Systems: The
Jordan Normal Form

Contents

This lecture studies how the Jordan normal form of A affects the solution to state-space linear time-
invariant systems.

1. Jordan normal form
2. Computation of matrix exponentials using the Jordan normal form
3. Eigenvalues with multiplicity larger than 1, block diagram interpretation

7.1 Jordan Normal Form

We start by reviewing the key relevant linear algebra concepts related to the Jordan normal form.

Theorem 7.1 (Jordan normal form). For every matrix A € C"*", there exists a nonsingular change
of basis matrix P € C"*" that transforms A into

Ji 0 0 e 0
J — PAP—I — 0 0 J’; . 0
[0 o o0 - .]g:| )
where each J; is a Jordan block of the form
Ji=

A1 0 s 0

0 Ai 1 (U I

0 0 A -+ 0

IR

with each A; an eigenvalue of A, and the number { of Jordan blocks is equal to the total number of
independent eigenvectors of A. The matrix J is unique up to a reordering of the Jordan blocks and
is called the Jordan normal form of A. O

Definition 7.1 (Semisimple). A matrix is called semisimple or diagonalizable if its Jordan normal
form is diagonal. O

51

Note. The Jordan normal form is
covered, e.g., in [12, 17].

MATLAB® Hint 20.
Jordan(A) computes the Jordan
normal form of A. »p. 52

Attention! There can be several
Jordan blocks for the same eigen-
value, but in that case there must
be more than one independent
eigenvector for that eigenvalue.

Note 5. How to find the Jordan
normal form of a matrix by
hand? »p. 52
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Theorem 7.2. For an n x n matrix A, the following three conditions are equivalent:
1. A is semisimple.

2. A has n linearly independent eigenvectors.
Note. Condition 3 provides a sim-

ple procedure to check for diago- 3. BBBIRAHBAIPE WRADIOREHE IR SRS R ENPS Aagamnihilates A i.e., there is a nonzerg

nalizability. Since every polyno-

mial that annihilates A musthave  NJATT AB® Hint 20 (jordan). The command [P,J]=jordan(A) computes the Jordan normal

each eigenvalue of A as a root . .. . . . .
(perhaps with different multiplic- form of the matrix A and returns it into the matrix J. The corresponding change of basis matrix is

ities), one simply needs to com- returned in P so that J = P~ !aP. O
pute all the distinct eigenvalues
At ..., A (k< m)of A and then  Attention! The computation of the Jordan normal form is very sensitive to numerical errors. To see

check if the polynomial p(s) =

(5—A1)--- (5 — AX) annihilates A. this, find the Jordan normal form of the following two matrices (which are very similar):

2 =
A |01 A2=r10 1 .
= lo ol 0 ol

Note 5 (Determining the Jordan normal form). The computation of the Jordan normal form can be a
very tedious process. However, the following procedure can be used to efficiently compute by hand
the Jordan normal form of a (small) matrix A.

1. Compute the eigenvalues and eigenvectors of A.

2. List all possible Jordan normal forms that are compatible with the eigenvalues and eigenvec-
tors of A. To do this, keep in mind that

e the number of Jordan blocks associated with an eigenvalue A must be equal to the
number of independent eigenvectors of A associated with the eigenvalue A;

e cigenvalues with multiplicity equal to 1 must always correspond to 1 x 1 Jordan blocks;

blocks; e eigenvalues with multiplicity equal to 2 can correspond to one 2 x 2 block

ortwo 1 x 1

e cigenvalues with multiplicity equal to 3 can correspond to one 3 x 3 block, one 2 x 2
block and two 1 x 1 blocks, or three 1 x 1 blocks, etc.

3. For each candidate Jordan normal form, check whether there exists a nonsingular matrix P for
which J = PAP~!. To find out whether this is so, you may solve the (equivalent, but simpler)
linear equation

JP=PA
for the unknown matrix P and check whether it has a nonsingular solution. O

Since the Jordan normal form is unique (up to a permutation of the blocks), once you find a matrix
—b
? Wt ;?ﬁpﬁmtﬁmd ofrdviatiix "PawerSAtising' the [JordadoNo reival
orm o
orm

Given an n x n matrix A, let J = PAP~! be the Jordan normal form of A. Since

J=PAP~' & A=pPlp



System Representation 53

we conclude that Jt
0 --ee-- 0

N Y

A=plypplyp...plyp=p-lyp=pt s 2 1}

kti;es . : B :
o o ]

where the J; are the Jordan blocks of A. It turns out that it is easy to compute J! for a Jordan block
Jil

(7.1)

IR 1Y o it
Ji— hﬁ' 1 T =B G D=1
10 e 0 P T ) s
0 A1 o, i i 2 2 —2)!
i ' i—1 na "
b 0 A - 0 I I T =
[0 0 0 - liJ,,.x,,. : i1
ixni 0 0 0 0o - X
[bl 0 0 0 ... !

which can be verified by induction on .

This expression confirms what we had seen before (and provides additional insight) about the
connection between the eigenvalues of A and what happens to A’ as t — co.

1. When all the eigenvalues of A have magnitude strictly smaller than 1, then all the J* — 0 as
t — o0, and therefore A’ — 0 as t — 0.

2. When all the eigenvalues of A have magnitude smaller than or equal to 1 and all the Jordan
blocks corresponding to eigenvalues with magnitude equal to 1 are 1 x 1, then all the J! remain
bounded as r — o0, and consequently, A’ remains bounded as 1 — c0.

3. When at least one eigenvalue of A has magnitude larger than 1 or magnitude equal to 1, but
the corresponding Jordan block is larger than 1 x 1, then A’ is unbounded as t — co.

7.3 Computation of Matrix Exponentials using the Jordan Nor-
mal Form

Given an n x n matrix A, we saw that

Denoting by J = PAP~! the Jordan normal‘]ﬁorm of A, we conclude from (7.1) that

]{c O ceeeee 0- P=P71 A LA T 0-
(I |ﬁ[9| 7 OHH |\||P| e”! 0—|II
kkzl [0 () (I: 0 0o - erlJ I:’I

A =p! (7.2)

[

[

Notation. A matrix is called
Schur stable if all its eigenvalues
have magnitude strictly smaller
than 1.
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where the J; are the Jordan blocks of A. It turns out that it is also easy to compute ¢’ for a Jordan
block J;, leading to 111

[1 t 2 2. i !
Ji= 213 (=)
1 0O «covve O - O Il ‘ ﬁ Mmi—2 Il
20 (=)
1 A Ol 00 1 ¢ o
%‘) 0 A 0 o it = M (ni—3)! (73)
[. I 111 . . : .
00 0 - )"iJn,-xn,- 0 0 O 0 t
1 [o 00 0 - 1

This can be verified by checking that the expression given for /i’ satisfies ¢/i' = I and

2 nj—1 7] ni—2 ]
R 01 gy
d O t ([ 2)‘ I I (b IO 1 (n, 32; I I
Ait nj—3 _ 3 it Ait
Ee oo 1 - (2_3)! =L+ 0 0 0 (,,, n
[0 0 0 | |0 0 O 0 |
01 0 ---uu- Q--
00 1 0
o lieji’ + 0O 0 O 0 erf _ Jiejzt
lo 0 o 0

Equations (7.2)—(7.3) confirm what we had seen bFfore (and provide additional insight) about
the connection between the eigenvalues of A and what happens to ¢ as t — o0.

Notation. A matrix is called Hur- 1. When all the eigenvalues of A have strictly negative real parts, then all the e/ — 0 as t — o,
witz or a stability matrix if all its and therefore ¢ — 0 as 1 — 0.

eigenvalues have strictly negative

real parts. 2. When all the eigenvalues of A have negative or zero real parts and all the Jordan blocks cor-

responding to eigenvalues with zero real parts are 1 x 1, then all the ¢’i' remain bounded as
t — o0, and consequently, &M remains bounded as 1 — 0.

3. When at least one eigenvalue of A has a positive real part or a zero real part, but the corre-
sponding Jordan block is larger than 1 x 1, then ¢ is unbounded as t — o0.

7.4 Eigenvalues with Multiplicity Larger than 1

Diagonalizability is a generic property for real matrices. This means that if one draws entries at
random, the probability of obtaining a matrix that is not diagonalizable is zero. However, in spite
of being so unlikely, nondiagonalizable matrices arise frequently in state-space linear systems. The
explanation for this paradox lies in the fact that certain system interconnections always produce
nondiagonalizable blocks.

Consider the parallel connection in Figure 7. ]t(a) of two integrators. This system corresponds to

the state-space model
1

oo ]
X = X+ u,
L2 u, PN 0 0 1

{r)"lzyﬂﬁ‘:l\’z y= [1 l]x’



System Representation 55

Y1

@ |—

<
<

1
s

|
|

2

b) cascade

(a) paralle

Figure 7.1. Block interconnections.

where we chose for state x == [y1 ¥2]' The A matrix for this system is diagonalizable with two zero  Note. What are the cigenvectors
. o . y & g
eigenvalues with independent eigenvectors. of A corresponding to the zero
. . . . . . eigenvalue?
Consider now the cascade interconnection in Figure 7.1(b) of the same two integrators. This

system corresponds to the following state-space{ model

L2y,

g
=

Y= y=|1 ox,

where we chose for state x := [yz yl]l. In this case, the A matrix is not diagonalizable and has a
single 2 x 2 Jordan block.

The following general conclusions can be extrapolated from this example.

1. Cascade interconnections of k identical subsystem systems always lead to A matrices for the
cascade with k x k Jordan blocks, one for each (simple) eigenvalue of the individual subsystems.
The cascade will have larger Jordan blocks if the individual subsystems already have Jordan
blocks larger than 1 x 1.

In view of what we saw in Sections 7.2 and 7.3, cascade interconnections can thus have a
significant impact on the properties of continuous-time and discrete-time systems when the
subsystems have poles with a zero real part or magnitude equal to 1, respectively.

2. In contrast, parallel interconnections of identical subsystems do not increase the size of the
Jordan blocks.

Thus, parallel interconnections generally do not significantly change the system’s properties
as far as the boundedness of solutions is concerned.

7.5 Exercises

7.1 (Jordan normal forms). Compute the Jordan normal form of the A matrix for the system repre-
sented by the following block diagram:

. T n] |
52 + @? L s +
52 + a?

Y3 .

y2

G | =

<

Figure 7.2. Block interconnection for Exercise 7.1.
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Part 11

Stability
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Lecture 8

Internal or Lyapunov Stability

Contents

This lecture introduces a notion of stability that expresses how the (internal) state of the system
evolves with time.

Review of matrix norms

Internal or Lyapunov stability

Eigenvalue conditions for Lyapunov stability
. Lyapunov stability theorem (linear matrix
inequalities)

5. Discrete-time case

6. Stability of locally linearized systems

7. Stability tests with MATLAB®

B -

8.1 Matrix Norms (review)

Several matrix norms are available. The following are the most common matrix norms for an m x n
matrix A = [a;}].

1. The one-norm,

m
|A]1 = 12,%,2 |aijl.
i=

For a (column) vector v = [v;] € R, v]; = Zle [vil.-

2. The co-norm,
n
[Allo = max 21 |aijl-
j=

For a (column) vector v = [v;] € RY, |[v

o = Mmax i<y |Vil-

3. The two-norm,
IA]l2 = omax[Al

where Omax[A] denotes the largest singular value of A. For a (column) vector v = [v;] eR’,

this norm corresponds to the usual Euclidean norm v := 4/ Zle V2.
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MATLAB® Hint 21.
norm(A,1) computes the
one-norm of A.

MATLAB® Hint 22.
norm(A,inf) computes the
oo-norm of A.

Notation. In the absence of a
subscript, || - || generally refers to
the two-norm.

MATLAB® Hint 23. norm(4,
2), or simply norm(4),
computes the two-norm of A.

MATLAB® Hint 24. svd ()
computes the singular values of
A, which are the square roots of
the eigenvalues of A’A.

MATLAB® Hint 25.



Note. For subordinate norms, we
can view the value of [|A]|, as the
maximum vector norm amplifica-
tion that can result from multiply-
ing a vector by A.
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4. The Frobenius norm,

n
|
Al = Za%,-w SilAP,
j i=1

where the 0;[A] are the singular values of A. For (column) vectors, the Frobenius norm coin-
cides with the two-norm (and also witi the Euclidean norm), but in general this is not true for
matrices.

All matrix norms are equivalent in the sense that each one of them can be upper and lower bounded
by any other times a multiplicative constant:

AR - [ZY P Al
— <A< nlA], —= <A< mlA], TS Al <Al
v N

N N
The four matrix norms above are submultiplicative; i.e., given two matrices A and B

|AB], < Al |Blo,  pe€il,2,00,F}.

For any submultiplicative norm | - | ,, we have

|Ax], < [Allp |x[p,  Vx
and therefore
A
HAHP max ” XHP

0 |xf

The one-, two-, and co-norms are also subordinate to the corresponding vector norms; i.e., we
actually have

1Al
0l

)

Al = mg e {1,2,%0}. 8.1)

The equality in (8.1) arises from the fact that subordinate norms have the property that for every
matrix A there exists a vector x* € R” for which

Al pe{l,2,00}. (8.2)

_ e

p=
Attention! The Frobenius norm is submultiplicative but not subordinate, which means that

|A|F > max =

One can check this, e.g., for the matrix [(2) (1)]

, for which [|A]|r = +/

5~ 2.24, and yet
b= 1All2 = 2
x AT

x#0
This example shows that the Frobenius norm typically overestimates how much amplification can

result from multiplying by A. |

forum.konkur.in
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8.2 Lyapunov Stability
Consider the following continuous-time LTV system

% =A(t)x+B(t)u, y =C(t)x+D(t)u, xeR" ueRF yeR™. (CLTV)
Definition 8.1 (Lyapunov stability). The system (CLTV) is said to be

1. (marginally) stable in the sense of Lyapunov or internally stable if, for every initial condition
x(t9) = xo0 € R", 1p = 0 the homogeneous state response

x(r) = @(t,19)xo0, Vi>0
is uniformly bounded,

2. asymptotically stable (in the sense of Lyapunov) if, in addition, for every initial condition
x(t9) = x0 € R", 1p = 0 the homogeneous state response satisfies x(r) — 0 as t — o0,

3. exponentially stable if, in addition, there exist constants ¢, A > 0 such that, for every initial
condition x(fp) = x € R", 1y > 0 the homogeneous state response satisfies

@< ce 0 x(w)],  Vi=0, o

4. unstable if it is not marginally stable in the Lyapunov sense. O

The matrices B(-), C(-), and D(-) play no role in this definition; only A(-) matters because this
matrix completely defines the state transition matrix ®. Therefore one often simply talks about the
Lyapunov stability of the homogeneous system

X =A(t)x, xeR"™
Attention!

1. For marginally stable systems, the effect of initial conditions does not grow unbounded
with time (but it may grow temporarily during a transient phase).

2. For asymptotically stable systems, the effect of initial conditions eventually disappears
with time.

3. For unstable systems, the effect of initial conditions (may) grow over time (depending on
the specific initial conditions and the value of the matrix C). O

8.3 Eigenvalues Conditions for Lyapunov Stability

The results in Lecture 7 about matrix exponentials provides us with simple conditions to classify the
continuous-time homogeneous LTI system

X =Ax, xeR" (H-CLTD
in terms of its Lyapunov stability, without explicitly computing the solution to the system.
Theorem 8.1 (Eigenvalue conditions). The system (H-CLTI) is

1. marginally stable if and only if all the eigenvalues of A have negative or zero real parts and
all the Jordan blocks corresponding to eigenvalues with zero real parts are 1 x 1,

2. asymptotically stable if and only if all the eigenvalues of A have strictly negative real parts,

3. exponentially stable if and only if all the eigenvalues of A have strictly negative real parts, or

Note. A signal x : [0,00) — R”
is uniformly bounded if there ex-
ists a constant ¢ > 0 such that
[x()[|< ¢, Ve =0.

Notation. A matrix is called Hur-
witz or a stability matrix if all its
eigenvalues have strictly negative
real parts.



Note. When all Jordan blocks
have multiplicity equal to 1, we
can choose A to be the largest
(least negative) real part of the
eigenvalues. Otherwise, A has to
be strictly smaller than that. See
Exercise 8.3.

Note. See Exercise 8.4.

Notation. When one talks about
positive-definite, negative-
definite, or semidefinite matrices,
it is generally implicit that the
matrix is symmetric.

MATLAB® Hint 15. eig(A)
computes the eigenvalues of the
matrix A. »p. 71

Note. Every n x n symmetric ma-
trix has real eigenvalues and n or-
thogonal (independent) eigenvec-
tors.

Note. In (8.4) we are using the
two-norm for x.
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4. unstable if and only if at least one eigenvalue of A has a positive real part or zero real part,
but the corresponding Jordan block is larger than 1 x 1. O

Attention! When all the eigenvalues of A have strictly negative real parts, all entries of e’ converge
to zero exponentially fast, and therefore |[¢!|| converges to zero exponentially fast (for every matrix
norm); i.e., there exist constants ¢, A > 0 such that

e <ce™®,  VieR.
In this case, for a submultiplicative norm, we have

le@NI=1 ey 0l < lleg o)l 1K < ey 0l VEeR.

This means that asymptotic stability and exponential stability are equivalent concepts for LTT sys-
tems. O

Attention! These conditions do not generalize to time-varying systems, even if the eigenvalues of
A(t) do not depend on ¢. One can find matrix-valued signals A(7) that are stability matrices for every
fixed 7 > 0, but the time-varying system x = A(f)x is not even stable. O

8.4 Positive-Definite Matrices (review)
A symmetric n x n matrix Q is positive-definite if

X Ox >0, Vx e R"\{0}. (8.3)

When > is replaced by <, we obtain the definition of a negative-definite matrix. Positive-definite
matrices are always nonsingular, and their inverses are also positive-definite. Negative-definite
matrices are also always nonsingular, and their inverses are negative-definite.

semidefinite, respectively. When (8.3) holds only for < or >, the matrix is said to be positive-
semidefinite or negative-

The following statements are equivalent for a symmetric n x n matrix Q.
ositive-de

%I thg etermlnanflsn(i)%eéll upper left submatrices of Q are positive.
%I ﬁ%%égg)gg%sl%e% %frgn%rgs%tlrgi%tllgr ?gasli tlir\llgfrix H such that
Q=H'H.
For a positive-definite matrix Q we have
Y # 0,

0 < Amin[ Q]X[* < X' Ox < Amax[Q] X, (8.4)

where Apmin[Q] and Amax[Q] denote the smallest and largest eigenvalues of Q, respectively. The
properties of positive-definite matrices are covered extensively, e.g.,in [12, 17].

8.5 Lyapunov Stability Theorem

The Lyapunov stability theorem provides an alternative condition to check whether or not the continuous-

time homogeneous LTI system

X = Ax, xeR"”

(H-CLTI)

is asymptotically stable.
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Theorem 8.2 (Lyapunov stability). The following five conditions are equivalent:

1.

The system (H-CLTI) is asymptotically stable.

2. The system (H-CLTI) is exponentially stable.
3.
4

All the eigenvalues of A have strictly negative real parts.

. For every symmetric positive-definite matrix Q, there exists a unique solution P to the follow-

ing Lyapunov equation
A'P+PA=—Q. (8.5)
Moreover, P is symmetric and positive-definite.

There exists a symmetric positive-definite matrix P for which the following Lyapunov matrix
inequality holds:

A'P+PA <0. (8.6)

Proof of Theorem 8.2. The equivalence between conditions 1, 2, and 3 has already been proved.

We prove that condition 2 = condition 4 by showing that the unique solution to (8.5) is given by

P = f B A0 dt. (8.7)
0

To verify that this is so, four steps are needed.

1.

The (improper) integral in (8.7) is well defined (i.e., it is finite). This is a consequence of the
fact that the system (H-CLTI) is exponentially stable, and therefore ||e’Qe?|| converges to
zero exponentially fast as t — o0. Because of this, the integral is absolutely convergent.

The matrix P in (8.7) solves the equation (8.5). To verify this, we compute

%0
A'P+PA = f AN QN + N Qe Adr.

0
But
% (eA/IQeAt — AleA/lQeAt + @A/IQEAIA,
therefore
“d ’ o0 . ’
A'P+PA = L o (e Qe )dt ]O = (Jlim e Qe") — ! Qe

Equation (8.5) follows from this and the facts that lim,_,., ¢’ = 0 because of asymptotic
stability and that ¢4 = I.

. The matrix P in (8.7) is symmetric and positive-definite. Symmetry comes from the fact that

o0 , 0 Q, )t wo
P'=f (eA’QeAf>’dt=f (1) (@)= QAMdr=P.
0 0 (G 0

To check that P is positive-definite, we pick an arbitrary (constfnt) vector z € R" and compute

Pz = f %Z'eA,’QeAtzdt = J %w(t)'Qw(t)dt,
0

0

where w(r) = Mz, Yt > 0. Since Q is positive-definite, we conclude that z'Pz > 0. Moreover,
’_/_‘\
7Pz=0 = f w(t) Qw(t)dt =0,
0

which can only happen if w(t) = e’z = 0, V¢ > 0, from which one concludes that z = 0,
because ¢ is nonsingular. Therefore P is positive-definite.

Notation. A matrix is called Hur-
witz or a stability matrix if all its
eigenvalues have strictly negative
real parts.

MATLAB® Hint 26.

P=1yap(4,Q) solves
the Lyapunov equation
AP+PA = —Q. »p. 71

Note 6. We will later add a sixth
equivalent condition that will al-
low Q in (8.5) to be only positive-
semidefinite. » p. 105
Note. The equation (8.6) is called
a linear matrix inequality (LMI).
The term “linear” comes from the
linearity of the left-hand side in P,
and < refers to the fact that the
left-hand side must be negative-
definite.

Note. To prove that multiple
statements Py, P, ..., Py are
equivalent, one simply needs
to prove a cycle of implica-
tions: P, = P, P, = P, ...,
Pg,l = P[, aIldPg = Pl.

Note. Check that (e )/ =e,,
(Cf. Exercise 8.5.)

’



Note 7. To prove a statement P
by contradiction, one starts by as-
suming that P is not true and then
one searches for some logical in-
consistency.

Note. Here we are using the two-
norm for x.
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4. No other matrix solves this equation. To prove this by contradiction, assume that there exists
another solution P to (8.5); i.e.,

A'P+PA=—0Q, and A'P+PA =—0Q.
Then

A'(P—P)+(P—P)A =0.

Multiplying the above equation on the left and right by A and e, respectively, we conclude
that

MA(P—P)eM + M (P—P)Ae, =0, V0.
On the other hand,

d 7 - ! - li
= ("' (P—P)e) = &V "A(P— P)e + ¢ (P~ P)Ae,, =0,

and therefore ¢ (P — P)e* must remain constant for all times. But, because of stability, this
quantity must converge to zero as t — 00, so it must be always zero. Since ¢*’ is nonsingular,
this is possible only if P = P.

in condition 4, then the matrix P that solves (8.5) also satisfies (8.6). The implication that

condition 4 = condition 5 follows immediately, because if we select Q = —1

Q:=—(A'P+PA)>0.
To prove that condition 5 = condition 2, let P be a symmetric positive-definite matrix for which
Robyidsidsmarbierary solution to equation (H-CLTI), and define the scalar signal
v(r) =x"(t)Px(t) = 0, Yt = 0.

Taking derivatives, we obtain

v=xPx+x'Pi=x'(A'P+PA)x=—x'0x <0, Vi = 0. (8.8)
Therefore v(¢) is a nonincreasing signal, and we conclude that

v(r) = x'(1)Px(t) < v(0) = x'(0)Px(0), Yt = 0.

But since v = x’Px > Apin[P]||x||*, we conclude that

v(t) v(0)

N, < _ M 0
XY AminlP] " Amin[P]

which means that the system (H-CLT1) is stable. To verify that it is actually exponentially stable, we

2o back to (8.8) and, using the facts that X’ Qx > Anmin[Q]||x||*> and that v = X’ Px < Amax[P][x]?, we
conclude that

J<(

V>0, (8.9)

V= —x'0x < —Amin[ Q] x| < _ il O] v, Vr = 0. (8.10)

max [P ]
To proceed, we need the Comparison lemma.

Lemma 8.1 (Comparison). Let v(t) be a differentiable scalar signal for which
v(t) < pv(t), Vt >ty
for some constant L € R. Then

v(r) e Tv(rg), Ve =1, 8.11)
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Applying the Comparison lemma 8.1 to (8.10), we conclude that

A’ i [Q]
iy (tft()) o min
v(t) <e v(to), V=0, A= —,
( ) ( 0) 2 ax [P]
which shows that v(¢) converges to zero exponentially fast and so does ||x(7)| [see (8.9)]. [ |

Proof of Lemma 8.1. Define a new signal u(t) as follows:
u(t) = e HI=0)y(r), Yt = 1.
Taking derivatives, we conclude that
u=—pe FUT0)y(r) e HIT05(r) < —pe HU0)y(r) + pe HU—0)y(r) = 0.
Therefore u is nonincreasing, and we conclude that
u(t) = e HUT0v(1) <ult) = v(tg), Vi =10,

which is precisely equivalent to (8.11). [ |

8.6 Discrete-Time Case

Consider now the following discrete-time LTV system
x(t+1) =A(@t)x(r) + B(t)u(t), y(t) = C(t)x(t) + D(t)u(t). (DLTV)
Definition 8.2 (Lyapunov stability). The system (DLTV) is said to be

1. (marginally) stable in the Lyapunov sense or internally stable if, for every initial condition
x(ty) = xo € R", 1p = 0 the homogeneous state response

x(1) = (1,10)x0, Vip =0
is uniformly bounded,

2. asymptotically stable (in the Lyapunov sense) if, in addition, for every initial condition x(¢y) =
xp € R", 1y = 0 the homogeneous state response satisfies x(#) — 0 as 1 — 0,

3. exponentially stable if, in addition, there exist constants ¢ > 0, A < 1 such that, for every
initial condition x(zp) = xo € R", 7y = 0 the homogeneous state response satisfies

lx@)l< A x(@)l,  Vt=10, or

4. unstable if it is not marginally stable in the Lyapunov sense. |

The matrices B(+), C(-), and D(+) play no role in this definition; therefore, one often simply talks
about the Lyapunov stability of the homogeneous system

x(t+1)=A(r)x, xeR" (H-DLTV)
Theorem 8.3 (Eigenvalue conditions). The discrete-time homogeneous LTI system

xt=Ax, xeR” (H-DLTI)

1. marginally stable if and only if all the eigenvalues of A have magnitude smaller than or equal
to 1 and all the Jordan blocks corresponding to eigenvalues with magnitude equal to 1 are
1 x1,



Notation. A matrix is called
Schur stable if all its eigenvalues
have magnitude strictly smaller
than 1.

MATLAB® Hint 27.
P=dlyap(A,Q) solves the Stein
equation APA’ —P = —Q. »p. 71
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2. asymptotically and exponentially stable if and only if all the eigenvalues of A have magnitude
strictly smaller than 1, or

3. unstable if and only if at least 1 eigenvalue of A has magnitude larger than 1 or magnitude
equal to 1, but the corresponding Jordan block is larger than 1 x 1. O

Theorem 8.4 (Lyapunov stability in discrete time). The following five conditions are equivalent:
1. The system (H-DLTI) is asymptotically stable.
2. The system (H-DLTI) is exponentially stable.
3. All the eigenvalues of A have magnitude strictly smaller than 1.
4

. For every symmetric positive-definite matrix Q, there exists a unique solution P to the
following Stein equation (more commonly known as the discrete-time Lyapunov equation)

A'PA—P=—-Q. (8.12)
Moreover, P is symmetric and positive-definite.

5. There exists a symmetric positive-definite matrix P for which the following Lyapunov matrix
inequality holds:

A’PA—P <. O

Attention! In discrete time, in the proof of the Lyapunov stability theorem 8.4 one studies the evo-
lution of the signal

v(t) =x'(t)Px(t), Vt=1.
In this case, along solutions to the system (H-DLTI), we have
v(t+1) =x"(r+ 1)Px(t + 1) = x(r)A’PAx(1),
and the discrete-time Lyapunov equation (8.12) guarantees that
v(t+1) =x(t)(P—Q)x(t) = v(r) — x(1)0x(1), Ve > 0.

From this we conclude that v(7) is nonincreasing and, with a little more effort, that it actually de-
creases to zero exponentially fast. O

Table 8.1 summarizes the results in this section and contrasts them with the continuous-time
conditions for Lyapunov stability.

8.7 Stability of Locally Linearized Systems

Consider a continuous-time homogeneous nonlinear system
x = f(x), xeR", (8.13)

with an equilibrium point at x4 € R"; i.e., f(x°1) = 0. We saw in Lecture 2 that the local linearization
of (8.13) around x*4 is given by

3x=A5x, (8.14)

with 0x = x —x*4 and
A= af (x*9)
ox

It turns out that the original nonlinear system (8.13) inherits some of the desirable stability properties
of the linearized system.
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Notation. When this happens, we
say that x*4 is a locally exponen-
tially stable equilibrium point of
the nonlinear system (8.13). The
qualifier “locally” refers to the
fact that the exponentially decay-
ing bound (8.15) needs to hold
only for initial conditions in a ball
B around x*9 [9].

Note. In (8.17) we used the sub-
multiplicative property of the two-
norm.

Notation. The set & was con-
structed so that x(r) € & <
v(r) <e.
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Theorem 8.5 (Stability of linearization). Assume that the function f in (8.13) is twice differentiable.
If the linearized system (8.14) is exponentially stable, then there exists a ball B R" around x*% and
constants ¢,A > 0 such that for every solution x(t) to the nonlinear system (8.13) that starts at
x(t) € B, we have

xe(2) —x%9|| < ce* @) |x(to) — x|, Vi = 1. (8.15)

O

Proof of Theorem 8.5. Since f is twice differentiable, we know from Taylor’s theorem that
(@) = £(0) = (F(:5) +A8x) = f(x) A 8x = O(|8x]2),

which means that there exist a constant ¢ and a ball B around x°9 for which

|r(x)||< c|6x]?, Vx € B. (8.16)
Since the linearized system is exponentially stable, there exists a positive-definite matrix P for which

A'P+PA=—I.

Inspired by the proof of the Lyapunov stability theorem 8.2, we define the scalar signal

v(r) = 6x" P éx, Vi >0,
and compute its derivative along trajectories to the nonlinear system in equation (8.13):

v =+Fk) POx+ 6x'Pf(x)
(Adx+r(x)),Pox+6x P(Adx+r(x))
= &HA'P + PA)Sx +28x' Pr(x)
—-Sx[ 0w Pr(x)

< Oxy 2[Plox] Ir(x)]- (8.17)

To make the proof work, we would like to make sure that the right-hand side is negative; e.g.,
2
2 2
—l0x=+2 [P 8] |r(x) | <= =]
To achieve this, let € be a positive constant sufficiently small so that the ellipsoid
E={xeR": (x—x)P(x—x) < ¢}
centered at x*4 satisfies the following two properties.

1. The ellipsoid & is fully contained inside the ball B arising from Taylor’s theorem (cf. Fig-
ure 8.1). When x is inside this ellipsoid, equation (8.16) holds, and therefore

e = V< —[Bxl>+2c|P|8x]* = —(1—2¢|P]|8x])| 8x|*.

2. We further shrink € so that inside the ellipsoid & we have

2 1
1=2c|P[|ox]| =2 - < [6x] <%
de|P|
For this choice of €, we actually have
. 2 )
x(t)e& = v<——|6x|". (8.18)
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B (from Taylor’s
€oter

B (inside &)

Figure 8.1. Construction of ball B for the proof of Theorem 8.5.

We therefore conclude that
v << . .
() )(F;é = 7= ycannotincrease above & = x cannot exit &.
vt

x(t)e& = {

Therefore if x(0) starts inside &, it cannot exit this set. Moreover, from (8.18) and the fact that
8x' P 8x < |P||8x|?, we further conclude that if x(0) starts inside &,

1%
< —
2|P]

exponentially fast. The ball B around x®! in the statement of the theorem can be any ball inside &.

and therefore, by the Comparison lemma 8.1, v and consequently dx := x — x4 decrease to zeng

When the linearized system is unstable, the nonlinear system also has undesirable properties
(proof in [, Chapter 6]):

Theorem 8.6 (Instability of linearization). Assume that the function f in (8.13) is twice

differentiable. If the linearized system (8.14) is unstable, then there are solutions that start arbitrari@
eq S

f&l?tyeentgo)fl! ’ tegotﬁlg ] églgthelrsnp R }§ fnz;gl%ally stable, not much can be said about the

nonlinear system merely from analyzing the linearized system. For example, the two systems

i=-x and =42 (8.19)

have the same local linearization,

around x*9 = 0, which is only marginally stable. Yet for the left-hand side system in (8.19), x always
converges to zero, while for the right-hand side system, x always diverges away from the equilibrium
point. O

Example 8.1 (Inverted pendulum). Consider the inverted pendulum in Figure 8.2 and assume that
u =T and y = 0 are its input and output, respectively.

Notation. A set such as &, with
the property that if the state starts
inside the set it remains there for-
ever, is called forward invariant.



Note. This equilibrium point is
X =mx, u =0, y9=rx, and
therefore 8x := x —x® = x — 7,
Su=u—ud=u,6y:=y—y4=
y—T.

Note. We now know that this con-
vergence is actually exponential.

Note. This equilibrium point is
x4 =0, u*9 =0, y99 =0, and
therefore 6x == x — x4 = x, du =
u—ut =u, 8y=y—y4 =y
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From Newton’s law,
ml*6 = mglsin 0 — b0 +T,

where T denotes a torque applied at the
base and g is the gravitational accelera-
tion.

Figure 8.2. Inverted pendulum.

The local linearization of this system around the equilibrium point for which 6 = 7 is given by

O0x = Adx+ Bu, Oy = Céx,
where
A:=[0 1;,], Bzz[o], C:=[1 O].
7 —wn 1

The eigenvalues of A are given by
b 4 b b
det(Al —A) = — - = = —— 4+ _ ) — =
et(4 ) ( A+m€2)+g 0 = 4 2me? — <2m€2) I's

and therefore the linearized system is exponentially stable, because

7+ ()
2ml2 — N \2mf2) g
has a negative real part. This is consistent with the obvious fact that in the absence of u the (nonlin-

ear) pendulum converges to this equilibrium.

The local linearization of this system around the equilibrium point for which 6 = 0 is given by
Ox =Adbx+ Bu, 8y = Cox,

where
0 1 0
A:=[‘g _L]’ Bzz[l], C:=[1 O].
l ml?
The eigenvalues of A are given by
b 4 b b
deia—ay=f 2+ L)L N
et(A ) l+m£2 p 0 < A i +§
and therefore the linearized system is unstable, because
52ty () + 2 >0
2me? 2me? g '

This is consistent with the obvious fact that in the absence of u the (nonlinear) pendulum does not
naturally move up to the upright position if it starts away from it. However, one can certainly make
it move up by applying some torque u.
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Discrete-Time Case
Consider a discrete-time homogeneous nonlinear system
+ _ n
X = f(x)a xeR ’

with an equilibrium point at x4 € R”; i.e., f(x®4) = x°4. The local linearization of (8.13) around x*
is given by

Sxt = Adx, (8.20)
with 0x = x —x®1 and
A=
0flry)
Ox

Theorem 8.7. Assume that the function f in (8.13) is twice differentiable.

1. If the linearized system (8.20) is exponentially stable, then there exists a ball B around x*1
such that every solution x(t) to the nonlinear system (8.13) that starts at x(0) € B converges
to x°4 exponentially fast as t — o0.

2. If the linearized system (8.20) is unstable, then there are solutions that start arbitrarily close
to x*4, but do not converge to this point as t — 0. |

8.8 Stability Tests with MATLAB®

MATLAB® Hint 15 (eig). The function eig(A) computes the eigenvalues of the matrix A. Alter-
natively, eig(sys) computes the eigenvalues of the A matrix for a state-space system sys specified
by sys=ss(A,B,C,D), where A,B,C,D are a realization of the system. O

MATLAB® Hint 26 (1yap). The command P=1yap(A,Q) solves the Lyapunov equation
AP+PA = —Q. |
MATLAB® Hint 27 (d1yap). The command P=d1lyap(A,Q) solves the Lyapunov equation

APA —P = —Q. m]

8.9 Exercises

8.1 (Submultiplicative matrix norms). Not all matrix norms are submultiplicative. Verify that this
property does not hold for the norm

IAfjA = max = max |a],
I<ism 1<j<n

which explains why this norm is not commonly used.

Hint: Consider the matrices A = B = [(1) H O

8.2. For a given matrix A, construct vectors for which (8.2) holds for each of the three norms | - ||;,
| -12, and | - <. O

8.3 (Exponential of a stability matrix). Prove that when all the eigenvalues of A have strictly negative
real parts, there exist constants ¢, A > 0 such that

|l <ce ™,  VieR.

Hint: Use the Jordan normal form. O

Attention! To solve

AP +PA = —Q,

one needs to use P=lyap(A’,Q).

Attention! To solve

A'PA—P = —Q,

one needs
P=dlyap(A’,Q).

to

use
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8.4 (Stability of LTV systems). Consider a linear system with a state-transition ®(z, t) matrix for
which

e'cos2t e~ sin2t

@(t,0) = —e, sin2t e Ycos2t|”

(a) Compute the state transition matrix ®(z,1).
(b) Compute a matrix A(¢) that corresponds to the given state transition matrix.
(c) Compute the eigenvalues of A(r).

(d) Classity this system in terms of Lyapunov stability.

Hint: In answering part (d), do not be mislead IZX glour‘zgswer to part (c).
t _ t

8.5 (Exponential of matrix transpose). Verify that
Hint: Use the definition of matrix exponential. O

8.6 (Stability margin). Consider the continuous-time LTI system
X = Ax, xeR"?

and suppose that there exists a positive constant ( and positive-definite matrices P,Q € R" for the
Lyapunov equation

A'P+PA+2uP = —0Q. (8.21)
be asymptotically stable with stability margin . Show that all eigenvalues of A have real parts less

than —u. A matrix A with this property is said to

Hint: Start by showing that all eigenvalues of A have real parts less than — L if and only if all
eigenvalues of A + I have real parts less than 0 (i.e., A + Wl is a stability matrix).
O

8.7 (Stability of nonlinear systems). Investigate whether or not the solutions to the following

nonlinear systems converge to the given equilibrium point whzen they start sufficiently close to it.
= =er At + b))

(a) The state-space system )
X2 X2 X2 xl xz,

with equilibrium point x; = x; = 0.
(b) The second-order system
w+gwhw+w=0,

with equilibrium point w = w = 0. Determine for which values of g(0) we can guarantee con-
vergence to the origin based on the local linearization.

This equation is called the Lienard equation and can be used to model several mechanical
systems, depending on the choice of the function g(-). O
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Input-Output Stability

Contents

This lecture introduces a notion of stability that expresses how the magnitude of the output relates
to the magnitude of the input in the absence of initial conditions.

Nk e =

Discrete-time case

Bounded-input, bounded-output (BIBO) stability
Time domain conditions for BIBO stability
Frequency domain conditions for BIBO stability
BIBO versus Lyapunov stability

9.1 Bounded-Input, Bounded-Output Stability

In Lecture 8 we discussed internal or Lyapunov stability, which is concerned only with the effect
of the initial conditions on the response of the system. We now consider a distinct notion of sta-
bility that ignores initial conditions and is concerned only with the effect of the input on the forced
response. We see below that for LTI systems these two notions of stability are closely related.

Consider the continuous-time LTV system

X =A(t)x+ B(t)u,

y=C(t)x+D(t)u,

xeR"?

3

ue Rk yeR™.

(CLTV)

We saw in Lecture 5 that the forced response of this system (i.e., the output for zero initial conditions)

is given by

yr(1) =£

where ®(¢,7) denotes the system’s state transition matrix.

C()D(t, 7)B(t)u(t)dT + D(t)u?),

Definition 9.1 (BIBO stability). The system (CLTV) is said to be (uniformly) BIBO stable if there

exists a finite constant g such that, effbr Syery input u(-), its forced response y(-) satisfies
sup [u(t)].
o)

[0

sup (1)< g
t

9.2 Time Domain Conditions for BIBO Stability

One can analyze the (time dependent) impulse response of an LTV system to determine whether or

not the system is BIBO stable.
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(CAY

Attention! BIBO stability
addresses only the solutions
with zero initial conditions.

Note. The factor g in (9.1) can be
viewed as a system “gain.”” Any
norm can be used in (9.1), but
different norms lead to different

gains g.
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Theorem 9.1 (Time domain BIBO stability condition). The following two statements are equivalent.

1. The system (CLTV) is uniformly BIBO stable.

Notation. A signal x() is uni- 2. Every entry of D(-) is uniformly bounded and
formly bounded if there exists a fi-
nite constant ¢ such that ||x(¢)| <
eVt =0. supJﬂ |gii(t,7)|dT < 0, 9.2)
=0
for every entry gij(t,7) of C(t)®(t,7)B(7). |

Proof of Theorem 9.1. We start by proving that statement 2 = statement 1. To prove that bounded-
ness of D(-) and (9.2) constitute a sufficient condition for uniform BIBO stability, we use the fact

that
o
)< IC@)®@, 1)B()||u()ldr+ [D@)[[u@)], V=0
Defining
= sup Ju(r)], 6= sup [D()],
te[0,0) te[0,20)

we conclude that
d
Ivf (2)||< [C(#)D(r,7)B(T)|dT+ O W. Ve > 0.

Therefore (9.1) holds with (J )
g= suer’C (t,7)B(7)|dT + 6.
t=0

Note. This is a consequence of It remains to show that this g is finite. To do this, we note that

the triangle inequality. ij

|[C)@(r, D)B(D)|<  [g(t, 7)),

2

and therefore
JWC(t)fb(t,*c 7)||dT < Jﬂ|gu t,7)|dr, vVt > 0.
Using (9.2), we conclude that indeed

—supJﬂHC (t,7)B(7)|ldT+ 8 < supZJv|gutT|dT+6<oo.

=0
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It remains to prove that statement 1 = statement 2. We prove this implication by showing that if 2
is false, then 1 must necessarily also be false, i.e., that (CLTV) cannot be BIBO stable. Suppose first
that 2 is false because the entry d;;(-) of D(-) is unbounded. We show next that in this case (9.1) can
be violated no matter what we choose for the finite gain g. To do this, pick an arbitrary time 7 and
consider the following step input:

ur(7) = V1 >0,

0 0<t<T
ej =Y

where e; € R* is the jth vector in the canonical basis of R¥. For this input, the forced response at
time 7 is exactly

We thus have found an input for which
te[0,00)
sup [JuT (1) |= 1

and

te[0,10) . -
sup v/ ()II=[ ¥/ (T)ll=[ D(T)es| = |di(T)],

where the last inequality results from the fact that the norm of the vector D(T")e; must be larger
than the absolute value of its ith entry, which is precisely d;;(T). Since d;;(-) is unbounded, we
conclude that we can make sup,cpo . [y/(#)| arbitrarily large by using inputs ur(-) for which
SUPyeo0,) |lur () = 1, which is not compatible with the existence of a finite gain g that satisfies
(9.1). This means that D(-) must be uniformly bounded for a system to be BIBO stable.

Jv lgii(t,7)|dT

is unbounded for some i and j. Also in this case we can show that (9.1) can be violated no matter
what we choose for the finite gain g. To do this, pick an arbitrary time 7 and consider the following

“switching” input:
+e;j
ur (T) = { j
—ej

For this input, the forced response at time 7 is given by

Suppose now that 2 is false because

9.3)

8ij(t(1) ) )¢

VT 2>0.
gij 1, T <0

1) = | 90,08+ D)

and its ith entry is equal to

Jﬂ |gii(t,T)|dT £ dii(r).

We thus have found an input for which
te[0,0)
sup [uT (1)]= 1

and

te[0,0) 1) N B
sup [ (@)= (D)= gii(r,7)ldT £ diit) .

[ I
Since (9.3) is unbounded, also now we conclude Efnat we can make supeo ) ||y (t)| arbitrarily
large using inputs ur(-) for which sup;¢(o .. [ur (t)|= 1, which is not compatible with the existence
of a finite gain g that satisfies (9.1). This means that (9.2) must also hold for a system to be BIBO
stable. |

Note 8. To prove an implication
P = Q by contraposition,
one proves instead the equivalent
statement that =Q = —P. In
words: if Q is false, then P must
also be false.

Contraposition can be viewed as a
variation of a proof by contradic-
tion (see Note 7, p. 64), since if
one were to assume that the im-
plication is false, it should be pos-
sible to have Q false and P true,
which is inconsistent with the fact
that -Q = —P.

A

POWEREN.IR
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Time-Invariant Case

For the time-invariant system
X =Ax+ Bu, y = Cx+ Du, (CLTT)
we have
CP(t,7)B = CA =B,
We can therefore rewrite (9.2) as
supJﬂ 1gij(t—71)|dT < 0,
=0
with the understanding that now g;;(r — 7) denotes the ijth entry of
ceMi=B.
Making the change of variable p := t — 7, we conclude that
f;gjﬂ 18ij(1 =)= f;gjﬂ 13ij(P)ldp = LL 18ij(p)ldp.
Therefore Theorem 9.1 can be restated as follows.
Theorem 9.2 (Time domain BIBO LTI condition). The following two statements are equivalent.
1. The system (CLTI) is uniformly BIBO stable.
2. Forevery entry §;;(p) of Ce*P B, we have

L\
[ 1estoriap < 0

9.3 Frequency Domain Conditions for BIBO Stability

The Laplace transform provides a very convenient tool for studying BIBO stability. To determine
whether a time-invariant system

X = Ax+ Bu, y=Cx+Du (CLTD

is BIBO stable, we need to compute the entries g;;(¢) of Ce*' B. To do this, we compute its Laplace
transform,

Z[CMB] = C(sI —A)'B.

As we saw in Lecture 4, the i jth entry of this matrix will be a strictly proper rational function of the
general form

» s+ o s+ a5+ a
(5 = :
8ij (=AM (s—Ag)m2 - (s — Ay )™

where the A are the (distinct) poles of g;;(s) and the m, are the corresponding multiplicities. To
compute the inverse Laplace transform, we need to perform a partial fraction expansion of g;;(s),
which is of the form st L+

3::(s) = app - (sh) Aim Gk (s ehi) e,

8ij s—M (s —A1)m s — A (s =A™

The inverse Laplace transform is then given by

Alt‘i‘"' +a1m1tml—lellt

lkl

gij(t) :Z_l[gij(s)] :allellt—}—alzte
o bag e fagar e g, M

We therefore conclude the following.
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exponentially fast and the system (CLTI) is BIBO stable. 1. If for all g;;(s), all the poles A,

have strictly negative real parts, then g;;(r) converges to zero

converge to zero and the system (CLTI) is not BIBO stable. 2. If at least one of the g;;(s)

has a pole A, with a zero or positive real part, then |g;;()| does not

Although g;; is not an entry of the transfer function of (CLTT) (because the D term is missing from
its definition), adding a constant D will not change its poles. Therefore the conclusions above can
be restated as follows. .

Theorem 9.3 (Frequency domain BIBO condition). The following two statements are equivalent:
9.4 TBIBL) xensus.Lyapunoy stability
WeXawhiary pedecofi O:2thanthy bflhsystemsfer function of the system (CLTI) has a strictly negative

real part.
X =Ax+ Bu, y=Cx+Du (CLTT)

is uniformly BIBO stable if and only if every entry g;;(¢) of Ce™' B satisfies

f " g0t < . 9.4)

However, if the system (CLTI) is exponentially stable, then every entry of e/’ converges to zero
exponentially fast and therefore (9.4) must hold.

Theorem 9.4. When the system (CLTI) is exponentially stable, then it must also be BIBO sta-
ble. |

Attention! In general, the converse of Theorem 9.4 is not true, because there are systems that are
BIBO stable but not exponentially stable. This can happen when the premultiplication of ¢A by C

and/or the postmultiplication by B cancel terms in e*’ that are not converging to zero exponentially
fast. This occurs, e.g., for the system

x=[(1) _OZ]H[?]M, y=[1 1]x,

for which

and therefore the system is BIBO stable. ] [ ] O

Note. We see below in Lec-
tures 17 (SISO) and 19 (MIMO)
that this discrepancy between
Lyapunov and BIBO stability is
always associated with lack of
controllability or observability,
two concepts that will be intro-
duced shortly. In this example, the
system is not controllable.
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9.5 Discrete-Time Case

Consider now the following discrete-time LTV system
x(t+1) =A(t)x(r) + B(t)u(t), y(t) = C(t)x(t) + D(t)u(t). (DLTV)

We saw in Lecture 5 that the forced response of this system is given by

t—1
yr(t) = 2 C(t)@(t, 7+ 1)B(7)u(t)dt+D(t)u(t), vt >0,
=0

of BIBO stability is essentially identical to the continuous-time one. where ®(z, T) denotes the
system’s discrete-time state transition matrix. The discrete-time definition

Dulniiitibnle2 0B &y b iy QBB S arS bEPRIRSF ) BB G te if there

Attention! BIBO stability ad sup ”yf (l) ” < gsup ||Lt(t) ” ) O

itecT IR e SR tiRNSicwith
AS TR BRI OBEHOR Y stem. , , . , .
Theorem 9.5 (Time domain BIBO condition). The following two statements are equivalent.

1. The system (DLTV) is uniformly BIBO stable.

2. Every entry of D(-) is uniformly bounded and

t=0
su
[2%)) Z |gij(ta T)|<OO
for every entry g;i(t,7) of C(t)®(t,7)B(7). O
For the following time-invariant discrete-time system
xT = Ax+ Bu, y = Cx+ Du, (DLTT)
one can conclude that the following result holds.

Theorem 9.6 (BIBO LTI conditions). The following three statements are equivalent.
1. The system (DLTI) is uniformly BIBO stable.

2. For every entry g;j(p) of CAP B, we have
pel

D gi(p) <o

3. Every pole of every entry of the transfer function of the system (DLTI) has magnitude strictly
smaller than 1. O

9.6 Exercises

9.1. Consider the system

-2 0 O 1
x=10 1 0 |x+=1]0 wu, y=[1 1 O]x+u.
0 0 -1 -1

(a) Compute the system’s transfer function.
(b) Is the matrix A asymptotically stable, marginally stable, or unstable?
(c) Is this system BIBO stable? O



Lecture 10

Preview of Optimal Control

Contents

This lecture provides a brief introduction to optimal control. Its main goal is to motivate several of
the questions that will be addressed in subsequent lectures.

The linear quadratic regulator (LQR) problem
Algebraic Riccati equation (ARE)

Optimal state feedback

LQR with MATLAB®

L

This material is discussed in much greater detail in Lecture 20.

10.1 The Linear Quadratic Regulator Problem

Given a continuous-time LTT system Note. For simplicity, here we as-
sume that the D matrix is zero.

X = Ax+ Bu, y = Cx,

the following criterion as small as possible: the linear quadratic regulation (LQOR) problem consists

of finding the control signal () that makes
y(#)' Qy(t) +u(t)'Ru(t) dt, (10.1)
0

where Q and R are positive-defimite weighting matrices. The term

fo "y oy

provides a measure of the output energy, and the term

fb u(t)'Ru(t)dt
0

provides a measure of the control signal energy. In LQR one seeks a controller that minimizes both
energies. However, decreasing the energy of the output requires a large control signal, and a small
control signal leads to large outputs. The role of the weighting matrices Q and R is to establish a
trade-off between these conflicting goals.

1. When R is much larger than Q, the most effective way to decrease Ji gr is to employ a small
control input, at the expense of a large output.

2. When R is much smaller than Q, the most effective way to decrease Ji R is to obtain a very
small output, even if this is achieved at the expense of employing a large control input.

79



Note. A functional maps func-
tions (in this case signals; i.e.,
functions of time) to scalar values
(in this case real numbers).

Note. If one wants to restrict
the optimization to solutions that
lead to an asymptotically stable
closed-loop system, then H needs
to be a feedback invariant only for
inputs that lead to x(r) — 0 (as in
Proposition 10.1).
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10.2 Feedback Invariants

Given a continuous-time LTI system
X = Ax+ Bu, y = Cx, xeR" ueRk yeR™, (CLTT)

we say that a functional

that involves the system’s input and state is a feedback invariant for the system (CLTI) if, when
computed along a solution to the system, its value depends only on the initial condition x(0) and not
on the specific input signal u(-).

Proposition 10.1 (Feedback invariant). For every symmetric matrix P, the functional
o0
H(x(yu())  — J (Ax(t) + Bu(r))'Px(t) +x(t)'P(Ax(t) + Bu(t)) dt
0

is a feedback invariant for (CLTL), as long as lim,_,-, x(¢) = 0. |

Proof of Proposition 10.1. We can rewrite H as

98]

H(x(-);u(-)) = —J x(t) Px(t) +x(t) Px(t) dt

0
- APO) 4 (07 a(0) — fim x(0) (1) = x(0) Pr(0),
, t—o0

10.3 Feedback Invariants in Optimal Control u

as long as lim;_,, x(z) = 0.

Suppose that we are able to express a criterion J to be minimized by an appropriate choice of the
input u(-) in the following form:

x50
J=H(x(-);u(-)) +f A(x(t),u(t))dt, (10.2)
0
where H is a feedback invariant and the function A(x,u) has the property that for every x € R"
min A(x,u) = 0.
ueRk

In this case, the control

u(r) = arg min A(x, u),
ueRk

will minimize the criterion J, and the optimal value of J is equal to the feedback invariant
J=H(x(-);u(-)).

Note that it is not possible to get a lower value for J since (1) the feedback invariant H (x();u(-)) is
never affected by u and (2) a smaller value for J would require the integral in the right-hand side of
(10.2) to be negative, which is not possible, since A (x(r),u(r)) can at best be as low as zero.
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10.4 Optimal State Feedback

It turns out that the LQR criterion can be expressed as in (10.2) for an appropriate choice of feedback
invariant. In fact, the feedback invariant in Proposition 10.1 will work, provided that we choose the
matrix P appropriately. To check that this is so, we add and subtract this feedback invariant to the
LQR criterion and conclude that

x50
JLQR = J X'C'OC'x +u'Ru dt
0
=H x(-);u(-)) )\L)JJFC,QC,X +u'Ru + (Ax + Bu)'Px + x'P(Ax + Bu) dt
o0

:H (-);u(‘) + / /7 ! ! / 'n!
X'(A’P+PA+C'QC")x+u'Ru+2u'B'Px dt.
0

By completing the squares as follows, we group the quadratic term in u with the cross-term in u
times x:

K:=R"'BP,
(u, +x K, )R(u+Kx) =uRu+xPBR_,B Px+2uB Px,

from which we conclude that

0
Jror = H (x(+);u(: +rJ-
If we ate able go (se):iec(t )t}‘le atrix P so that  x'(A’P +PA +C'QC’ — PBR™'B'P)x + (u' +x'K’
0

)R(u+ Kx) dt.
A'P+PA+C'QC—PBR'BP=0, (10.3)
we obtain precisely an expression such as (10.2) with
Alx,u) = (u' +X'K")R(u + Kx),

which has a minimum equal to zero for

u=—Kx, K:=R'BP, (10.4)
leading to the following closed loop:

% =Ax+BKx=(A—BR 'B'P)x.

The following was proved:

Theorem 10.1. Assume that there exists a symmetric solution P to the following algebraic Riccati
equation (ARE)

A'P+PA+C'QC—PBR™'B'P=0 (10.5)
for which A— BR~'B'P is a stability matrix. Then the feedback law (10.4) stabilizes the closed-loop
system while minimizing the LOR criterion (10.1). O
Attention! Several questions still remain open.

1. Under what conditions does the LQR problem have a solution?

Intuitively, the answer to this question should be “as long as there exists at least one signal u
that takes y to zero with finite energy.”

Notation. Equation  (10.3) is
called an algebraic Riccati
equation (ARE).

MATLAB® Hint 28. 1qr solves
the ARE and computes the opti-
mal state feedback controller gain
K. > p. 82

Note. Asymptotic stability
of the closed-loop system is
needed because we assumed that
limy o x(1)Px(r) = 0.
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2. Under what conditions does the ARE (10.5) have a symmetric solution that leads to an
asymptotically stable closed-loop system?

One would like the answer to this question to coincide with the answer to the previous one,
because this would mean that one could always solve the LQR problem by solving an ARE.
This is “almost” true. . .

These questions will be resolved in Part VI, where we revisit the LQR problem in much more detail.
O

Attention! The ARE itself already provides some clues about whether or not the closed-loop system
is stable. Indeed, if we write the Lyapunov equation for the closed loop and use (10.5), we get

(A _BR_1B/P)/P +P(A —BR_IBIP) =AP+PA—2PBR_BP= -0<0

for QO == C'QC +PBR~'B'P > 0. In case P > 0 and Q > 0, we could immediately conclude that the
closed loop was stable by the Lyapunov stability theorem 8.2. O

10.5 LQR with MATLAB®

MATLAB® Hint 28 (1gr). The command [K,S,E]=1qr(A,B,QQ,RR,NN) computes the optimal
state feedback LQR controller for the process

X = Ax+Bu

with the criterion
%0
J= J () QQ(r) + (1) RRu(r) + 20 (1 )NNu (£t
0
For the criterion in (10.1), one should select
QQ =C'OC, RR = R, NN = 0.

This command returns the optimal state feedback matrix X, the solution P to the corresponding
algebraic Riccati equation, and the poles E of the closed-loop system. m|

10.6 Exercises
10.1 (Hamiltonian). Consider the following LTI SISO system
X =Ax+bu, y = cx, xeR" u,yeR.

(a) Show that when the matrix

0 =

[lq?\ IlefR”X”

o]

is nonsingular, then the null space of the matrix [A*C“ ] e R(**1)x7 contains only the zero vector,
for every A € C.

Hint: Prove the statement by contradiction.
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. X . . . . .
b) Show thatifx:= '], x1,x2 € C" is an eigenvector of a matrix H € R¥"*?" associated with an
X g
2

eigenvalue A := j@ over the imaginary axis, then

X2

o =0 (10.6)

[x5  xf|Hx+ (Hx)* [

where (-)* denotes the complex conjugate transpose.

Hint: Note that the order of the indexes of x| and x; in(10.6) is opposite to the order in the
definition of x.

. X . .
(c) Show that if x := [xl] , x1,xp € C" is an eigenvector of
2

el

. AT
cpc A

associated with an eigenvalue A = j® over the imaginary axis, then b”x, = 0 and cx; = 0.

Hint: Use equation (10.6) in part (b) and do not get the indexes of x| and x, exchanged by
mistake.

(d) Show that if for every A € C the null spaces of the matrices

|:A —CA,I:| ER(”-H)X’? and |:ATb—TA«I:| ER(;H—l)xn

contain only the zero vector, then

—c.c —AT

3T
H::[A bb]
T

cannot have any eigenvalues over the imaginary axis.

Hint: Do the proof by contradiction, using the result stated in part (c).

It may make you happy to know that if you succeeded in solving the exercises above, you have
figured out the main steps in the proof of the following important theorem in optimal control, a
generalization of which we find in Lecture 21:

Theorem 10.2. For every realization A € R™", b € R L ceRIxn for which the matrices Note. In this case, we say that the

triple (A,b,c) is a minimal real-
ization (cf. Lecture 17).

[Iq.54 IIEfR"X"

[ean-1]

] has no eigenvalues over the imaginary

%:z[b Ab - A”flb], O =

A —bbT
—cpc —A T
axis. O

are nonsingular, the Hamiltonian matrix H = [
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Controllability and State Feedback
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Lecture11

Controllable and Reachable

Subspaces N

POWEREN.IR

Contents

This lecture introduces the notions of controllability and reachability, which are the basis of all
state-space control design methods.

Controllable and reachable subspaces

Physical examples and block diagrams

Controllability and reachability Gramians (LTV systems)
Minimum-energy control

Controllability matrix (LTI systems)

Discrete-time case

A

11.1 Controllable and Reachable Subspaces

Consider the continuous-time LTV system
X =A(t)x +B(t)u, y = C(t)x +D()u, xeR", ueRk, yeR™ (CLTV)

We saw in Lecture 5 that a given input u(-) transfers the state x(zp) := xo at time fy to the state
x(t1) = x; at time 7] given by the variation of constants formula,

11

xp = D(t1,10)x0 + J (11, 7)B(1)u(7)dT,

fo

where ®(-) denotes the system’s state transition matrix. The following two definitions express how

powerful the input is in terms of transferring the state between two given states.

Definition 11.1 (Reachable subspace). Given two times t; >ty = 0, the reachable or controllable-
Sfrom-the-origin on [ty,t;] subspace R[z,¢;] consists of all states x; for which there exists an input
u: [to,t1] — R¥ that transfers the state from x(f9) = 0 to x(¢1) = x1; i.e.,

1
Rlto,11] = {xl eR": Ju(.), x; = J @(tl,r)B(r)u(r)d} . O
Iy
Definition 11.2 (Controllable subspace). Given two times #| > fy = 0, the controllable or controllable-
to-the-origin on [to,11] subspace C[fo,1] consists of all states xo for which there exists an input

u: [to,t1] — R that transfers the state from x(fy) = xo to x(t;) = 0; i.e.,

e[to,l‘l] = {xo eR": 31/[(.), 0= CID(tl,to)xo + ftl q)(tl,T)B(T)M(T)d} . O

87
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The matrices C(-) and D(-) play no role in these definitions; therefore, one often simply talks
about the reachable or controllable subspaces of the system

X=A()x+B()u, xeR" ueRk (AB-CLTV)
or of the pair (A(-),B(")).

Attention! Determining the reachable subspace amounts to finding for which vectors x; € R" the
equation

x| = fl ®(1,7)B(t)u(t)dt (11.1)

1o

has a solution u(+). Similarly, determining the controllable subspace amounts to finding for which

Note 9. Note that the two equa- vectors x| € R" the equation

tions (11.1) and (11.2) differ
only by exchanging ®(71,7) with

: 1 ‘

?(u?f)r) and u(-) with v(-) = 0= D(1y,10)x0 + JI D(11,7)B(t)u(t)dt < xp= Jl D(19,7)B(T)v(T)dT (11.2)
: o o

has a solution v(-) == —u(-). O

11.2 Physical Examples and System Interconnections

o) Ré\jl R%jz B Ki B, K>

(a) Parallel RC network (b) Suspension system

Figure 11.1. Uncontrollable systems.

Example 11.1 (Parallel RC network). The state-space model of the electrical network in Fig-

ure 11.1(a) is given by
1 1
P b A P
O “ma| |ma

The solution to this system is given by
| (]
RIS

x(t):le'?ﬂ_c'“(o)]Jr Jot efl,c_lf u(t)dr.

e ®%x,(0) e ®G
Ry
When the two branches have the same time constant, i.e., Flcl =R _ o, we have

' 1
e_a’(t_r)u(’c)dk 1] :

0

x(t) = e~ x(0) + 4
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This shows that if x(0) = 0, then x(¢) is always of the form
t
w0 =at) |1 al)=q oD
0

and we cannot transfer the system from the origin to any state with x; (¢) # x(¢). The reachable
subspace for this system is

fR[l(),l‘l]={OC I:i:| 1(X€R}, Vi, > 19 = 0.

Suppose now that we want to transfer x(0) to the origin. Then we need

0=e"“x(0)+ ar) [i] : o) = ‘\‘f Ie*“’(’*f)u(r)df.

0

Clearly, this is possible only if x(0) is aligned with [1 1]’. The controllable subspace for this system
is also

e[l‘o,tl] = {OC |}:| a ER}, VYt > 1= 0.

However, we shall see shortly that when the time constants are different; i.e., ﬁ #* 1%, any vector
1¢1 202

in R? can be reached from the origin and the origin can be reached from any initial condition in R?;
ie.,

fR[l‘(),l‘l] =e[l‘0,t1] ZRZ. O

Example 11.2 (Suspension system). The state-space model of the mechanical suspension system in
Figure 11.1(b) is given by
b k 1
[ TR 1 m1
1 0 0O lrr 0
L d,!

0
0 0o - _k
my ny 2m2
Lo o 17 o] K |
where x := [xl x| Xp xg]', and x| and x; are the spring displacements with respect to the equilibrium

position. We assumed that the bar has negligible mass and therefdre the force u is equally distributed
between the two spring systems. O

This and the previous examples are special cases of the parallel connection in Figure 11.2(a),
which is discussed next.

Y1
X =A1x; +Bu
+
u L y
+
] u Z y
Xy = Axxy + Bou ——=x; = A1x; +Biu Xy = Axxy + Byu——>
y2
(a) parallel (b) cascade

Figure 11.2. Block interconnections.

Example 11.3 (Parallel interconnection). Consider the parallel connection in Figure 11.2(a) of two
systems with states x,x; € R". The overall system corresponds to the state-space model

= A O x4 B "
10 A By’



Note. It is important to recognize
Wx as a linear combination of the
columns of W, with the coeffi-
cients of the linear combination
given by the entries of the vector
X.

Note. How to compute the image
of a matrix W? A basis for the im-
age is obtained by keeping only its
linearly independent columns.

Note. How to compute the kernel
of a matrix? Solve the equation
Wx = 0 and find the vectors for
which it has a solution.

MATLAB® Hint 29. svd (W)
can be used to compute bases for
ImW and kerW. » p. 99

Note. For any subspace V, one
can show that (V1)L = V.
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€
x’z]l R?" {The solution to this system is given by

x(t =[“A ”’”((’01) fo [j;iiiiig]u@df.

eAZ’xz 0
1
When A| = A, = A and B; = B, = B, we havet It

x(t) = [jﬁ;g(go}) [ ]J:eA([T)Bu(’L')dT.

This shows that if x(0) = 0, we cannot transfer the system from the origin to any state with x; (r) #
x2(t). Similarly, to transfer a state x(o) to the origin, we must have x; (o) = x2(to).

where we chose for state x = [x]

O

Attention! Parallel connections of similar systems are a common mechanism (but certainly not the
only one) that leads to lack of reachability and controllability. Cascade connections, as in Fig-
ure 11.2(b), generally do not have this problem. However, they may lead to stability problems
through resonance, as seen in Lecture 7. O

11.3 Fundamental Theorem of Linear Equations (review)

Given an m x n matrix W, the range or image is the set of vectors y € R for which y = Wx has a
solution x € R"; i.e.,

ImW = {yeR": IxeR", y = Wx}.

The image of W is a linear subspace of R™, and its dimension is called the rank of the matrix W.
The rank of W is equal to the number of linearly independent columns of W, which is also equal to
the number of linearly independent rows of W.

The kernel or null space is the set
kerW = {xe R" : Wx=0}.

The kernel of W is a linear subspace of R", and its dimension is called the nullity of the matrix W.
The following theorem relates the range and nullity of a matrix.

Theorem 11.1 (Fundamental theorem of linear equations). For every m x n matrix W,
dim kerW +dim ImW =n. ]

The Fundamental Theorem of Linear Equations is covered extensively, e.g., in [12, 17].

There exists a simple relationship between the kernel and image spaces. The orthogonal com-
plement V* of a linear subspace V < R" is the set of all vectors that are orthogonal to every vector
in V;ie.,

VE={xeR":xz=0, Vze V}.

Lemma 11.1 (Range versus null space). For every m x n matrix W,

ImW = (kerW’)*, kerW = (ImW’)*. O
Proof of Lemma 11.1. Assuming that x e ImW, =
xelmW == x=W
, :ﬁ,‘ 1 dx=7Wn=0.
ze€ kerW Wiz=0
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Therefore x is orthogonal to every vector in ker W/, which means that x € (kerW’)+. We thus
conclude that ImW < (kerW’)",.

Howeyver,

dimKerW’ + dim(kerW’)* =
==n
dimkerW, +dimImW . = dimImW =rankW = dimImW’ = dim(kerW’)*
and therefore ImW cannot be a}trict subset of (kerW’)*. [ |

11.4 Reachability and Controllability Gramians

The following definitions are useful in characterizing the reachable and controllable subspaces:

Definition 11.3 (Reachability and controllability Gramians). Given two times #; > fo = 0, the reach-
ability and controllability Gramians of the system (AB-CLTV) are defined, respectively, by

Wation) = [ Jf(n,r)B(r)B(r)'@(m)'dr,

D(19,7)B(7)B(1) ®(t9,7) d. O

fo

Welto, 1) =

As the name suggests, the reachability Gramian allows one to compute the reachable subspace.
Theorem 11.2 (Reachable subspace). Given two times t; >ty = 0,
Rlto,t1] = ImWr(t0,1),
Moreover; if x; = Wg(to,t1)11 € ImWg(to,11), the control
u(t) = B(t)'®(11,1)'n

1€ [to,11] (11.3)

can be used to transfer the state from x(ty) = 0 to x(t;) = x. O

Proof of Theorem 11.2. We start by showing that x; € ImWg(f9,11) = x| €
ImWg(19,11), there exists a vector n7; € R” such that R[to,t1]. When x| €
x1 = Wg(to,t1)M1.

To prove that x| € Rz, ], it suffices to show that the input (11.3) does indeed transfer the state
from x(z9) = 0 to x(¢;) = x1, and therefore x| € R[fo,#;]. To verify that this is so, we use the variation
of constants formula for the input (11.3):

x(tl) = Jll q)(tl,T)B(T)B(T)lq)(tl,f)lnldf = WR(to,l‘l)nl =X1.

fo
u(t)

We now show that x; € R[to,71] = x; € ImWg(to,71). When x; € R[f9,#,], there exists an input u(-)
for which

x| = fl ®(t;,7)B(T)u(r)dT.

We show next that this leads to x; € ImWg(to,¢;) = (kerWx(to, 1))+, which is to say that

xllnl =0, anekerWR(to,tl). (11.4)

forum.kor

Note. Both Gramians are sym-
metric positive-semidefinite n x
n matrices; i.e., Wg(t,11) =
WR(t()J])/ and )C,WR(t()J] ))C =0,
Vx € R". Similarly for We.

Note. To prove that two sets </
and % are equal, one genétalig
thents hptsh@wingthat THe former
amounts to showing that

xed = xe€A
and the latter that

XEB = xed.



Note. Cf. Note 9 (p. 88).
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To verify that this is so, we pick some arbitrary vector 1; € ker Wg(fo,;) and compute
1
X = f u(t)'B(7)'®(t1,7)'mdr. (11.5)
]

But since 1 € kerWg (10,11 ), we have

n
WWi(o,tm; = [ 10, DBEBEY @00, Y maz= [ 1B @, 2 mlPaz =0,
fo
which implies that

B( ) (tlv )nl 7 VTe[t()atl]'
From this and (11.5), we conclude that (11.4) indeed holds. ]
A similar result can be proved for the controllable subspace.

Theorem 11.3 (Controllable subspace). Given two times t; >ty = 0,

Clto,11] = ImWe(to,11).

Moreover, if xo = W (to,11)No € ImWc(t9,11), the
control t€[to, 1] (11.6)

can be used to transfer the sta[glfra_m lg(’l))‘ﬂ?fﬂ)f?)xﬁd,) =0. O

11.5 Open-loop Minimum-Energy Control

Suppose that a particular state x| belongs to the reachable subspace R[#y, ] of the system (AB-CLTV).
We saw in Theorem 11.2 that a specific control that can transfer the state from x(#p) = 0 to x(¢;) =x;
is given by

u(t) = B(t)'®@(t;,1)'n1, t€ [to,11], (1.7

where 1)1 can be any vector for which

X1 ZWR(to,tl)Tll. (11.8)

In general, there may be other controls that achieve the same goal, but controls of the form (11.7)
are desirable because they minimize control energy.

To understand why this is so, suppose that i(+) is another control that transfers the state to x; and
therefore

gl

= f " (. 1)B(D)u(1)dT = f ®(11, 7)B(1)i(t)dr.

0 fo

For this to hold, we must have
1
J ®(1,7)B(t)v(7)dT =0, (11.9)
1

where v := i — u. The “energy” of ii(-) can be related to the energy of u(-) as follows:

[Miaepaz= " Bwret orm Tl

f
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" o1, 1Bt (1)dr.

fo

101
= WR@O, 1)t +  |v(7)[*dT+2n;

Because of (11.9), the last term is equal to zio, and we concludgfthat the energy of # is minimized
for v(-) = 0; i.e., for & = u. Moreover, for v(-) = 0, we conclude that the energy required for the
optimal control u(+) in (11.7) is given by

1
f Ju(2) T = ] Welto, ).

These observations are summarized in the following theorem.
Theorem 11.4 (Minimum-energy control). Given two times t; > to = 0,

1. when x) € R[ty,t1], the control (11.3) transfers the state from x(ty) = 0 to x(t;) = x| with the
smallest amount of control energy, which is given by

1
f (o) 2T = miWelto,n)m,  and

2. when x; € Clty,11], the control (11.6) transfers the state from x(ty) = xo to x(t;) = 0 with the
smallest amount of control energy, which is given by

1
[ @z = nietonm. g

11.6 Controllability Matrix (LTI)

Consider now the continuous-time LTI system

% =Ax+Bu, xeR", ueRF. (AB-CLTI)

For this system, the reachability and controllability Gramians are given, respectively, by

n—tp

5
Walto, 1) = f J {AvrﬂBB'eA’vvwdT -
1

The controllabili%gi(ctzotrzc)ozf: the/ m%gam%%{?%S@OSE%%(TA:B-GL—TQ) is defined to be

e_AtBB,e_A,tdt. 0 0

BB ar,

— 2 —1
¢ =[B AB A’B A"BL
and provides a particularly simple method to compute the reachable and controllable subspaces.

Theorem 11.5. For any two times to,t;, with t; >ty = 0, we have
fR[l‘(),tl] = ImWR(t(),tl) =Im% = Ich(to,tl) = e[l‘(),l‘l]. O
Attention! This result has several important implications.

1. Time reversibility. The notions of controllable and reachable subspaces coincide for
continuous- time LTI systems, which means that if one can go from the origin to some state
X1, then one can also go from x; to the origin.

Because of this, for continuous-time LTI systems one simply studies controllability and
neglects reachability.

Note. There may be several vec-
tors M for which (11.8) holds,
but they all differ by vectors in
ker Wg(to,1), so they all lead to
the same control energy and, in
fact, to the same control, i.e., v =
0.

Note. Controls such as (11.3) and
(11.6) are called open loop be-
cause u(r) is precomputed and is
not expressed as a function of the
current state.

MATLAB® Hint 30.

ctrb(sys) computes the
controllability matrix of the
state-space system sys. Alter-
natively, one can use directly
ctrb(A,B). »p. 99



Note. However, time scaling does
not extend from infinite to finite
time intervals. E.g., for the sys-
tem

[ 0ol

it is possible to transfer the state
from [l l], to the origin in “infi-
nite time” but not in finite time.

Note. Check that
d*(if, A1 =9B)
At
(71)kn}AkeA(t1 _nB-
(Cf. Exercise 11.1.)
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2. Time scaling. The notions of controllable and reachable subspaces do not depend on the
time interval considered. This means that if it is possible to transfer the state from the
origin to some state x; in a finite interval [7p,#;], then it is possible to do the same transfer in
timyedfilnéte interval [7o,7;]. Similarly for the controllable subspace.

Because of this, for continuous-time LTI systems one generally does not specify the time in-
terval [to,t1] under consideration. O

Proof of Theorem 11.5. The first and last equalities have already been proved, so it remains to prove
the middle ones. We start with the second equality.

We start by showing that x; € R[tg,1;] = ImWg(t,7;) = x; € Im%. When x; € R[to,1;], there ex-
ists an input u(+) that transfers the state from x(#y) = 0 to x(¢;) = x;, and therefore

11
X1 =J AN Bu(t)dr.
fo
But we saw in Lecture 6 that, using the Cayley-Hamilton theorem, we can write

Vre R

which shows that x; € Im%.

We show next that x; € Imn% = x; € Rtg,11] = ImWg(to,11). Whenx; € Im%, there exists a vector
v € R¥ for which

x| =CV. (11.10)
We show next that this leads to x; € ImWg(to,¢;) = (kerW(to,t1))*, which is to say that
hxy =1€v =0, ¥V nyekerWr(to,n1). (11.11)

To verify that this is so, we pick an arbitrary vector 1| € kerWg(fo,7;). We saw in the proof of
Theorem 11.2 that such vector 1 has the property that

Tﬁe‘A(tlif)B =0, Vr7e [l‘o,tl].
Taking k time derivatives with respect to 7, we further conclude that
Vte [l‘o,l‘l], k>0,

(=1, MAe, B =0, (11.12)

and in particular for T = #;, we obtain
HA*B=0, Vk=o.

It follows that 76" = 0 and therefore (11.11) indeed holds.

Since the corresponding proofs for the controllable subspace are analogous, we do not present them.
|
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Example 11.4 (Parallel RC network, continued). The controllability matrix for the electrical net-
work in Figure 11.1(a) and Example 11.1 is given by

= —1
RICi R?
¢=[B AB] _y' M9 ]
'Lchz R3C3
When the two branches have the same time constant, i.e., ﬁ =R _. o, we have
o _|® — &
o ol

and therefore
R[l‘o,tl]:e[l‘o,tl]ZIm(gZ{a [}] Z(XER}, Vi, >t = 0.

However, when the time constants are different, i.e., rlcl # ﬁ,

det% = ! — ! = ! ( L1 )#O,
RXC?R,C;  R|CiR3C3  RICIR;C \R|Cy  RyG,
which means that %4’ is nonsingular, and therefore
R[to,t1] = C[tg,11] = ImE = R O
11.7 Discrete-Time Case
Consider the discrete-time LTV system
x(t +1) = A(t)x(¢) + B(t)u(t), xeR", ueRk (AB-DLTV)

We saw in Lecture 5 that a given input u(-) transfers the state x(tp) := xo at time fy to the state
x(t1) = x; at time #; given by the variation of constants formula,

-1
x1 = DP(t1,10)x0 + Z (11, 7+ 1)B(7)u(7),

T=ty
where ®(-) denotes the system’s state transition matrix.

Definition 11.4 (Reachable and Controllable subspaces). Given two times t| > fy = 0, the reachable
or controllable-from-the-origin on [ty,11] subspace R[fy,#1] consists of all states x; for which there
exists an input u : {fo,fo + 1,...,1; — 1} — R that transfers the state from x(fy) = 0 to x(#;) = x1;
i.e.,

-1

Rto,11] = {xl eR":3u(), xi = ) B(n, T+ 1)B(‘L’)u(f)}.

T=Iy

The controllable or controllable-to-the-origin on [ty,t; ] subspace C[f, ;| consists of all states xy for
which there exists an input u : {fg,to + 1,...,¢; — 1} — R¥ that transfers the state from x(ty) = xo to
x(r1) =0;ie.,

f—1
Clto.11] = {xo eR":3u(.), 0= B(r1,10)xo+ Y. B(t1, 7+ 1)B(r)u(1)}. O

T=t)



Attention! The results regarding
the controllability Gramian im-
plicitly assume that all the matri-
ces A(to), A(to+ 1), ... , A(r) —
1) are nonsingular.

Attention! The  controllability
Gramian can be defined only
when A is nonsingular.
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Definition 11.5 (Reachability and Controllability Gramians). Given two times #| >y = 0, the reach-
ability and controllability Gramians of the system (AB-DLTV) are defined, respectively, by

t—1
Wr(to,t1) = >, ®(t1, T+ 1)B(7)B(t)'@(t, T+ 1),

-1
Welto,t1) = Y, ®(to, T+ 1)B(7)B(7) D(t9, T+ 1)’ O

T=ty

Attention! The definition of the discrete-time controllability Gramian requires a backward-in-time
state transition matrix ®(fo, T+ 1) from time 7+ 1 to time fp < T < T+ 1. This matrix is well defined
only when

x(’c—l— 1) =A(T)A(T— 1) .- -A(t())x(l‘()), thh<t<th-—1

can be solved for x(fy), i.e., when all the matrices A(y), A(to+ 1), ... , A(t; — 1) are nonsingular.
When this does not happen, the controllability Gramian cannot be defined. |

These Gramians allow us to determine exactly what the reachable and controllable spaces are.
Theorem 11.6 (Reachable and Controllable subspaces). Given two times t; > to = 0,
Rlto,t1] = ImWrg(t9,11), Clto,t1] = ImWc(to,11)-
Moreover,
1. if xy = Wg(to,11)n1 € ImWg(to,11), the control
u(t) =B(t)'®(ty,t +1)ny, 1€ [ty,t1 — 1] (11.13)
can be used to transfer the state from x(ty) = 0 to x(t)) = x1, and
2. ifxg = Welto,11)No € ImWe(to,11), the control
u(t) = —B(t)®(to,t +1)'no, 1€ [to,h — 1]
can be used to transfer the state from x(ty) = xo to x(t;) = 0. O
Consider now the discrete-time LTI system
xt = Ax + Bu, xeR", ue Rk (AB-DLTI)
For this system, the reachability and controllability Gramians are given, respectively, by

n -1
Wr(to,11) = Z A”*I*TBB'(A/)tlflfﬂ
T=Iy
n -1
and the controllability matrix %@HIEHIES givenby 4o—1-7 g (

T=ly
A/)zoflfr
[B AB A’B ... A"'B]

nx (kn) "

€ =
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Theorem 11.7. For any two times t| > to = 0, with t; = ty + n, we have
iR[l‘(),l‘l] = ImWR(to,tl) =Im% = ImWC(to,tl) = e[t(),tl]. O
Attention! This result differs from the continuous-time counterparts in two significant ways.

1. Time reversibility. In discrete time, the notions of controllable and reachable subspaces
coincide only when the matrix A is nonsingular. Otherwise, we have

fR[l‘(),tl] =Im% c

e[t(),l‘l],

but the reverse inclusion does not hold; i.e., there are states x; that can be transferred to the
origin, but it is not possible to find an input to transfer the origin to these states.

Because of this, when A is singular, one must study reachability and controllability of discrete-
time systems separately.

2. Time scaling. In discrete time, the notions of controllable and reachable subspaces do
not depend on the time interval only when the intervals have length larger than or equal to n
time steps. When #; —y < n, we have

:R[t(),tl] C Im%,
but the reverse inclusion does not hold; i.e., there are states x; than can be reached in n time
steps, but not in #; —#y < n time steps.

In discrete-time systems, when one omits the interval under consideration, it is implicitly
assumed that it has length no smaller than n, in which case we have time scaling. O

Discrete-Time Case Proofs

BPINR P Tth oVRFHEI XS ISV SEART B SHBWSMehithRl € ImWi(10,11) = x €

R[ty,t1]. When x
x1 = Wg(to,1)n1. c lfo.11] !
To prove that x; € R[fo,1;], it suffices to show that the input (11.13) does indeed transfer the state
from x(#p) = 0 to x(¢;) = x1, and therefore x| € R[tg,;]. To verify that this is so, we use the variation

of constants formula for the input (11.13):
-1 u(‘L‘)

x(n) = Y. (1, 7+ 1)B(1)B(t) (11, 7+ 1)1 = WR(10,11)n1 = x1.

N
T=l g

We show next that x; € R[19,t1] = x; € ImWg(19,1;). To prove by contradiction, assume that there
exists an input u(-) for which

-1
xp= Y @, T+ 1)B(t)u(x), (11.14)

T=ly

but x; ¢ ImWg(to,t1) = (kerWg(to,#1))*. Since x| ¢ (kerWg(to,#;))~, there must be a vector 1; in
ker Wg(to,#,) that is not orthogonal to x1; i.e.,

Wr(to,11)11 =0, 1x; # 0.
But then

t—1 ty=h
MWe(to,n)m = >, (1, T+ 1)B(0)B(t) D, T+ 1)n = ) [B(r), @1, T+1)1!] =0,

T=t)

Attention! The results regarding
the controllability Gramian im-
plicitly assume that A is nonsin-
gular.
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which implies that
B(r)’¢(t1,r+1)’n1=0, V’L’E{l‘(),to-i-l,...,l‘l—l}.

From this and (11.14), we conclude that

-1

mxi = Y m®(t, T+ 1D)B(t)u(t) =0,

T=ty

which contradicts the fact that 17} is not orthogonal to x;. [ ]

Proof of Theorem 11.7. The first and last equalities have already been proved, so it remains to prove
the middle ones. We start with the second equality.

We start by showing that x| € R[tg,1;] = ImWg(t,2;) = x; € Im%. When x; € R[to,1;], there ex-
ists an input u(+) that transfers the state from x(#y) = 0 to x(¢;) = x;, and therefore

But we saw in Lecture 6 that, using the Cayley-Hamilton theorem, we can write

n—1
A=Y (A, VieR
i=0

for appropriately defined scalar functions o (¢), ot (¢),. .., 0,1 () [cf. (6.6)]. Therefore

—1
n—1 n—1 2o @t —1—7)u(r)
X = ZAiB(Z ot —1—T)u(r)) ¢ ; :
S XI5 Gt 1~ 1= u(e)
which shows that x; € Im%.

We show next thatx; € Im% = x| € R[t,t1] = ImWg(9,1;). When x| € Im %@, there exists a vector
v € R¥ such that

!
Vo

n—1
x=%v=[B AB A’B --- A"'B]| : | =) ABv,
Vil i=0

where V is broken into n k-vectors v;. We show that x| € R[fo, ;] because the n-step control

(7) 0 h<t<t—n
u =
Vi1t h—n<t<rn—1

transfers the system from the origin to

-1 H—1 n—1

x(t) = Y AT Bu(t) = > AVTUTBY, =) A'Bv; =x;.

T=Iy T=t|—n i=0
Note that this control requires 1| —n = t.

Since the corresponding proofs for the controllable subspace are analogous, we do not present them.
|
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11.8 MATLAB® Commands

MATLAB® Hint 29 (svd). The command [U, S, V]=svd (W) can be used to compute a basis for the
image and kernel of the n x m matrix W. This command computes a singular value decomposition
of W, i.e., (square) orthogonal matrices U, x,, Viuxm, and a (real) diagonal matrix S,,x, such that
W=UsV.

1. The columns of U corresponding to nonzero rows of S are an orthonormal basis for ImW.

2. The columns of V (rows of V) corresponding to the zero columns of S are an orthonormal
basis for ker W. ]

MATLAB® Hint 30 (ctrb). The function ctrb(sys) computes the controllability matrix of the
system sys. The system must be specified by a state-space model using, e.g., sys=ss(A,B,C,D),
where A,B,C,D are a realization of the system. Alternatively, one can use ctrb(A,B) directly. O

11.9 Exercises
11.1. Verify that

(e’ 7B)

T = (1)knakeA =B, O

Notation. A square matrix U is
called orthogonal if its inverse ex-
ists and is equal to its transpose,
ie,UU =U'U=1
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Lecture 12

Controllable Systems

Contents

This lecture introduces the notion of a controllable system and presents several tests to determine
whether a system is controllable.

Controllable system

Controllability matrix test

Eigenvector test for controllability
Popov-Belevitch-Hautus (PBH) test for controllability
. Lyapunov test for controllability (linear matrix
equality)

6. Feedback stabilization based on the Lyapunov test

e

12.1 Controllable Systems

Consider the following continuous- and discrete-time LTV systems

F=AWx+B(Ou | x(t+1)=A()x(t) +B(t)u(t),  xeR", ueRE.  (AB-LTV)

Definition 12.1 (Reachable system). Given two times #; > fy = 0, the system (AB-LTV), or simply
the pair (A(-),B(:)), is (completely state-) reachable on [1,1] if R[tg,1;] = R", i.e., if the origin can
be transferred to every state. |

Definition 12.2 (Controllable system). Given two times #; >ty > 0, the system (AB-LTV), or simply

the pair (A(-),B(-)), is (completely state-) controllable on [t,1,] if C[tg,1] =R", i.e., if every state

can be transferred to the origin. O
Consider now the LTI systems

xeR", ueRk.

¥=Ax+Bu | x*=Ax+Bu, (AB-LTI)

We saw in Theorem 11.5 that
Im% = fR[l‘o,tl] = e[l‘o,l‘l].

Since % has n rows, Im% is a subspace of R”, so its dimension can be at most n. For controllability,
Im% = R", and therefore the dimension of Im% must be exactly n. This reasoning leads to the
following theorem.
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Notation. In most of this lecture,
we jointly present the results for
continuous and discrete time and
use a slash / to separate the two
cases.

Note. For continuous-time LTI
systems R[to,11] =

e[l07l|], and
therefore one often talks about
only controllability.

Notation. A system that is not
controllable is called uncontrol-
lable.

Note. In discrete time, this holds
for t; —tp = n, and nonsingular A.



Note. In discrete time, when A is
singular, we simply have

Im% = fR[l‘(),tl] C e[t(),tl].

In this case rank% = n im-
plies that fR[l()J]] = e[t()Jl] =
R". However, one could have
rank ¢ < n. In this case, Imn% =
Rlto,t1] < R" (strict inclusion)
and yet Clrp,t;] = R".

Note. For k = 1, this means that
the (only) column of V is an
eigenvector of A.

Note. This is sometimes stated
“no left-eigenvalue of A in the
left-kernel of B.”

Notation. The eigenvalues corre-
sponding to left-eigenvectors of A
in the left-kernel of B are called
the uncontrollable modes, and the
remaining ones are called the con-
trollable modes.
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Theorem 12.1 (Controllability matrix test). The LTI system (AB-LTI) is controllable if and only if
rank ¢ = n. |

Although Theorem 12.1 provides a simple test for controllability, there are a few other useful
tests that we introduce next. Some of these actually lead to feedback control design methods.

12.2 Eigenvector Test for Controllability
Given an n x n matrix A, a linear subspace V of R” is said to be A-invariant if for every vector ve 'V
we have Av € V. The following properties of invariant subspaces will be used.

Properties. Given an n x n matrix A and a nonzero A-invariant subspace V c R”, the following
statements are true.

P12.1 If one constructs an n x k matrix V whose columns form a basis for V, there exists a k x k
matrix A such that

AV = VA. (12.1)

P12.2 V contains at least one eigenvector of A.

Proof. Let A and 'V be as in the statement of the proposition.

P12.1 Since the ith column v; of the matrix V belongs to V and 'V is A-invariant, Av; € V. This means
that it can be written as a linear combination of the columns of V; i.e., there exists a column
vector d; such that

Av; =Va;, Vie{l,2,...,k}.

Putting all these equations together,.we conclude that

[Avi  Avy Av| [vai Va, Vak < AV =VA,
where all the d; are used as columns for A. ]
P12.2 Let v be an eigenvector of the matrix A in (12.1) corresponding to the eigenvalue A. Then
AVY = VAV = AV,

and therefore v := V¥ is an eigenvector of A. Moreover, since v is a linear combination of the
columns of V, it must belong to V. ]

Theorem 12.2 (Eigenvector test for controllability). The LTI system (AB-LT]) is controllable if and
only if there is no eigenvector of A’ in the kernel of B'. O

Proof of Theorem 12.2. We start by proving that if the system (AB-LTI) is controllable, then every
eigenvector of A is not in the kernel of B’. To prove by contradiction, assume that there exists an
eigenvalue A’x = Ax, with x # 0 for which B’x = 0. Then

] I 1

[ B’ —| [ B'x
B'A’ 1 I)},B’x

[B/(Ai)nflJ x= [l"_]:B’xJ

This means that the null space of € has at least one nonzero vector, and therefore, from the funda-
mental theorem of linear equations, we conclude that

dimker¢’ > 1 rank ¢ =rank¢’ = n —dimker¢’ <n,

E'x = 0. (12.2)

=

which contradicts the controllability of (AB-LTI).
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Conversely, suppose now that (AB-LTI) is not controllable, and therefore that
rank% =rank%é’ <n = dimker%’ =n—rank%’ > 1.

It turns out that ker6” is A’-invariant. Indeed, if x € ker%”, then (12.2) holds, and therefore

[Bfg(lfi"l)z] L[Ilg ]II

lpr] L]

But by the Cayley-Hamilton theorem, A” can be written as a linear combination of the lower powers
of A’, and therefore B’(A’)"x can be written as a linear combination of the terms

xeker¥ = E'A'x= i

B'x,A'B'x,...,(A")" 'Bx,
which are all zero because of (12.2). We therefore conclude that
xeker¥’ = E'A'x=0 = Axcker?,

which confirms that ker@” is A’-invariant.

From Property P12.2, we then conclude that ker ¢’ must contain at least one eigenvector x of A”. But
since ¢'x = 0, we necessarily have B’x = 0. This concludes the proof, since we also showed that if
the system (AB-LTI) is not controllable, then there must exist an eigenvector of A’ in the kernel of
B ]

The following test is essentially an elegant restatement of the eigenvector test.

Theorem 12.3 (Popov-Belevitch-Hautus (PBH) test for controllability). The LTI system (AB-LTI)
is controllable if and only if

rank[A—-AI B =n, VAeC. (12.3)
]

Proof of Theorem 12.3. From the Fundamental Theorem of Linear Equations, we conclude that

A=Al

dim ker [ B

] :n—rank[A—lI B], VA eC,

and therefore the condition (12.3) can also be rewritten as

"=

dim ker [A B

]:0, VA eC, (12.4)

which means that the kernel of [A/l;,“ ] can contain only the zero vector. This means that (12.3) is
also equivalent to =

/ J—
ker [A B’M

] {xeR”:A'x=lx, B'x=0}={0}7 VYA eC,

which is precisely equivalent to the statement that there can be no eigenvector of A’ in the kernel of
B’ ]

forum.kor

Note. To prove that that two state-
ments P and Q are equivalent, one
can start by showing that P =
Q and then that =P = —Q.
Note that the second implication
is precisely equivalent to Q = P
(cf. Note 8, p. 75).



Note. Opposite to what happens
in the Lyapunov stability theorem
8.2, A’ appears now to the right of
W instead of to the left.

Note. This is because A and
A’ have the same eigenvalues:
det(Al —A) = det(A1 —A").
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12.3 Lyapunov Test for Controllability
Consider again the LTI systems
¥=Ax+Bu | xT =Ax+Bu, xeR", ueRk. (AB-LTI)

Theorem 12.4 (Lyapunov test for controllability). Assume that A is a stability matrix/Schur stable.
The LTI system (AB-LTI) is controllable if and only if there is a unique positive-definite solution W
to the following Lyapunov equation

AW +WA'=—-BB' | AWA'—W = —BB' (12.5)

Moreover, the unique solution to (12.5) is equal to

vsl
W=f ABB M Tdr = lim Wi(to,1)
0

t—ty—>%0

/ W=2A’BB’(A’>’= lim Wg(o,11). (12.6)

t —ty—>%0
7=0

Attention! Controllability and reachability are finite-time concepts; e.g., controllability means that
the origin can be reached from any state in finite time. However, there are uncontrollable systems
for which the origin can be reached in infinite time from any state. In view of this, one should
emphasize that the “infinite time” Gramian in (12.5)—(12.6) still provides information only about
(finite time) controllability. Note that the system

x=—x+0-u

can be transferred to the origin in infinite time (due to asymptotic stability). However, the “infinite
time” Gramian is still equal to zero and therefore is not positive-definite. This is consistent with the
fact that this system is not controllable. O

Proof of Theorem 12.4. We do the proof for continuous time and start by showing that if (12.5) has
a positive-definite solution W, then the system (AB-LT1I) is controllable. The simplest way to do this
is by using the eigenvector test. To do this assume that (12.5) holds, and let x # 0 be an eigenvector
of A’ associated with the eigenvalue A, i.e., A’x = Ax. Then

x* (AW +WA')x = —x*BB'x = — |B'x|, (12.7)

to where (-)* denotes the complex conjugate transpose. But the left-hand side of this equation is
equal (12.8)

Since W is positive-definite, this expression must be strictly negative (note that R[A] < 0 because
A is a stability matritd) Al Whe et X = . Wb icthlle t:em)élger‘f%ﬂue of A’ is not in the

kernel of B’, which implies controllability by the eigenvector test.

To prove the converse, we assume that (AB-LTI) is controllable. Equation (12.5) can be written as
AW +WA = —0Q, A=A, Q= BB/,

which was the equation that we analyzed in the proof of the Lyapunov stability theorem 8.2. Since
A is a stability matrix, A := A’ is also a stability matrix, and therefore we can reuse the proof of the
Lyapunov stability theorem 8.2 to conclude that (12.6) is the unique solution to (12.5).
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The only issue that needs special attention is that in Theorem 8.2 we used the fact that Q = BB’ was
positive-definite to show that the solution W was also positive-definite. Here, Q = BB’ may not be
positive-definite, but it turns out that controllability of the pair (A, B) suffices to establish that W is
positive-definite, even if Q is not. Indeed, given an arbitrary vector x # 0,

o0 1
YWx=x (J AT BB AT dr)x > ¥ (J AT BB AT dr)x = X'Wg(0,1)x >0,
0 0
because Wr(0,1) > 0, due to controllability. ]

Note 6 (Controllability condition in the Lyapunov stability theorem). The results in Theorem 12.4
allow us to add a sixth equivalent condition to the Lyapunov stability theorem 8.2. The full theorem
with the additional condition is reproduced below.

Theorem 12.5 (Lyapunov stability, updated). The following six conditions are equivalent.
1. The system (H-CLTI) is asymptotically stable.
The system (H-CLTI) is exponentially stable.

All the eigenvalues of A have strictly negative real parts

Koo

For every symmetric positive-definite matrix Q, there exists a unique solution P to the
Lya- punov equation

A'P+PA = —Q. (12.9)

Moreover, P is symmetric, positive-definite, and equal to P := SO/“ eA/’QeAtdt.

5. There exists a symmetric positive-definite matrix P for which the following Lyapunov matrix
inequality holds:

A'P+PA<O. (12.10)

to the Lyapunov equation
6. For every matrix B for which the pair (A,B) is controllable, there exists a unique solution P

AP+ PA' = —BB'. (12.11)

Moreover, P is symmetric, positive-definite, and equal to P = Sof " BB'A T d1. ]

Proof of Theorem 12.5. Theorem 12.4 actually states only that if A is a stability matrix, then (12.11)
has a unique symmetric positive-definite solution P. To show that condition 6 is indeed equivalent to
asymptotic stability, one still needs to show that when (12.11) holds for a symmetric positive-definite
matrix P, then the matrix A must be a stability matrix. To show this, assume that (12.11) holds, and
let A be an eigenvector of A” and let x # 0 be the corresponding eigenvector; i.e., A’x = Ax. Then

B'x|?,

where (-)* denotes the complex conjugate transpose. Expanding the left-hand side of this equation,
we obtain

x*(AP+PA")x = —x*BB'x = —

(A'x*)' Px +x*PA’x = A*x*Px 4 Ax*Px = 2R[A]x*Px = — |B'x|*.

Note 6. This reasoning allows us
to add a sixth equivalent condi-
tion to the Lyapunov stability the-
orem 8.2. » p. 105

Note. The inequality (12.10) is
called a linear matrix inequality
(LMI). The term “linear” comes
from the linearity of the left-hand
side in P and < refers to the fact
that the left-hand side must be
negative-definite.

in the Lyapunov stability theorem

Note. Opposite to what happens

P instead of on the left. 8.2, A’
appears now on the right of

MATLAB® Hint 26.
P=1yap(A,B*B’) solves the Lya-
punov equation (12.11). »p. 71



106 Jodo P. Hespanha

Because of controllability, x cannot belong to the kernel of B’, and therefore 2R[A |x*Px is strictly
negative. Since P is positive-definite, x* Px is strictly positive, and we conclude that R[A] < 0. This

Note. This is because A and A’ shows that A’ is a stability matrix, which also means that A is a stability matrix. ]
have the same eigenvalues, since
det(Al —A) = det(AI —A).

12.4 Feedback Stabilization based on the Lyapunov Test

Assume that the continuous-time LTI system
% =Ax+Bu, xeR" ueRt (AB-CLTI)

is controllable. Controllability of the pair (A, B) guarantees that the pair (—ul — A, B }is-eontrollable
for every pt € R. This is a consequence of the eigenvector test, because A’ and /A’ have exactly
the same eigenvectors:

Ax=Ax < (—ul-A)x=(-u—2A)x

and therefore (A, x) is an eigenvalue-eigenvector pair for A’ if and only if (—p — A, x) is an eigenvalue-
eigenvector pair for —ul —A’. From this, we also conclude that by making u sufficiently large we
can always make —ul — A’ a stability matrix.

Suppose that we indeed choose u sufficiently large so that —u/ — A is a stability matrix. From

the Lyapunov test, we conclude that there must exist a positive-definite matrix W such that
MATLAB® Hint 31.

Equation (12.12) (—ul =AW +W(-ul—A),=—-BB, < AW+WA —BB, =-2uW. (12.12)
can be solved using

W=1lyap (-mu*eye (n)-A,B*B’) L. . . . . _1 .

(cf. MATLAB® Hint 26, p. 71).  Multiplying the right-hand side equation on both sides by P :== W~ > 0, we obtain

which can be further rewritten as PA + A’P — PBB'P = —2P, Ko %B'P. (12.13)

Since P > 0 and 2uP > 0, we conclude from the Lyapunov stability theorem 8.2 that A — BK must
be a stability matiP(AThiB KeansithaBikie’ Rtatef@dPack control

u=—Kx

Note. This is because if we de- asymptotically stabilizes the system (AB-CLTI). It turns out that all the eigenvalues of the closed-
fine v := x'Px, we conclude from  ]oop system actually have their real parts smaller than or equal to —. Since we could have chosen

;iféli)cgllil\fe:g; ;25 (;0 ;rshizt u arbitrarily large, we conclude that the following result is true.

as e, Since P >0, his  Thegrem 12.6. When the system (AB-CLTI) is controllable, for every u > 0, it is possible to find
means that ||x||* converges to zero

at the same rate. Therefore |x| ¢ State Sfeedback controller u = —Kx that places all eigenvalues of the closed-loop system x = (A —
must converge to zero as fast as BK)X on the complex semiplane E)i[s] < —U. O
Ve = ¢7H See also Exer- . . . .

cise 8.6. The discrete-time equivalent of this result can be stated as follows.

Theorem 12.7. When the system
xt = Ax+Bu, xeR" ueRF (AB-DLTI)

is controllable, for every L > 0, it is possible to find a state feedback controller u = —Kx that places
all eigenvalues of the closed-loop system x* = (A — BK)x in the complex plane disk |s| < . |

Attention! The conditions in Theorems 12.6 and 12.7 are actually necessary and sufficient for con-
trollability. In particular, for example in continuous time, one can also show that if for every y > 0 it
is possible to find a state feedback controller u = —Kx that places all eigenvalues of the closed-loop
system X = (A — BK)x on the complex semiplane R[s] < u, then the pair (A, B) must be controllable.

O
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12.5 Exercises
12.1 (A-invariance and controllability). Consider the LTI systems
f=Ax+Bu |/ xT =Ax+Bu, xeR", ueRk. (AB-LTI)
Prove the following two statements:
(a) The controllable subspace C of the system (AB-LTI) is A-invariant.
(b) The controllable subspace € of the system (AB-LTI) contains ImB. O

12.2 (Satellite). The equations of motion of a satellite, linearized around a steady-state solution, are
given by X = Ax + Bu, where x| and x, denote the perturbations in the radius and the radial velocity,
respectively, x3 and x4 denote the perturbaticins in the angle and the angular velocity, and

0 1 0 0 0
_ig 0 0 20, 11 0fy

A 0 0 0 1., B="9 0

to 20 0 J [8 1J

The input vector consists of a radial thruster u#; and a tangential thruster u;.
(a) Show that the system is controllable from .

(b) Can the system still be controlled if the radial thruster fails? What if the tangential thruster
fails?

12.3 (Controllable canonical form). Consider a system in controllable canonical form

[ —allexk —olpyy oo O 1lkxk  —Onlkxk
Liex i Ok sk Ok sk x Ok sk 11
A= O« I « O « O & 7
| Okxk Oksck -+ Liexk Ok sk Jnkx,,k
[ L
0k kKl
B = , C= [Nl Ny Ny "]mxnk'
0k><l§<J<
KUV P

Show that such a system is always controllable. |
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Lecture 13

Controllable Decompositions

Contents

This lecture introduces a family of state-space similarity transformations that highlight the system’s
controllability (or lack thereof).

1. Invariance with respect to similarity transformations
2. Controllable decomposition

13.1 Invariance with Respect to Similarity Transformations
Consider the LTI systems

¥=Ax+Bu /| x* =Ax+Bu, xeR" ue R (AB-LTI)

and a similarity transformation % :== T~ 'x, leading to

% = A%+ Bu, A =T AT, B:=T"'B. (13.1)
The controllability matrices 4’ and % of the systems (AB-LTI) and (13.1), respectively, are related
by -7
¢=[B AB .- A"'B] [ ~'B T7'AB ... TlA"B]=T7'%.
Therefore

rank? = rank 7~ '% = rank @,

because 7! is nonsingular. Since the controllability of a system is determined by the rank of its
controllability matrix, we conclude that controllability is preserved through similarity transforma-
tions, as formally stated in the following result.

Theorem 13.1. The pair (A,B) is controllable if and only if the pair (A,B) = (T~'AT,T~'B) is
controllable. o

13.2 Controllable Decomposition
Consider again the LTI systems

¥=Ax+Bu | xT =Ax+Bu, xeR", ueRk. (AB-LTI)
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Notation. In this lecture, we
jointly present the results for con-
tinuous and discrete time and use
aslash / to separate the two cases.

Note. Why? because multiplica-
tion by a nonsingular matrix does
not change the rank of a matrix.

Note. In fact, we have more than
this.  Similarity transformations
actually preserve the dimension
of the controllable subspace, even
when the system is not control-
lable.



Note. The number of columns of
V is i1, and therefore 7 is also the
dimension of the controllable sub-
space.

Note. The columns of U are vec
tors that complete the columns of
V to form a basis for R”.

Notation. This form is often
called the standard form for
uncontrollable systems.

MATLAB® Hint 32.
[Abar,Bbar,Cbar,T] =
ctrbf (A,B,C) computes the
controllable  decomposition  of
the system with realization
A,B,C. »p. 112
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We saw in Exercise 12.1 that the controllable subspace C of the system (AB-LTI) is A-invariant and
contains ImB. Because of A-invariance, by constructing an n x 71 matrix V whose columns form a
basis for C, there exists an 77 X 7 matrix A such that

AV =VA..

Moreover, since ImB c C, the columns of B can be written as a linear combination of the columns
of V, and therefore there exists an 77 x k matrix B, such that

B=VB..

When the system (AB-LT1I) is controllable, 7 = dim € = n, and the matrix V is square and
nonsingu-lar. Otherwise, let U be an n x (n — 1) matrix whose columns are linearly independent of

gfal?a?stgeﬁnearly independent of the columns of V.

Suppose that we define a nonsingular matrix 7 by combining V and U side by side:

T = [anfl Unx(n—ﬁ)]

nxn’

We then conclude that ]

AT =A[V U]=[Av AU

[vA

¢ TTMU]:[T[J] TTIAU}

By partitioning the n x (n — 1) matrix 7~ 'AU as

A
-1 1A
T AU = |:Au:|7
we further obtain

- c A B | B

AT—T[O Au]’ B—VBC—T|:O:|7

which can be rewritten as

c AIZ Bc

[0 A, = T_IAT, 0 = T_IB (13.2)

The similarity transformation gonstructed using this procedure {ls]c%lled a controllable decomposi-
tion and has several interestinglproperties as stated in the following theorem.

Theorem 13.2 (Controllable decomposition). For every LTI system (AB-LT)), there is a similarity
transformation that takes the system to the form (13.2), for which

1. the controllable subspace of the transformed system (13.2) is given by

C=1Im [Iﬁ(;(”]

and

2. the pair (A¢,Bc) is controllable. O

Proof of Theorem 13.2. To compute the controllable subspace of the transformed system, we com-
pute its controllability matrix

IR sl E S Gl

Il
[ —
jes]
(e}
b
o
o]
(e}
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Since similarity transformations preserve the dimension of the controllable subspace, which was 7
for the original system,

rank € = 7.

Since the number of nonzero rows of ¢ is exactly 7, all these rows must be linearly dependent.
Therefore

Im% =1Im [I”Sﬁ] )

Moreover,
rank [Bc A:B. - Ag‘_lBC =7.
But since A is 71 x i1, by the Cayley-Hamilton theorem, ]
rank [B. AcB. - A'"'B. =rank B. AB. --- A™!B. =7,

which proves that the pair (Ac,B.) is control]Lble. [ ] [ |

13.3 Block Diagram Interpretation
Consider now LTI systems with outputs

X/xT = Ax + Bu, y = Cx+ Du, xeR" ueRk yeR™, (LTI)
and let T be the similarity transformation that leads to the controllable decomposition

A App
0 Ay

B

=T_AT, —T_ B C. Cy =CT.

1

0
In general, the transf}rmed output matrix Ci h% no particular structure, but f]or convenience we
partition it into the firdt 7 columns and the remaining ones.

Partitioning the state of the transformed system as

o X _ .
i=T lxz[c], x.€R" x,e R,

Xu

its state-space model can be written as

Xe| _ |Ac A | [ xe B, _ Xu
-5 S e w
Figure 13.1 shows a block representation of this system, which highlights[thejfact that the input u

cannot affect the x, component of the state. Moreover, the controllability of thd pair (A, B;) means
that the x. component of the state can always be taken to the origin by an appropriate choice of u(-).

13.4 Transfer Function

Since similarity transformations do not change the system’s transfer function (see Property P4.2),
we can use the state-space model for the transformed system to compute the transfer function 7 (s)
of the original system

-1
sI—A. —-A B.
T(s)=[Cc G [ 0 SI_ZU] [0] +D.

Notation. The vectors x. and x,
are called the controllable and the
uncontrollable ‘i components of
the state, respectively.

Note. This is consistent with
statement 1 in Theorem 13.2.

Note. In  discrete time, the
Laplace  transform  variable
s should be replaced by the
% -transform variable z.



Note. This could have been de-
duced directly from the block
diagram representation in Fig-
ure 13.1. In computing the trans-
fer function we can ignore initial
conditions, and, in this case, the
Xy component of the state plays no
role because it is identically zero.
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— Xy =AuXy = Cy
Xu

Figure 13.1. Controllable decomposition. The direct feed-through term D was omitted to simplify the diagram.

Since the matrix that needs to be inverted is upper triangular, its inverse is also upper triangular, and
the diagonal blocks of the inverse are the inverses of the diagonal block of the matrix. Therefore

(sI —Ac)~! X B
T(s) = [Ce C“][ 0 s(z—Au)IHO
= Ce(sl —Ac)_ Be+D.

This shows that the transfer function of the system (LTT) is]equal to the transfer function of its
controllable part.

135 MATLAB® Commands

Hint 32 (ctrbf). The command [Abar,Bbar,Cbar,T] = ctrbf(A,B,C) com-
putes the controllable decomposition of the system with realization A,B,C. The matrices returned
are such that

Abar = [Au 0

_ _ 0 _ _ / VA |
A AL = TAT,, Bbar—[ =TB, Cbar = CT’, T =T1""

B

This decomposition plaicjls the uncontrollable modj\s on top of the controllable ones, opposite to
what happens in (13.2). Moreover, the nonsingular mhatrix T is chosen to be orthogonal.

The command [Abar,Bbar,Cbar,T] = ctrbf(A,B,C,tol) further specifies the tolerance tol
used to select the uncontrollable modes. O

13.6 Exercises
13.1 (Controllable decomposition). Consider an LTI system with realization

) IS v N

Is this realization controllable? If not, perform a controllable decomposition to obtain a controllable
realization of the same transfer function. m|



Lecture 14

Stabilizability

Contents

This lecture introduces the concept of stabilizability.

1. Stabilizable system (definition)

2. Eigenvector-eigenvalue test for stabilizability

3. Popov-Belevitch-Hautus (PBH) test for stabilizability
4. Lyapunov test for stabilizability (linear matrix
inequality)

5. Feedback stabilization based on the Lyapunov test

6. Eigenvalue assignment

14.1 Stabilizable System

We saw in Lecture 13 that any LTI system is algebraically equivalent to a system in the following
standard form for uncontdollable systems: B

AT (s L) ol
y=[C ¢ [;Cl]—FDu,

Definition 14.1 (Stabilizable system). The pair (A, B) is stabilizable if it is algebraically equivalent
to a system in the standard form for uncontrollable systems (14.1) with n = 7 (i.e., A, nonexistent)
or with A, a stability matrix. O

X €R" x.e RV, (14.1a)

ue R meR™. (14.1b)

Since for stabilizable systems we have
Xy/x® = Auxu,
with A, a stability matrix, x, converges to zero exponentially fast, and therefore we have
Xe/x¢ = Acxe + Beu +d, y = Cexe + Du +n,
where
d(t) = Anx(1), Vi =0

can be viewed as disturbance and noise terms, respectively, that converge to zero exponentially fast
(cf. Figure 14.1).

n(r) = Cyxy(t),

Attention! Stabilizability can be viewed as an infinite-time version of controllability in the sense
that if a system is stabilizable, then its state can be transferred to the origin from any initial state,
but this may require infinite time. In particular, if the system is not controllable, then x, will indeed
“reach” the origin only as t — 0. O
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Notation. In most of this lecture,
we jointly present the results for
continuous and discrete time and
use a slash / to separate the two
cases.

Note. Any controllable system is
stabilizable, because in this case
7 = n and the matrix A, does not
exist. Also, any asymptotically
stable system is stabilizable, be-
cause in this case both A. and A,
are stability matrices.



Note. The term “unstable” should
be understood in the appropriate
sense, depending on whether we
are considering continuous or dis-
crete time. In either case, for the
purposes of stabilizability, eigen-
values on the “boundary” are con-
sidered unstable.

Note. This is because A, and
Al have the same eigenvalues:
det(Al —Ay) = det(Al —A}).
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u + Xe + y
Xe =Acxc+v

+ +

d n

Figure 14.1. Controllable part of a stabilizable system. The direct feed-through term D was omitted to simplify
the diagram.

14.2 Eigenvector Test for Stabilizability

Investigating the stabilizability of the LTI systems
¥=Ax+Bu |/ x*=Ax+Bu xeR", ue Rk (AB-LTI)

from the definition requires the computation of their controllable decompositions. However, there
are alternative tests that avoid this intermediate step.

Theorem 14.1 (Eigenvector test for stabilizability).

1. The continuous-time LTI system (AB-LTI) is stabilizable if and only if every eigenvector of A’
corresponding to an eigenvalue with a positive or zero real part is not in the kernel of B'.

2. The discrete-time LTI system (AB-LTI) is stabilizable if and only if every eigenvector of A’
corresponding to an eigenvalue with magnitude larger or equal to 1 is not in the kernel of
B O

Proof of Theorem 14.1. Let T be the similarity transformation that leads the system (AB-LTI) to the
controllable decomposition, and let (14.1) be the corresponding standard form; i.e.,

- |Ac Ap
=g o

= [Bc
=T AT, B:= [0 =T _,B.
We start by proving that if the s}rrstem (AB-LTI) is stabilizable, then e}ery “unstable” eigenvector
of A’ is not in the kernel of B’. ITo prove by contradiction, assume thdt there exists an “unstable”
eigenvalue-eigenvector pair (A,x) for which

A'x=Ax, B'x=0 < (TAT 'Yx=Ax, (TB)x=0
Al 0

= ¢ T'x=AT'x, |[B. 0|T'x=0
2 ) 15 0]
AL O | x| 4 e , o

- [Aaz Aa] H ! [ K 0] x —0 (142

where [/ x{l], =T x # 0. Since the pair (Ac,Bc) is controllable and [ ]
Alxe = Axc, Blx. =0,

we must have x. = 0 (and consequently x, # 0), since otherwise this would violate the eigenvector
test for controllability. This means that A must be an eigenvalue of A, because

Alxy = Axy,
which contradicts the stabilizability of the system (AB-LTI) because A is “unstable.”

Conversely, suppose now that the system (AB-LTI) is not stabilizable. Therefore A} has an “unsta-
ble” eigenvalue-eigenvector pair

Alxy = Axy, xg # 0.
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Then = =2 =

[ A R R A

We have thus far found an “unstable” eigenvector of A’ in the kernel of B’, so (A,B) cannot be
stabilizable. To conclude that the original pair (A, B) is also not stabilizable, we use the equivalences

in (14.2) to conclude that <
] e
Xu Xu ’
is an “unstable” eigenvector of A’ in the kernel of B'. ]

14.3 Popov-Belevitch-Hautus (PBH) Test for Stabilizability

For stabilizability, one can also reformulate the eigenvector test as a rank condition, as was done in
Theorem 12.3 for controllability.

Theorem 14.2 (Popov-Belevitch-Hautus (PBH) test for stabilizability).

1. The continuous-time LTI system (AB-LTI) is stabilizable if and only if

rank[A—AI B =n, YA eC:R[A]=0. (14.3)

2. The discrete-time LTI system (AB-LTI) is stabilizable if and only if

rank[A—AI B =n, VAeC:|A| > 1. |

The proof of this theorem is analogous to tlne proof of Theorem 12.3, except that now we need
to restrict our attention to only the “unstable” portion of C.

14.4 Lyapunov Test for Stabilizability
Consider again the LTI systems
¥=Ax+Bu /| x* =Ax+Bu, xeR", ueRk. (AB-LTI)

Theorem 14.3 (Lyapunov test for stabilizability). The LTI system (AB-LT]) is stabilizable if and
only if there is a positive-definite solution P to the following Lyapunov matrix inequality

AP+PA'—BB'<0 / APA'—P—BB <. (14.4)
Proof of Theorem 14.3. We do the proof for continuous time and start by showing that if (14.4) has
a positive-definite solution P, then the system (AB-LTI) is stabilizable. The simplest way to do this

is by using the eigenvector test. Assume that (14.4) holds, and let x # 0 be an eigenvector of A’
associated with the “unstable” eigenvalue A; i.e., A’x = Ax. Then

x*(AP + PA")x < x*BB'x = ||B'x|?,

where (-)* denotes the complex conjugate transpose. But the left-hand side of this equation is equal
to

(Ax,)Px+x PAx=2Ax Px+Ax Px=2R[A]x Px.

forum.kor

Note. The term BB’ in (14.4) ap-
pears with opposite sign with re-
spect to the Lyapunov test for con-
trollability, where the Lyapunov
equality was AP + PA’ + BB’ = 0.

Note. Equation (14.4) is known as
a linear matrix inequality (LMI).
The term “linear” comes from the
fact that the left-hand side is lin-
ear in P, and < refers to the fact
that the left-hand side must be
negative-definite.



Note. This can be proved by com-

pleting the square.
cise 14.1.

See Exer-
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Since P is positive-definite and R[A] = 0, we conclude that
0 <2R[AJx"Px < HB'x||2,

and therefore x must not belong to the kernel of B'.

To prove the converse, we assume that the system (AB-LTI) is stabilizable. Let T be the similarity
transformation that leads the system (AB-LTI) to the controllable decomposition and let (14.1) be
the corresponding standard form; i.e.,

_|Ae A = |Be
A._[O Al =T AT, B._[O =T B,

We saw in Section 12.4 (regardij}g feedback stabilization based on thekyapunov test) that control-
lability of the pair (Ac,B.) guarahtees the existence of a positive-definite matrix P, such that

AP.+PA. —B.B., =—0. <0

[cf. equation (12.12)]. On the other hand, since A, is a stability matrix, we conclude from the
Lyapunov stability theorem 8.2 that there exists a positive-definite matrix P, such that

APy +PA = -0, <0.
Defining
5 [P O
- [0 PPu]
for some scalar p > 0 to be determined shortly, we conclude that

5. i pa_ |Ae An|[P 0 P 0 |]AL O _Bc[/
AP+ PA BB—[O AuHO pPu]+[O PPuHA’lz A, o | Be 0]

_ Qc —pARKR
B _pP‘]A,lz pQu

It turns out that by making p positive, but sufficiently small, the right-hand side can be made
negative-definite. The proof is completed by verifying that the matrix

_ P 0 ’
P—T[O pPu]T

satisfies (14.4) [ |

14.5 Feedback Stabilization based on the Lyapunov Test
Assume that the continuous-time LTT system
X = Ax+ Bu, xeR" ueRt (AB-CLTI)

is stabilizable. We saw in the Lyapunov test for stabilizability (Theorem 14.3) that this guarantees
the existence of a positive-definite solution P for which

AP+ PA'—BB' <.

Defining K = %B’ P!, this inequality can be rewritten as

1 1
( - EBB’P_I)P+P(A - EBB’P_I) — (A—BK)P+P(A—BK), < 0.

/
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Multiplying this inequality on the left and right by Q == P~!, we obtain
Q(A—BK)+(A—BK)'Q <0.

Since Q > 0, we conclude from the Lyapunov stability theorem 8.2 that A — BK must be a stability
matrix. This means that the state feedback control

u=—Kx
asymptotically stabilizes the system (AB-CLTI).

Theorem 14.4. When the system (AB-CLTI) is stabilizable, it is always possible to find a state
feedback controller u = —Kx that makes the closed-loop system x = (A — BK )x asymptotically sta-
ble. ]

The discrete-time equivalent of this result is as follows.

Theorem 14.5. When the system

xt = Ax+Bu, xeR" ueRF (AB-DLTI)
is stabilizable, it is always possible to find a state feedback controller u = —Kx that makes the
closed-loop system x* = (A — BK)x asymptotically stable. O

Attention! The conditions in Theorems 14.4 and 14.5 are actually necessary and sufficient for sta-
bilizability. In particular, one can also show that if it is possible to find a state feedback controller
u = —Kx that makes the closed-loop system x/x* = (A — BK)x asymptotically stable, then the pair
(A, B) must be stabilizable. |

14.6 Eigenvalue Assignment

We saw in Section 14.5 that when a system is stabilizable, it is possible to find a feedback controller
that makes the closed loop asymptotically stable.

When the system is not only stabilizable, but also controllable, we saw in Sections 12.4 that
one can actually make the closed-loop eigenvalues arbitrarily fast. It turn out that for controllable
systems, one has complete freedom to select the closed-loop eigenvalues.

Theorem 14.6 (Eigenvalue assignment). Assume that the system

%/x" = Ax+Bu, xeR" ueRt (AB-CLTI)

is controllable. Given any set of n complex numbers Ay, A, ..., Ay, there exists a state feedback
matrix K such that the closed-loop system x/xT = (A — BK)x has eigenvalues equal to the A;. ]

The proof of this theorem can be found in [, Section 4.2 B]. The special case of a SISO system
in controllable canonical form is proved in Exercise 14.2.

14,7 MATLAB® Commands

MATLAB® Hint 33 (place). The command K=place (A,B,P) computes a matrix K such that the
eigenvalues of A-B K are those specified in the vector P. The pair (A,B) should be controllable, and
the vector P should have no repeated eigenvalues. This command should be used with great caution
(and generally avoided), because it is numerically badly conditioned. O

Note. This result justifies the
name “stabilizable.”

Note. As opposed to the anal-
ogous result for controllability,
we now cannot make the closed-
loop eigenvalues arbitrarily fast
(cf. Theorem 12.6).

MATLAB® Hint 33.

K=place(A,B,P) computes
a matrix K such that the eigenval-
ues of A-B K are those specified
in the vector P. This com-
mand should be used with great
caution and generally avoided
because it is numerically badly
conditioned. »p. 117
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14.8 Exercises

14.1 (Positive definiteness of a partitioned matrix). Consider a symmetric matrix P that can be
partitioned as follows:

_[o ps
P - [psl PR 9
where Q and R are both square symmetric and positive-definite matrices and p is a positive scalar.

Show that the matrix P is positive-definite for a sufficiently small, but positive, p.

Hint: Show that we can pick p > 0 so that X' Px > 0 for every nonzero vector x, by completing the
squares. O

14.2 (Eigenvalue assignment). Consider the SISO LTI system in controllable canonical form

% = Ax+ Bu, xeR" ueR!, (AB-DLTI)
where
[_al 02 e an—1 _(xn—| [1]
1 0 0 0 | o,
0

: o : : 0
[ 0 o .- 1 0 J [OJ
nxn nxl1
(a) Compute the characteristic polynomial of the closed-loop system for

, K:=[k1 ky --- kn].

u=—Kx

Hint: Compute the determinant of (sI — A + BK) by doing a Laplacian expansion along the first
line of this matrix.

(b) Suppose you are given n complex numbers A1, Ay, ..., 4, as desired locations for the closed-
loop eigenvalues. Which characteristic polynomial for the closed-loop system would lead to
these eigenvalues?

(c) Based on the answers to parts (a) and (b), propose a procedure to select K that would result in
the desired values for the closed-loop eigenvalues.

(d) Suppose that
1 2 3 1
A=1|1 0 0], B=1]0
010 0

Find a matrix K for which the closed-loop eigenvalues are {—1,—1,—2}. ]

14.3 (Transformation to controllable canonical form). Consider the following third-order SISO LTI
system

% =Ax+ Bu, xeR3 ueR! (AB-CLTI)
Assume that the characteristic polynomial of A is given by
det(sI —A) =5 + OC1S2 + 0hrs + O3

and consider the 3 x 3 matrix

(04
0 1 o, (14.5)
0 0
1

where % is the system’s controllability matrix.



Controllability and State Feedback 119

(a)

(b)

()
(d)

Show that the following equality holds:

Hint: Compute separately the left- and right-hand side of the equation above and then show
that the two matrices are equal with the help of the Cayley-Hamilton theorem.

Show that if the system (AB-CLTI) is controllable, then T is a nonsingular matrix.

Combining parts (a)—(c), you showed that, if the system (AB-CLTI) is controllable, then the
matrix 7' given by equation (14.5) can be viewed as a similarity transformation that transforms
the system into the controllable canonical form

T AT =
l:—OCl -0 —03 1

1 0 o |, T-'B= |0

0 1 0 0

Use this to find the similarity transformation that transforms the following pair into the control-
lable canonical form

6 4 1 1
A= |-5——4-0 |, B= |-+
4 3 -1 1

Hint: You may use the MATLAB® functions poly (4) to compute the characteristic polynomial
of Aand ctrb (4, B) to compute the controllability matrix of the pair (A,B). O
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Lecture 15

Observability

Contents

This lecture introduces the notions of observability and constructibility.

1. Observability and constructibility

2. Physical examples and block diagrams

3. Observability and constructibility Gramians (LTV systems)
4. Gramian-based reconstruction

5. Duality (LTI case)

6. Observability tests

7.

Discrete-time case

15.1 Motivation: Output Feedback

Consider the continuous-time LTI system
% = Ax+ Bu, y = Cx+ Du, xeR" ueRF yeR™ (CLTT)

We saw in Lecture 14 (Section 14.5) that if the pair (A, B) is stabilizable, then there exists a state
feedback control law

u=—Kx (15.1)

that asymptotically stabilizes the system (CLTI), i.e., for which A — BK is a stability matrix. How-
ever, when only the output y can be measured (as opposed to the whole state x), the control law
(15.1) cannot be implemented. In principle, this difficulty can be overcome if it is possible to recon-
struct the state of the system based on its measured output and perhaps also on the control input that
is applied.

When the C matrix is invertible, instantaneous reconstruction of x from y and u is possible by
solving the output equation for x:

x(t)y=C"! (y(t) — Du(t)).

However, this would be possible only if the number of outputs was equal to the number of states (C
is square). When the number of outputs is strictly smaller than the number of states, instantaneous
reconstruction of x from y and u is not possible, but it may still be possible to reconstruct the state
from the input u(¢) and output y(¢) over an interval [y, #;]. Two formulations are usually considered.

1. Observability refers to determining x(f9) from the future inputs and outputs u(r) and y(z),
1€ [to,11].

123
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2. Constructibility refers to determining x(#;) from the past inputs and outputs u(r) and y(),
re [l‘(),l‘l].

15.2 Unobservable Subspace
Consider the continuous-time LTV system
X =A(t)x +B(t)u, y =C(t)x+D()u, xeR", ueRk, yeR™, (CLTV)

We have seen in Lecture 5 that the system’s state xo = x(fp) at time 7y is related to its input and
output on the interval [7y,7,] by the variation of constants formula:

t

y(t) = C(t)D(t,t0)x0 + J C(t)®(r,7)B(t)u(t)dt + D(t)u(t), vt € [to, 1], (15.2)
fo

where ®(+) denotes the system’s state transition matrix. To study the system’s observability, we

Notation. Given an input/output  need to determine under which conditions we can solve
pair u(r),y(t), t € [to,11], we say

that it is compatible with an ini- )7(t) = C(t)CD(t,tQ)XQ, YVt e [107“] (15.3)
tial state xq if (15.2) [or equiva-
lently (15.3)] holds. for the unknown xy € R”, where

5(t) = y(t) — ft O T)B(u(t)dT —D@ult), Vi€ o],

This motivates the following definition.

Definition 15.1 (Unobservable subspace). Given two times #; > #o > 0, the unobservable subspace
on [to,t1] UO[to,11] consists of all states xo € R” for which

C(t)D(t,10)x0 =0, Vt e [t,11]. O
The importance of the unobservable subspace stems from the following properties.

Properties (Unobservable subspace). Suppose we are given two times #; > fo > 0 and an in-

put/output pair u(t),y(t), t € [to,11]-

P15.1 When a particular initial state xo = x(fp) is compatible with the input/output pair, then every
initial state of the form

X0 + Xu, quUO[to,tl]

is also compatible with the same input/output pair.

This is because

{y(r) = COP(1,0)x, Weashll] _

0= CO)D(1.10)x0, R (1) = C(1)D(1,10) (x0 +xu), V€ [to,11].

P15.2 When the unobservable subspace contains only the zero vector, then there exists at most one
initial state that is compatible with the input/output pair.

This is because if two different states xg, %o € R"” were compatible with the same input/output
pair, we would have

{i((i))@(@#ﬁo)ﬁo, e aghlll _ 0= CO)D(1,10) (v —Fo), Ve € [to1],

vyt Ct®Pt,rgk, t tyh

and therefore xo — ¥ # 0 would have to belong to the unobservable subspace. O

forum.ko
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These properties motivate the following definition.

Definition 15.2 (Observable system). Given two times | > #y > 0, the system (CLTV) is observable
if its unobservable subspace contains only the zero vector; i.e., UO[1p,1;] = 0. O

The matrices B(-) and D(-) play no role in the definition of the unobservable subspace; therefore
one often simply talks about the unobservable subspace or the observability of the system

x=A(t)x, y=C()x, xeR" yeR™ (AC-CLTV)

or simply of the pair (A(-),C(-)).

15.3 Unconstructible Subspace

The “future” system’s state x; := x(1) at time #; can also be related to the system’s input and output
on the interval [fy,; ] by the variation of constants formula:

1

(1) =C(t)D(t,11)x1 + J C(t)®@(t,7)B(t)u(t)dt + D(t)u(t), Vte[t,4].
|

This formula motivates the following definition.

Definition 15.3 (Unconstructible subspace). Given two times #; > to = 0, the unconstructible sub-
space on [ty,11] UC[1p,11] consists of all states x; for which

C(t)D(t,11)x; =0, Vt € [to,11]- |
The importance of the unconstructible subspace stems from the following simple properties.

Properties (Unconstructible subspace). Suppose we are given two times #; >y > 0 and an in-
put/output pair u(z),y(t), t € [to,11]-

P15.3 When a particular final state x; = x(#;) is compatible with the input/output pair, then every
final state of the form

X1 + Xu, xueue[to,tl]
is also compatible with the same input/output pair.

P15.4 When the unconstructible subspace contains only the zero vector, then there exists at most
one final state that is compatible with the input/output pair. |

Definiionlidahhconstructible sisipave (GRS EVAINNES Zers Vectol1 Bieefign (LEY) is com

15.4 Physical Examples

X| =Ax+Bu

Y1
y Cix
u + y

Xy = Apxs + Bou
y Cxy

Figure 15.1. Parallel interconnections.

Note. Because of property P15.2,
it is possible to uniquely
reconstruct the state of an
observable system from
(future) inputs/outputs.

Note. Because of property P15.4,
it is possible to uniquely
reconstruct the state of a
constructible system from (past)
inputs/outputs.



Note. Both Gramians are sym-
metric positive-semidefinite n x n
matrices.

Note. These Gramians are very
similar to the controllability and
reachability Gramians, except that
now the transposes appear on the
left and the B(-) matrix has been
replaced by the C(-) matrix.

Note. Recall from the fundamen-
tal theorem of linear equations
that for an m x n matrix W,
dim ker W +rank W = n.
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Example 15.1 (Parallel interconnection). Consider the parallel interconnection in Figure 15.1 of
two systems with states x;,x, € R”. The overall system corresponds to the following state-space
model

A1 O B B
X = [0 Az]x+ [32] u, y= [C1 Cz]x,
€

where we chose for state x = [x’l x’z]l R?". The output to this system is given by

1

y(t) = CleA"xl (O) +C1€A2txZ(0) +J (CleAl(t_r)B1 +C2€A2(t_r)Bz)u(T)dT.
0

When Ay =A; =A and C; = G, = C, we have
l
(1) = Ce™ (x1(0) +x2(0)) + f CA =T (B + By)u(t)dr.
0

This shows that, solely by knowing the input and output of the system, we cannot distinguish be-
tween initial states for which x; (0) +x2(0) is the same. O

15.5 Observability and Constructibility Gramians

The following definitions are useful to characterize the unobservable and unconstructible subspaces.

Definition 15.5 (Observability and Constructibility Gramians). Given two times #; > ty = 0, the
observability and constructibility Gramians of the system (CLTV) are defined by

Wolo,) = [ J}Qw,ro>'C(r>'C(r><b(r,ro>dr,

Wen(to, 1) = ®(1,11)'C(7)'C(1)D(7,11)d7. O

fo
As the names suggest, these Gramians allow one to compute the unobservable and the uncon-
structible spaces.

Theorem 15.1 (Unobservable and unconstructible subspaces). Given two times t; > ty = 0,

UO[Z‘Q,Z‘I] ZkCIWO(l‘Q,l‘l), u@[l‘o,l‘l] ZkCIWCn(to,tl). O
Proof of Theorem 15.1. From the definition of the observability Gramian, for every xo € R”, we have

1 I
X6W0(l‘0,l‘1)XQ = J Xéq)('r,tQ)IC(T)IC(T)qD(T,IO)XOdT = f HC(T)CD(T,Z‘O)XOHZdT.

fo

Therefore

xo € kerWo(to,t1) = C(1)®(7,f0)x0 =0, VT € [t0,11] =  x0€UO[to,11].
Conversely,

x0 € UO[to,11] = C(1)P(7,10)x0 =0, VT € [190,1] = x0€kerWp(tp,11).

For the second implication, we are using the fact that, for any given positive-semidefinite matrix W,
X'Wx =0 implies that Wx = 0. This implication is not true for nonsemidefinite matrices.

A similar argument can be made for the unconstructible subspace. [ ]

This result provides a first method to determine whether a system is observable or constructible,
because the kernel of a square matrix contains only the zero vector when the matrix is nonsingular.

Corollary 15.1 (Observable and constructible systems). Suppose we are given two times t; > to = 0.

1. The system (CLTV) is observable if and only if rank Wy (19,11) = n.
2. The system (CLTV) is constructible if and only if rankW¢,, (fo,11) = n. ]
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15.6 Gramian-based Reconstruction
Consider the continuous-time LTV system
X =A(t)x +B(t)u, y=C(t)x+D(t)u, xeR" ueRk yeR™, (CLTV)

We have seen that the system’s state xp := x(fo) at time 7y is related to its input and output on the
interval [79,1] by

y(t) = C(l‘)q)(t,l‘o))q), Vt e [Z‘Q,l‘l], (15.4)

where
(1) =y(r) — f C(t)®(t,7)B(t)u(t)dt — D(t)u(t), Vt € [t0,11]- (15.5)

Premultiplying (15.4) by ®(z,#,)'C(¢)" and integrating between 1y and #; yields
1] gl

| @twycwyswa = [ ounycuycnemm,
1

0 fo

which can be written as

Woliao = [ " (1,10 Cle) 50)ar

fo

If the system is observable, Wy (#y,#1) is invertible, and we conclude that
1
X0 = Wo(to,n)’lj O(1,10)'C(1)'5(t)dt,
fo

which allows us to reconstruct x(#) from the future inputs and outputs on [#g,#;]. A similar construc-
tion can be carried out to reconstruct x(¢1) from past inputs and outputs for reconstructible systems.
This is summarized in the following statement.

Theorem 15.2 (Gramian-based reconstruction). Suppose we are given two times t| >ty = 0 and an
input/output pair u(t),y(t), t € [to,11].

1. When the system (CLTV) is observable

x(to) = Wolto,1;) " r ®(1,10)'C(1)'5(t)dt,

fo
where ¥(t) is defined by (15.5).

2. When the system (CLTV) is constructible
1
) = Wealo,n) ™! [ (e Cl0)5(0)dn,
fo

where

() = y(r) — f C(t)@(t,7)B(t)u(t)dt — D(t)u(t), Vt € [19,11]. a

n

forum.kor



Note. It is possible to uniquely
reconstruct the state of an ob-
servable system from (future) in-
puts/outputs.

Note. It is possible to uniquely
reconstruct the state of a con-
structible system from (past) in-
puts/outputs.
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15.7 Discrete-Time Case

Consider the discrete-time LTV system
x(t+1) =A(t)x(r) + B(t)u(t), y(t) =C(t)x(t) + D(t)u(t), (DLTV)

for which the system’s state xo := x(fp) at time #( is related to its input and output on the interval
to <t <t by the variation of constants formula

i—1
y(t) = C(t)D(t,10)x0 + Z C(t)®(t,7)B(t)u(t)dt + D(t)u(t), Vig <t <1y.

T=ly

Definition 15.6 (Unobservable and unconstructible subspaces). Given two times t; > fy = 0, the
unobservable subspace on [ty,t;) UO[to, 1) consists of all states x( for which

C(t)D(t,19)x0 =0, Vip <t <1. |
The unconstructible subspace on [ty,t1) UC|ty, ;) consists of all states x; for which
C(t)®(t,11)x; =0, Vip <t <1. |

Attention! The definition of the discrete-time unconstructible subspace requires a backward-in-time
state transition matrix ®(z,#;) from time #; to time # < ¢; — 1 < #;. This matrix is well defined only
when

x(t1) =A(t —DA(1 —2)---A(0)x(t), to<Tt<n—1

can be solved for x(¢), i.e., when all the matrices A(ty), A(to+ 1), ... , A(f; — 1) are nonsingular.
When this does not happen, the unconstructibility subspace cannot be defined. O

Definition 15.7 (Observable and constructible systems). Given two times #; > fy > 0, the system
(DLTV) is observable if its unobservable subspace contains only the zero vector, and it is con-
structible if its unconstructible subspace contains only the zero vector. |

The matrices B(-) and D(-) play no role in the definition of the unobservable subspace, therefore
one often simply talks about the unobservable subspace or the observability of the system

x(t+1) =A(t)x(z), y(t) = C(1)x(t), xeR" yeR" (AC-DLTV)
or simply of the pair (A(-),C(-)).

Definition 15.8 (Observability and constructibility Gramians). Given two times #; > fy = 0, the
observability and constructibility Gramians of the system (AC-DLTV) are defined by

-1

t(),tl Z CD ’L' l‘() ( )(I)(T,t()),
T=ty
-1
ch t(),tl Z CD ’L' l‘1 ( )(I)(T,tl). O
T=ty

Theorem 15.3 (Unobservable and unconstructible subspaces). Given two times t; > ty > 0,
UO[Z‘Q,H) =kerW0(to,t1), ue[t(),l‘l) ZkCIWC,,(l‘Q,tl). O

Theorem 15.4 (Gramian-based reconstruction). Suppose we are given two times t| > to = 0 and an
input/output pair u(t), y(t), to <t <t.
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1. When the system (DLTV) is observable

t—1

129

x(to) = Wolto.t1) ™" > ®(t,10)'C(1)'3(t),

1=ty

where

2. When the system (DLTV) is constructible

-1

Vo <t <H.

x(11) = Wenlto,n) ™" ) @(1,00)'C(1)'5(1),

1=ty

where

t—1
§(t) = y(t) = Y C()@(t, 7)B(r)u(T)dT — D(t)ult),

T=I

15.8 Duality (LTT)

Consider the continuous-time LTI system
X = Ax+ Bu, y = Cx+ Du,

So far we have shown the following.

The system (CLTI) is controllable =
where

The system (CLTI) is observable on [19,1;] <
where

Suppose that we construct the following dual system
i=Ax+Cq, y=B%+Di,

For this system we have the following.

The system (15.7) is controllable <
where

The system (15.7) is observable on [fo,7]] <
where

Vip <t <ty. O

xeR" ueRk yeR™ (CLTI)
rankWe(fo,11) = n, (15.6a)
5 ,
Wc(t(),tl) = J- AT R A (T g7,
fo
rankWo(to,tl) =n, (15.6b)
1] ,
Wo(l‘o,l‘l) = J eA (Tit())C,CeA(TitO)dT.
fo
xeR" @eR", ye Rk (15.7)
rankWe (t,11) = n, (15.8a)

1 ,
Welto,th) = J A (T0) A T10) g 7
fo

rankWo (fo,11) = n, (15.8b)

1] ,
Wo(t(),tl) = J eA(T—IO)BBIeA (T_IO)dT.
fo

By matching the conditions (15.6) for the original system (CLTI) with the conditions (15.8) for the

dual system (15.7), we obtain the following result.

Theorem 15.5 (Duality controllability/observability). Suppose we are given two times t; >ty = 0.

Note. Why can we omit “on
[10,11]” for controllability? Be-
cause for time-invariant systems,
we have time scalability; i.e., con-
trollability does not depend on the
interval under consideration.

Note. All matrices were replaced
by their transposes, the B and C
matrices were exchanged, and the
dimensions of the input and the
output were also exchanged.



Note. Why? Because we have al-
ready established time scaling for
controllability and reachability of
LTI systems.

Note. Why? Because we have
already established that control-
lability and reachability coincide
for continuous-time LTI systems.

Notation. In this section, we
jointly present the results for con-
tinuous and discrete time and use
aslash / to separate the two cases.

MATLAB® Hint 34.

obsv(sys) computes the
observability ~matrix of the
state-space system sys. Alterna-
tively, one can use obsv(A,C)
directly. »p. 131
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1. The system (CLTI) is controllable if and only if the system (15.7) is observable on [ty,1;].
2. The system (CLTI) is observable on [ty,t1] if and only if the system (15.7) is controllable.
O A
similar result can be obtained for reachability/constructibility.
Theorem 15.6 (Duality reachability/constructability). Suppose we are given two times t| > to = 0.
1. The system (CLTI) is reachable if and only if the system (15.7) is constructible on [ty ].

2. The system (CLTI) is constructible on [ty,t,] if and only if the system (15.7) is reachable.
0O  Attention! This result has several important implications.
interval considered. This means that if it is possible to unlquely reconstruct the state x(1g)

L figg seqiing) idheatansuabuebstvabilitednd ponstuetibilityidanst shirand o8 dhsqtisng
reconstruct the state x(7p) from inputs and outputs on any other interval [#,7;], and similarly
for constructibility.

Because of this, for continuous-time LTI systems, one generally does not specify the time
interval [to,1 ]| under consideration.

2. Time reversibility. The notions of observability and constructibility coincide for continuous-
time LTI systems, which means that if one can reconstruct the state from future inputs/outputs,
one can also reconstruct it from past inputs/outputs.

Because of this, for continuous-time LTI systems, one simply studies observability and omits
constructibility. O

Attention! For time-varying systems, duality is more complicated, because the state transition ma-
trix of the dual system must be the transpose of the state transition matrix of the original system, but
this is not obtained by simply transposing A(z). O

15.9 Observability Tests

Consider the LTI system

x/xT = Ax, y = Cx, xeR" yeR™ (AC-LTI)
From the duality theorems in Section 15.8, we can conclude that a pair (A,C) is observable if and
only if the pair (A’,C’) is controllable. This allows us to use all previously discussed tests for

controllability to determine whether or not a system is observable.

To apply the controllability matrix test to the pair (A’,C"), we construct the corresponding con-
trollability matrix

€ = [CI Alcl (AI)ch (Al)n—lcl] — ﬁ/7

(kn)xn
where & denotes the observability matrix of the system (AC-LTI), which is defined by

[ICS%Z-III

[CA;_IJ (kn)xn

Since rank ¢ = rank @’ = rank &, we conclude that the system (AC-LTTI) is observable if and only
if rank ¢ = rank & = n. Moreover, we saw that in Theorem 15.1 that

UO[1,11] = (ImWo(to,11))™,

=

=kerWy(19,11) YVt > 19 =0,
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where the second equality is justified by Lemma 11.1. But the observability gramian Im Wy (o,1;)
of the pair (A,C) is equal to the controllability gramian Wc (19, ) of the pair (A’,C’) so

UO[tg,11] = (ImWo t9,11))* = (ImWe(t, 1)) = (ImE)* = ker &,
where the second equality is a consequence of the fact that Im W (to, 1, ) is the controllable subspace

of the pair (A’,C"), which can be obtained from the image of the controllability matrix %". One last
application of Lemma 11.1 allows one to conclude that

UO[t9,11] = ImE) L = ker 0.
The above reasoning leads to the following test.

Theorem 15.7 (Observability matrix test). The system (AC-LTI) is observable if and only ifrank & =
n. Moreover,

UO[to,tl] =ker 0. O
All other controllability tests also have observability counterparts.

Theorem 15.8 (Eigenvector test for observability). The system (AC-LTI) is observable if and only
if no eigenvector of A is in the kernel of C. O

Theorem 15.9 (Popov-Belevitch-Hautus (PBH) test for observability). The system (AC-LTI) is ob-
servable if and only if

rank [A - AI]

c =n, VA eC. m]

Theorem 15.10 (Lyapunov test for observability). Assume that A is a stability matrix/Schur stable.
The system (AC-LTI) is observable if and only if there is a unique positive-definite solution W to the
Lyapunov equation

AW+WA=-CC | AWA-W =-C'C. (15.9)
Moreover, the unique solution to (15.9) is
* ’
W= J- eA T CICEAT dt= lim Wo(l‘o,l‘l)
0 t —ty—>%0
7=0
/ W= (A/)TC/CArdT = lim Wo(l‘o,l‘l). O

t—tp—>%0

Table 15.1 summarizes these results and contraz; them with the corresponding controllability
tests.

15.10 MATLAB® Commands

MATLAB® Hint 34 (obsv). The function obsv(sys) computes the observability matrix of the

Note. Now, we do not need to
work with left-eigenvectors or
left-kernels.

Notation. The eigenvalues corre-
sponding to eigenvectors of A in
the kernel of C are called the
unobservable modes, and the
remaining ones are called the
observable modes.

Note. Now equation (15.9) very
much resembles the one in the
Lyapunov stability theorem 8.2.

state-space system sys. The system must be specified by a state-space model using, e.g., sys=ss(A,B,C,D),

where A,B,C,D are a realization of the system. Alternatively, one can use obsv(A,C) directly. O

15.11 Exercises

15.1 (Diagonal Systems). Consider the following system

1 0 0
x=10 0 0 |x, y=lc1 a cu
0 0 -1

where ¢y, ¢», and c¢3 are unknown scalars.
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(a) Provide an example of values for ¢y, 7, and c¢3 for which the system is not observable.
(b) Provide an example of values for ¢y, 7, and c¢3 for which the system is observable.

(c) Provide a necessary and sufficient condition on the ¢; so that the system is observable.

Hint: Use the eigenvector test. Make sure that you provide a condition that when true the system
is guaranteed to be observable, but when false the system is guaranteed to not be observable.

(d) Generalize the previous result for an arbitrary system with a single output and diagonal matrix
A. ]
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Lecture 16

Output Feedback

Contents

This lecture addresses the output feedback problem.

Observable decomposition

Kalman decomposition

Detectability (definition and tests)

State estimation

Eigenvalue assignment by output injection

Stabilization through output feedback (separation theorem)

AN S

16.1 Observable Decomposition
Consider the LTI system
x/xt = Ax + Bu, y = Cx+ Du, xeR", yeR" (AC-LTI)
and a similarity transformation % :== 7 ~lx, leading to
i/xt =Ax+Bu, y=Ci+Du, A=T7'AT, B=T7'B, C=CT. (l6.1)

The observability matrices ¢ and & of the systems (AC-LTI) and (16.1), respectively, are related by

[ Cil J|||[|¢i‘ L ot

[C_Ai’—l] [CA;—I]

Since the observability of a system is determined by the rank of its observability matrix, which does
not change by multiplication by a nonsingular matrix, we obtain the following result.

0 =

Theorem 16.1 (Invariance with respect to similarity transformations). The pair (A,C) is observable
if and only if the pair (A,C) = (T~'AT,CT) is observable. ]

As with controllability, it is possible to find similarity transformations that highlight the unob-
servable subspace. In fact, by applying the controllable decomposition theorem 13.2 to the pair
(A,,C,), we obtain the following result.

135

Notation. In most of this lecture,
we jointly present the results for
continuous and discrete time and
use a slash / to separate the two
cases.

Note. In fact, we have more than
this.  Similarity transformations
actually preserve the dimension of
the unobservable subspace.



Notation. This form is often
called the standard form for
unobservable systems.

MATLAB® Hint 35.
[Abar,Bbar,Cbar,T] =
obsvf (A,B,C) computes the

observable decomposition  of
the system with realization
A,B,C. »p. 141

Notation. The vectors x, and x,
are called the observable and the
unobservable components of the
state, respectively.

Note. This is consistent with

statement 1 in Theorem 16.2.

136 Jodo P. Hespanha

Theorem 16.2 (Observable decomposition). For every LTI system (AC-LTI), there is a similarity
transformation that takes the system to the form

[AO 0

=T_,AT, B, C, 0 =CT, (16.2)

Az Ay
where A, is an (n —1) x (n — i) matrix, Ay an i X it matrix, and Co, an m x (n — it) matrix, for which

1. the unobservable subspace of the transformed system (16.2) is given by

- 0
UO =Im |:Iﬁ><ﬁ:| ,

where fi denotes the dimension of the unobservable subspace UO of the original system, and
2. the pair (A,,Cy) is observable. O

By partitioning the state of the transformed system as

Xo
Xu

F=T"lx= , Xo ER™ x, e R,

its state-space model can be written as follows
X| Ao O [ x, |
Xu Ay Ay | Xu |
Figure 16.1 shows a block representation of this system, which highlights the fact that the x, com-

ponent of the state cannot be reconstructed from the output. Moreover, the observability of the pair
(Ao, Co) means that the xo component of the state can be uniquely reconstructed from the input and

output.
u Xo y
Xo = AoXxo +V = Co

y=1[Co 0] [x] +Du.

Xu

Xu

Figure 16.1. Observable decomposition. The direct feed-through term D was omitted to simplify the diagram.

16.2 Kalman Decomposition Theorem
Consider the LTI system

X/xT = Ax + Bu, y = Cx+ Du, xeR" ueRk yeR™ (LTI)

In Lecture 13, we saw that every LTI system can be transformed through a similarity transformation
into the following standard form for uncontrollable systems:

Il B e

C
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in which the pair (A¢,Bc) is controllable [cf. Figure 16.2(a)]. This was obtained by choosing a
similarity transformation

[XC] =Ty, T=[Ve Vi,

X¢

whose leftmost columns V, form a basis for the (A-invariant) controllable subspace C of the pair
(A,B). Using duality, we further concluded that every LTI system can also be transformed into the
following form standafd form for ungcbseﬂvalﬁe systems:

W1 (A 0[] [ ) .
[xa XG] AZI A(_) X5 B(_) u, y= [C() 0] X5 -{-Dl,t7
in which the pair (A4,,C,) is observable [cf. Figure 16.2(b)]. This is obtained by choosing a similarity
transformation

[xo] =T _,x, T = [VO Vﬁ],

whose rightmost columns V5 form a basis for the (A-invariant) unobservable subspace UO of the
pair (A,C).

u y
Xco
: A
y |
> Xco |
f I
EE—— Xc \ L - Xo F——» : | )
I
A T | Xco
| | |
| | ! T
Il V : \w/
Xe = X5 Xeo
(a) Controllable decomposition (b) Observable decomposition (c) Kalman decomposition

Figure 16.2. Schematic representation of the structural decompositions.

Suppose now that we choose a similarity transformation
- —1
x=T X T = [Vco Vcé Véo VE’]
such that

1. the columns of V.5 form a basis for the (A-invariant) subspace C n UO,

2. the columns of [VCO VC(—,] form a basis for the (A-invariant) controllable subspace € of the pair
(A,B), and +

3. the columns of [Vc(—) 5(—)] form a basis for the (A-invariant) unobservable subspace UO of the

pair (A,C). _
= Jls —| I:xco—l [Bco
This similarity trans ())Clgrgne)lctcign leads {g,a system in the form™ || | Beo
XCO/J/CZ_O;|+ [ 0 Axo 0 —|
I 11 Acx A Axx Aoy 1 - i, (16.3a)

X0 |
XEO/x2;++ 0 0 A(;O O Xco
J 0 0 Awx A J Xco J

Xeo Xgo



MATLAB® Hint 36.
[msys,T]=minreal(sys)
returns an orthogonal matrix
T such that (TAT—!,TB,CcT~!)
is a Kalman decomposition of

(A,B,C). »p. 148
Note. In  discrete time, the
Laplace  transform  variable

s should be replaced by the
% -transform variable z.

Note. Statement 4 of Theo-
rem 163 can be concluded
directly from Figure 16.2(c),
since for zero initial conditions
Xzo and xz5 remain identically
zero and x.; never affects the
output.

Note. Any observable system is
detectable, because in this case
7 = n and the matrix A, does not
exist. Also, any asymptotically
stable system is detectable, be-
cause in this case both A, and A,
are stability matrices.
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Xco

Xon

y=[Co 0 Cox 0]1"%

Xco

I:Xéa

This similarity transformation is called a canonical Kalman decomposition, and it is represented

schematically in Figure 16.2(c). This decomposition has several important properties as stated in
the following theorem.

+u. (16.3b)

Theorem 16.3 (Kalman Decomposition). For every LTI system (AB-LTI), there is a similarity trans-
formation that takes it to the form (16.3), for which

1. the pair ( (j(“;[ H"] , [gzz] ) is controllable,

Aeo AX"] 2 [Ceo Cao]) is observable,

2. the pair 0 An

3. the triple (Aco,Bco,Ceo) is both controllable and observable, and

4. the transfer function C(sI —A)~'B + D of the original system is the same as the transfer
Junction Ceo (I —ACO)_IBCO + D of the controllable and observable system. O

16.3 Detectability

We just saw that any LTI system is algebraically equivalent to a system in the following standard
form for unobservable systems:

I e 0]« [
y=[C 0

]

where 71 denotes the dimension c{f tl]e unobservable subspace UO of the original system.

X ERY x, eRY, (16.4a)

+ Du, ueR¥ meR™, (16.4b)

Definition 16.1 (Detectable system). The pair (A,C) is detectable if it is algebraically equivalent to
a system in the standard form for unobservable systems (16.4) with 7 = 0 (i.e., A, nonexistent) or
with A, a stability matrix. |

For a continuous-time system, the evolution of the unobservable component of the state is deter-
mined by

Xy = Auxy +A21X0 + Byu.

Regarding A x, + Byu as the input, we can use the variation of constants formula to conclude that
l
xa(t) = M0 x (10) +f M0 (A 1x6 () + Buu(t))dT.
fo

Since the pair (Ao,Co) is observable, it is possible to reconstruct xp from the input and output,
and therefore the integral term can be perfectly reconstructed. For detectable systems, the term
M=) x (19) eventually converges to zero, and therefore one can guess x,(¢) up to an error that
converges to zero exponentially fast.
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16.4 Detectability Tests

Investigating the detectability of an LTI system
x/xT = Ax, y =Cx, xeR" yeR™, (AC-LTI)

from the definition requires the computation of the observable decomposition. However, there are
alternative tests that avoid this intermediate step. These tests can be deduced by duality from the
stabilizability tests.

Theorem 16.4 (Eigenvector test for detectability).

1. The continuous-time LTI system (AC-LTI) is detectable if and only if every eigenvector of A
corresponding to an eigenvalue with a positive or zero real part is not in the kernel of C.

2. The discrete-time LTI system (AC-LTI) is detectable if and only if every eigenvector of A
corresponding to an eigenvalue with magnitude larger than or equal to 1 is not in the kernel
of C. O

Theorem 16.5 (Popov-Belevitch-Hautus (PBH) test for detectability).

1. The continuous-time LTI system (AC-LT1I) is detectable if and only if

rank [A _C)J] =n, YAeC:R[A]=0.

2. The discrete-time LTI system (AC-LT]I) is detectable if and only if

rank[A_CM =n, YAeC:|A| = 1. o

Theorem 16.6 (Lyapunov test for detectabilily).

1. The continuous-time LTI system (AC-LTI) is detectable if and only if there is a positive-definite
solution P to the Lyapunov matrix inequality

A'P+PA-C'C<0.

2. The discrete-time LTI system (AC-LTI) is detectable if and only if there is a positive-definite
solution P to the Lyapunov matrix inequality

A'PA—P-C'C<0. O

Table 15.1 summarizes these results and contrasts them with the corresponding stabilizability
tests.

16.5 State Estimation
Consider the continuous-time LTI system

% = Ax+ Bu, y = Cx+ Du, xeR" ueRF yeR™, (CLTI)
and let

u=—Kx (16.5)



Notation. This is called an open-
loop state estimator.

Note. The term L(y —y) is used
to correct any deviations of £ from
the true value x. When £ = x, we
have y = y and this term disap-
pears.

Note. In Lecture 23, we shall see
that this type of state estimator
can actually be optimal.
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be a state feedback control law that asymptotically stabilizes (CLTI), i.e., for which A —BK is a
stability matrix. When only the output y can be measured, the control law (16.5) cannot be imple-
mented, but if the pair (A,C) is detectable, it should be possible to estimate x from the system’s
output up to an error that vanishes as t — 0.

In Lecture 15, we saw that the state of an observable system can be reconstructed from the
its input and output over an interval [fp,7;] using the observability or constructibility Gramians.
However, the formulas derived provide only the value of the state at a particular instant of time,
instead of the continuous estimate required to implement (16.5).

The simplest state estimator consists of a copy of the original system,
£ =A%+ Bu. (16.6)
To study the performance of this state estimator, we define the state estimation error
e:=Xx—ux
Taking derivatives, we conclude that
e = A%+ Bu — (A% + Bu) = Ae.

Therefore, when A is a stability matrix, the open-loop state estimator (16.6) results in an error that
converges to zero exponentially fast, for every input signal u.

When the matrix A is not a stability matrix, it is still possible to construct an asymptotically
correct state estimate, but to achieve this we need a closed-loop estimator of the form

f=Af+Bu—L(5—y), $ = C%+ Du, (16.7)

for some output injection matrix gain L € R"*™. Now the state estimation error evolves according
to

e=Af+Bu—L(y—y)— (AX+Bu) = (A —LC)e.

Theorem 16.7. Consider the closed-loop state estimator (16.7). If the output injection matrix gain
L e R™"™ makes A — LC a stability matrix, then the state estimation error e converges to zero expo-
nentially fast, for every input signal u. O

16.6 Eigenvalue Assignment by Output Injection

The following results can also be obtained by duality from the eigenvalue assignment results that we
proved for controllable and stabilizable systems.

Theorem 16.8. When the system pair (A,C) is detectable, it is always possible to find a matrix gain

L e R"™"™ such that A — LC is a stability matrix. |
Theorem 16.9. Assume that the pair (A,C) is observable. Given any set of n complex numbers A1,
Aa, ..., Ay, there exists a state feedback matrix L e R"*"™ such that A — LC has eigenvalues equal to
the A;. O

Attention! The condition in Theorem 16.8 is actually necessary and sufficient for detectability. In
particular, one can also show that if it is possible to find a matrix gain L that makes A — LC a stability
matrix, then the pair (A, C) must be detectable. |

Attention! The condition in Theorem 16.9 is actually necessary and sufficient for observability. In
particular, one can also show that if it is possible to arbitrarily assign all eigenvalues of A — LC by
choosing L, then the pair (A,C) must be observable. O
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16.7 Stabilization through Output Feedback

Consider again the following LTI system
X/xT = Ax + Bu, y = Cx+ Du, xeR" ueRk yeR™, (LTI)
that is asymptotically stabilized by the state feedback control law
u=—Kx, (16.8)
and let
£/8Y = AR+ Bu—L(5—v), $ = Cft+Du

be a state estimator for which A — LC is a stability matrix. If the state x cannot be measured, one
may be tempted to use the state estimate X instead of the actual state x in (16.8),

u=—K=x.
This results in a controller with the following state-space model
£/4Y = A= Bu— KGR+ Du—y), u==Ki— — —
< Xx, (A—LC BK+LDK)%+ Ly, u Kx (16.9)
and transfer function
C(s) = —K(sl —A+LC+BK — LDK)~'L.

To study whether the resulting closed-loop system is stable, we construct a state-space model for the
closed-loop system with state X := [x’ ¢’ 1 To do this, we recall that

é/et = (A—LC)e
and also that
x/xT = Ax+ Bu = Ax — BK% = Ax — BK(e + x) = (A — BK)x — BKe.
From these two equations, we conclude that
[x//‘f]; [A—BK _BK H (16.10)
ee 0 A—LC]||e
The following theorem results from the triangular structure of th)fs matrix.

Theorem 16.10 (Separation). The closed loop of the process (LTI) with the output feedback con-
troller (16.9) results in a system whose eigenvalues are the union of the eigenvalues of the state
feedback closed-loop matrix A — BK with the eigenvalues of the state estimator matrix A—LC. 0O

16.8 MATLAB® Commands

MATLAB® Hint 35 (obsvf). The command [Abar,Bbar,Cbar,T] = obsvf(A,B,C) com-
putes the observable decomposition of the system with realization A,B,C. The matrices returned
are such that

Ay Ap

_ _ _ _ _ / _ p—1
Abar—[0 Al =TAT, Bbar =T B, Cbar—[O C =CT, T =T".

This decomposition pla}es the unobservable modes on top of the observable ones, opposite to what
happens in (16.2). Morgover, the nonsingular matrix T is chosen to be orthogonal.

The command [Abar,Bbar,Cbar,T] = obsvf (A,B,C,tol) further specifies the tolerance tol
used for the selection of the unobservable modes. O

Note. One could have obtained
a state-space model for the
closed-loop system using the state
[x, %], However, this would
not lead to the simple diagonal
structure in (16.10), and it would
make it more difficult to establish
the asymptotic stability of the
closed-loop system.

Note. This is called the separa-
tion theorem, because one can de-
sign the state feedback gain K and
the output injection gain L inde-
pendently.
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16.9 Exercises

16.1 (Diagonal Systems). Consider the system

0

0 0 [x, y= [61 (%) Cs]M,
0

where ¢, ¢», and c¢3 are unknown scalars.
(a) Provide a necessary and sufficient condition on the c¢; so that the system is detectable.

(b) Generalize the previous result for an arbitrary system with a single output and diagonal matrix
A.

Hint: Take a look at Exercise 15.1 in Lecture 15. O



Lecture 17

Minimal Realizations

Contents

This lecture addresses the issue of constructing state-space realizations of the smallest possible order
for SISO transfer functions.

1. Minimal realizations
2. Similarity of minimal realizations
3. Degree of a minimal realization (SISO case)

The MIMO case will be discussed later in Lecture 19.

17.1 Minimal Realizations
We recall from Lecture 4 that, given a transfer function G(s), we say that
X/xT = Ax + Bu, y = Cx+ Du, xeR" ueRk yeR™ (CLTT)
is a realization of G(s) if
G(s) =C(sI —A)"'B+D.

The size n of the state-space vector x is called the order of the realization. We saw in Exercise 4.5 that
a transfer function can have realizations of different orders, which justifies the following definition.

Definition 17.1 (Minimal realization). A realization of G(s) is called minimal or irreducible if there
is no realization of G(s) of smaller order. |

The minimality of a realization is intimately related to controllability and observability, as ex-
pressed by the following theorem.

Theorem 17.1. Every minimal realization must be both controllable and observable. O

Proof of Theorem 17.1. This theorem can be easily proved by contradiction. Assuming that a re-
alization is either not controllable or not observable, by the Kalman decomposition theorem one
could find another realization of smaller order that realizes the same transfer function, which would
contradict minimality. O
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Notation. In most of this lec-
ture, we jointly present the re-
sults for continuous and discrete
time and use a slash / to sepa-
rate the two cases. In discrete
time, the Laplace transform vari-
able s should be replaced by the
% -transform variable z.

MATLAB® Hint 36.

minreal(sys) computes a
minimal realization of the system
sys. » p. 148
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17.2 Markov Parameters

It turns out that controllability and observability are not only necessary but also sufficient for mini-
mality. To prove this, one needs to introduce the so-called Markov parameters. We saw in Lecture 6
that

L
1 Ay . i
(sI-A)"'=Ze ]—-Z[ZE)EA].
Since
i »
L R (23]
g[i!] =5

we conclude that

[s's}
(sT—A)~" = s (DAL
i=0

Therefore

N

”_/_‘\
G(s) =C(sI—A) 'B+D=D+> s "*ca'B. (17.1)
i=0

The matrices D, CA'B, i > 0 are called the Markov parameters, which are also related to the system’s
impulse response. To see how, we recall that

G(t) =2 'G(s)]= £ '[C(sI—A) 'B+D]=CeMB+D(r).
Taking derivatives of the right-hand side, we conclude that

d'G(t)

T =CA'¢MB, Vi>1,t>0

from which we obtain the following relationship between the impulse response and the Markov
parameters:
d'G(t)

lim . = CA'B, Vi>1. (17.2)
rot dt!

The following result basically follows from the formulas derived above.

Theorem 17.2. Two realizations

X = Ax=+ But X =A%+Bu
y Cx Du y Cx Du

are zero-state equivalent if and only if they have the same Markov parameters; i.e.,

D=D CA'B=CA'B, Vi=0. O

)

Proof of Theorem 17.2. From (17.1) we conclude that if the Markov parameters are the same then
the two realization have the same transfer function.

Conversely, if two realizations have the same transfer function, then they must have the same D
matrix, since this matrix is equal to the limit of the transfer function as s — oco. In addition, they
must have the same impulse response, and we conclude from (17.2) that the remaining Markov
parameters CAiB, i > 0 must also be the same. [
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We are now ready to prove one of the key results regarding minimal realizations, which com-
pletely characterizes minimality in terms of controllability and observability.

Theorem 17.3. A realization is minimal if and only if it is both controllable and observable. O

Proof of Theorem 17.3. We have already shown in Theorem 17.1 that if a realization is minimal,
then it must be both controllable and observable. We prove the converse by contradiction. Assume
that

X =Ax+ Bu, y=Cx+ Du, xeR" (17.3)

is a controllable and observable realization of G(s), but this realization is not minimal; i.e., there
exists another realization

X =Ax+Bu, y = C%+ Du, feR" (17.4)
for G(s) with 7 < n. Denoting by % and & the controllability and observability matrices of (17.3),

we have

C CB  CAB - CA""'B
CA |, CAB  CA’B CA"B ||
oe=" " "8 an an-lgl =" . , " arsy
[CAHJ [CAHB CA"B CAZHBJ

[ Markov p;.rameters
Moreover, since (17.3) is controllable and observable, both % and & have rank n, and therefore the

matrix in the right-hand side of (17.5) also has rank n.

Suppose now that we compute

¢ _ CB CAB --GA™'B
e, . T A cas cas |,
o¢=" " '8 is A1B] _ . (17.6)
lcar | [Cir 15 cirB .. e

[ |

Since (17.3) and (17.4) realize the same transfer function, they must have the same Markov param-
eter (cf. Theorem 17.2), and therefore ¢ = 0'%’. But since ¢ has only 77 < n columns, its rank
must be lower than » and therefore

~
Markov parameters

rank 6F <rank¥ <ii < n,

which contradicts that fact that rank € = rank 0% = n. ]

17.3 Similarity of Minimal Realizations

The definition of minimal realization automatically guarantees that all minimal realizations have the
same order, but minimal realizations are even more closely related.

Theorem 17.4. All minimal realizations of a transfer function are algebraically equivalent. O
The following concept is needed to prove Theorem 17.4.

Definition 17.2 (Pseudoinverse). Given a full column rank matrix M, M’ M is nonsingular and M C=
(M'M)~'M’ is called the left inverse of M. This matrix has the property that M‘M = I. Given a full
row rank matrix N, NN’ is nonsingular and N* := N'(NN’)~! is called the right inverse of N. This
matrix has the property that NN' = . |

Note. The matrix in (17.5) has
rank n because the n columns of
O are linearly independent and
% also has n columns that are
linearly independent. As these
columns of ¢ multiply O, they
give rise to n columns of 0% that
are linearly independent. On the
other hand, the rank of 0% cannot
be larger than n, since it is given
by the product of two rank n ma-
trices.

Note. The matrices % and & de-
fined in (17.6) are not the control-
lability and observability matrices
of (17.4) because the powers of A
goupton > .

Note. Why? because rankAB <
min{rankA,rank B}.

Notation 3. Left and right in-
verses are often called pseudoin-
verses.

MATLAB® Hint 37. pinv (M)
computes the pseudoinverse of
M. »p. 148
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Proof of Theorem 17.4. To prove this theorem, let

{x — Ax= But {x —A+Bu .
x,xeR

y Cx Du y Ci Du
be two minimal realizations of the same transfer function. From Theorem 17.3 we know that these

two realizations are controllable and observable. Moreover, since the two realizations must have the
same Markov parameters, we must have

0% =0%, (17.7)

where ¢ and & are the controllability and observability matrices of the first system, whereas % and
O are the controllability and observability matrices of the second one (cf. proof of Theorem 17.3).

From the controllability of the first system, we conclude that % is full row rank, and therefore we
can define

T =€ =€¢"(¢¢")".
To verify that this matrix is nonsingular, we compute
00T = (0'0) ' 066" (66" ) = (0'0)" 0666 (6¢")" =1,

where we used (17.7). This shows that 7! = ¢‘&, and therefore T is invertible. We show next
that this matrix 7 provides a similarity transformation between the two realizations.

Right-multiplying (17.7) by €" == €"(€¢")~", we concluc{e that

1 [¢
6=0T = |CA CAlT (17.8)

and therefore
C=CT. (17.9)

From the observability of the segond S&St&i}l, we conclude that 0 is full column rank, and therefore
we can left-multiply (17.8) by & == ('~ "~ 1¢”, which yields

a,a)

T=6'6=("""'¢'0.

Left-multiplying (17.7) by &, we conclude that
T¢=¢ < T[B AB --|=[B AB -],
and therefore
TB =B. (17.10)
On the other hand, since the two realizations have the same Markov parameters, we also have
OAC = OA%.

Left-multiplying this equation by & and right-multiplying by €*, we conclude that

TA=AT < TAT '=A. (17.11)

This concludes the proof, since (17.9), (17.10), and (17.11) confirm that 7" provides a similarity
transformation between the two realizations. [ |
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17.4 Order of a Minimal SISO Realization

Al’ly proper SISO rational function g(S) can be written as

where d(s) is a monic polynomial and n(s) and d(s) are coprime. In this case, the right-hand side
of (17.12) is called a coprime fraction, d(s) is called the pole (or characteristic polynomial) of §(s),
and the degree of d(s) is called the degree of the transfer function g(s). The roots of d(s) are called
the poles of the transfer function, and the roots of n(s) are called the zeros of the transfer function.

Theorem 17.5. A SISO realization
x/xT = Ax + Bu, y = Cx+ Du, xeR" u,yeR, (LTT)
of 8(s) is minimal if and only if its order n is equal to the degree of §(s). In this case, the pole

polynomial d(s) of §(s) is equal to the characteristic polynomial of A; i.e., d(s) = det(sI —A). O

Proof of Theorem 17.5. The direct gain D of a realization does not affect its minimality, so we may
ignore it in this proof. We thus take g(s) to be strictly proper.

To prove this theorem, it suffices to show that if g(s) can be written as the following coprime fraction

o) = n(s)  Bus" '+ Bas" P4 +Bacis+ B

d(s) s+ o sl os" 2 s+ Oy

then it has a realization of order n that is both controllable and observable. Minimality then results
from Theorem 17.3. To proceed, consider then the realization in the controllable canonical form
derived in Exercise 4.4:

|'_a] —0p e O —0y, [1
10 0 0y 011y
Ao 0 1 0 0 B= - C:[ﬁ] ﬁz ﬁn—l Bn]

o o - ] [8],

We have seen in Exercise 12.3 that this realization is controllable. We show that it is observable
using the eigenvector test. Let x # 0 be an eigenvector A; i.e.,

(17.13)

_Z?:I o;x; = lxl

Ax=2Ax <
X =Axii1, ie{l,2,...,n}.

Therefore

=2 oA g = Ay o Jam =0
xi= A", Vie{l,...,n} xi =AM, Vie{l,...,n}

Since x # 0, we must have x,, # 0, and therefore A4 is a root of d(s). On the other hand,

Cx = Zn: Bixi = Zn:ﬁilnf"xn =n(A)x,.
i=1 i=1

Since d(s) and n(s) are coprime and A is a root of d(s), it cannot be a root of n(s). From this and
the fact that x,, # 0, we conclude that Cx # 0, and therefore the pair (A,C) must be observable.

Notation. A polynomial is monic
if its highest order coefficient is
equal to 1.

Notation. Two polynomial are
coprime if they have no common
roots.



Note. We shall see in Lecture 19

that this result also holds for

MIMO systems.
lary 19.1)

(See Corol-

148 Jodo P. Hespanha

To conclude the proof, we need to show that the pole polynomial d(s) is equal to the characteristic
polynomial of the A matrix of any minimal realization. It is straightforward to show that this is so for
the matrix A in the minimal realization (17.13). Moreover, since by Theorem 17.4 all minimal real-
izations must be algebraically equivalent, it then follows that all minimal realizations have matrices
A with the same characteristic polynomial. [ ]

This result has the following immediate consequence.

Corollary 17.1. Assuming that the SISO realization (LTI) of g(s) is minimal, the transfer function
8(s) is BIBO stable if and only if the realization (LTI) is (internally) asymptotically stable. O

17.5 MATLAB® Commands

MATLAB® Hint 36 (minreal). The command msys=minreal (sys) computes a minimal real-
ization of the system sys, which can either be in state-space or transfer function form. When sys
is in state-space form, msys is a state-space system from which all uncontrollable and unobservable
modes were removed. When sys is in transfer function form, msys is a transfer function from which
all common poles and zeros have been canceled.

The command msys=minreal (sys,tol) further specifies the tolerance tol used for zero-pole
cancellation and for uncontrollable and unobservable mode elimination.

The command [msys,T]=minreal (sys) also returns an orthogonal matrix T (i.e., T"' = T’) such
that (TAT’,TB,CT’) is a Kalman decomposition of (4,B,C). O

MATLAB® Hint 37 (pinv). The function pinv(M) computes the pseudoinverse of the matrix
M. O

17.6 Exercises

17.1 (Minimal Realization). Consider the LTI system with realization

A=[_O1 _01], B=[é (1)] C=[-1 1 D:[ﬂ.

b)
Is this realization minimal? If not, find a minimal realization with the same transfer function. O

17.2 (Repeated eigenvalues). Consider the SISO LTI system
x/xT = Ax + Bu, y = Cx+ Du, xeR" u,yeR.

(a) Assume that A is a diagonal matrix and B, C are column/row vectors with entries b; and c;,
respectively. Write the controllability and observability matrices for this system.

(b) Show that if A is a diagonal matrix with repeated eigenvalues, then the pair (A,B) cannot be
controllable and the pair (A,C) cannot be observable.

(c) Can you find a SISO minimal realization for which the matrix A is diagonalizable with repeated
eigenvalues? Justify your answer.

(d) Can you find a SISO minimal realization for which the matrix A is not diagonalizable with
repeated eigenvalues? Justify your answer.

Hint: An example suffices to justify the answer “yes” in (c) or (d). O



Linear Systems II — Advanced
Material

149






Part V

Poles and Zeros of MIMO Systems

151






Lecture 18

Smith-McMillan Form

Contents

This lecture introduces the concepts of poles and zeros for MIMO transfer functions, which will be
used later in multiple contexts (minimal realizations, fundamental limitations in LQR/LQG control,
signal tracking, etc.)

1. Smith-McMillan form of a transfer matrix
2. McMillan degree, poles, and zeros of a transfer matrix
3. Transmission-blocking property

18.1 Informal Definition of Poles and Zeros

Consider a SISO transfer function
8(s) =—=" (18.1)

The following concepts were introduced in Lecture 17.

1. The poles of §(s) are the values of s €

for whic

defined due to a division by zero). C for which gg_f)AE)e)comes unbounded (technically not
8(s

When The pokynomiily nfs)daaddGe)s ¥ 618.1) are coprime, then the zeros are simply the roots of

n(s) and the poles are the roots of d(s). We recall that the number of roots of n(s) (i.e., the number
of poles) is equal to the dimension of a minimal realization for g(s).

be as follows. The most useful generalizations of these concepts for a MIMO transfer function G(

S) (RIS,

2. The rank of G(s) takes the same value for almost all values of s € C, but for some s € C, the
1. The poles of G(s) are the values of s €

rank of G(s) drops. These values are called the transmission zeros of G(s).

C for which at least one of the entries of G(s) becomes

The above is is just an informal definition, because it is not clear how to compute the rank of G(s)
at the locations of the poles of G(s). Therefore this definition does not permit us to determine
whether a pole is also a transmission zero. It turns out that in MIMO systems one can have
transmission zeros “on top” of poles. We shall return to this later.
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Note. For discrete time transfer
functions, the Laplace transform
variable s should be replaced by
the 2 -transform variable z.

Notation. Two polynomial are
coprime if they have no common

1oots.



Note. For scalar polynomials r =
1, Dy(s) = 1, and D(s) is equal
to the polynomial itself, scaled to
be monic.

Notation. The monic greatest
common divisor (gcd) of a fam-
ily of polynomial is the monic
polynomial of greatest order that
divides all the polynomials in the
family. Informally, the gcd set of
roots is the intersection of the sets
of roots of all polynomials (sets
taken with repetitions).

Note. In words: the rank of P(s)
drops precisely at the roots of
D, (s).
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The above definition for the poles also does not provide us a way to determine the multiplicity of
poles or zeros. It turns out that also in the MIMO case the total number of poles (with the appropriate
multiplicities) gives us the dimension of a minimal realization. In the remainder of this lecture, we
introduce the formal definitions of poles and zero, which use the so-called Smith-McMillan form of
a transfer function.

18.2 Polynomial Matrices: Smith Form

A real polynomial matrix is a matrix-valued function whose entries are polynomials with real coef-
ficients. We denote by R[s]"*¥ the set of m x k real polynomial matrices on the variable s.

Given a real polynomial matrix

[pu(@)) pr2(§))) oo pic(§1))

P21 s P2 s
P(s) = . ]

[pmi (S) me.(S) pml;(s)

the minors of P(s) of order i are the determinants of all square i x i submatrices of P(s).

The determinantal divisors of P(s) are polynomials
{Di(s):0<i<r},

where Dy(s) = 1 and D;(s) is the monic greatest common divisor of all nonzero minors of P(s) of
order i. The integer r is called the rank of P(s) and is the maximum order of a nonzero minor of
P(s). All minors of order larger than r are equal to zero, and therefore there are no divisors of order
larger than r.

The determinantal divisors provide insight into the linear independence of the rows and columns
of P(s), as s ranges over C.

Lemma 18.1 (Determinantal divisors). For every sg € C,

rank P(so) =r 50 l:s not a root of D,(s) .
<r soisarootof D.(s).

Proof of Lemma 18.1. First note that the rank of P(sg) can never exceed r, because if it had r + 1
independent rows or columns for some sg € C, one could use these to construct a nonsingular (r +
1) x (r+ 1) submatrix. In this case, P(s) would have a determinantal divisor of order r + 1, which
would be nonzero at s.

Atevery s € C that is not a root of D, (s), one can find an r x r submatrix of P(s¢) that is nonsingular
and therefore has linearly independent rows and columns. However, at the roots of D,(s), all r x r
submatrices are singular and therefore have linearly independent rows and columns. [ |

Example 18.1 (Smith form). The real polynomial matrix

[ s(s+2) 0
P(s) = 0 (s+1)%

(s+1)(s+2)
[

o (18.2)
0 s(s—i—l):I

has the following minors, determinantal divisors, and invariant factors:
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Order | Minors Determinantal divisor | Invariant factors
i=0 | None Dy(s) =1
i=1 | s(s+2),(s+1)° Di(s)=1 ei(s)=1
(s+D)(s+2),s+1,s(s+1)
=2 | s6+2)0+ Do D) =G+ 06+2) | &) =6+ D6+2)
(r=2) s(s+2)(5+1)rowsl%
52 (S + 2) (S + 1)r0ws 1,45
—(S + 1) (S + 2)r0ws 2,3,
Orows 24,8 (S + 1)2(5 + 2)rows 3.4

|
The determinantal divisors allow us to define the so-called Smith form of a polynomial matrix.

Definition 18.1 (Smith form). The Smith form of a real polynomial matrix P(s) € R[s]"*¥ is the
diagonal real polynomial matrix defined by

[81 (s) 0 e O 0 eeee- 0--
[0 &ls) 0 o0 0 J Ll
SP(S) = 0 0  ceeen 8}(5‘) 0 +ooeed 0-- —| § ]R'[S]mxk’

L1 0 0 0 0

[ 0 0 0 0 0
where r = rank P(s) and

Di(s) .
i(s) = 1,2,...
el(s) D,'_1(S)7 le{ = 7r}a

which are called the invariant factors of P(s). O

Example 18.2 (Smith form, continued). The Smith form of the real polynomial matrix (18.2) in
Example 18.1 is given by

o el
sp(5) = 10 (s+1)0(s+2) Ol _
0

The importance of the Smith form stems from the fact that a matrix can always be transformed
into its Smith form by left- and right-multiplication by very special polynomial matrices. A square
real polynomial matrix U (s) is called unimodular if its inverse is also a polynomial matrix. A matrix
is unimodular if and only if its determinant is a nonzero constant (independent of s).

Example 18.3 (Unimodular matrices). The first matrix is unimodular, butnoj the second
N

awwlo )=l 4
w1 lo 1) -

Theorem 18.1 (Smith form factorization). For every real polynomial matrix P(s) € R[s]"** with
Smith form Sp(s), there exist unimodular real polynomial matrices L(s) € R[s]"*™, R(s) € R[s]**k
such that

U-l(s)=
P_l(s) =

P(s) = L(s)Sp(s)R(s). O

Note. For scalar polynomials
(m = k = 1), the Smith form is
the polynomial itself, scaled to be
monic.

Note. Each  D;_;(s) divides
Dj(s), and therefore all the &(s)
are actually polynomials (not
rational functions).  Moreover,
each €;_(s) divides &(s).

Note. The product of the invariant
factors equals the highest-order

determinantal divisor: D,(s) =
e1(s)ea(s)---&(s).
Note. Why? Recall the adjoint

formula for matrix inversion used
in Section 4.3.1.

Note. The matrices L(s) and R(s)
can be found using a procedure
similar to Gauss elimination [13,
Section 2.2].



Attention! Note the curved
brackets (s), as opposed to square
brackets [s].

Notation. The monic least com-
mon denominator (lcd) of a family
of polynomials is the monic poly-
nomial of smallest order that is di-
vided by all the polynomials in the
family.

Note. Each €;_;(s) divides &;(s),

and therefore each y;(s) divides
Vi—1(s).

Attention! The fractions

ni(s)
vi(s)
in the diagonal of the Smith-

McMillan form are not necessar-
ily proper.

Note. For scalar rational matrices
(m = k = 1), the Smith-McMillan
form is the rational matrix it-
self, with common factors can-
celed and scaled to have monic
numerator and denominator.

MATLAB® Hint 38. eig and
tzero do not necessarily com-
pute the poles and transmission
zeros of a real rational ma-
trix. »p. 158
(See also MATLAB® Hint 40,
p. 169)
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18.3 Rational Matrices: Smith-McMillan Form

A real rational matrix is a matrix-valued function whose entries are ratios of polynomials with real
coefficients. We denote by R(s)"** the set of m x k real rational matrices on the variable s.

Any real rational matrix G(s) € R(s)"*k can be written as

1
G(s) = ——=N 18.3
) = 7). (183)
where d(s) is the monic least common denominator of all entries of G(s) and N(s) € R[s]™** is a

polynomial matrix.

Definition 18.2 (Smith-McMillan form). The Smith-McMillan form of the real rational matrix
G(s) € R(s)™** in (18.3) is the diagonal real rational matrix defined by

[‘7,41(.53 0O - 0 0 --- 0 -|
1(s
g 26 ... o o0 ... 0 I
| : : S : .
SMg(s) = @SN(S)Z 110 0 a»r(;) 0 voeo 0-- 1 §RE™, (18.4)
0 0 0 0
[ 0 0 - 0 0 - 0 J

where Sy(s) € R[s]"*k denotes the Smith form of N(s). All the common factors in the entries of
(18.4) should be canceled, which means that the pairs of (monic) polynomials {1;(s), y;(s)} are all
coprime. O

From the Smith form factorization in Theorem 18.1, we know that there exists unimodular real
polynomial matrices L(s) € R[s]"*™, R(s) € R[s]**¥ such that

N(s) = L(s)Sn(s)R(s),
from which we conclude the following.

Theorem 18.2 (Smith-McMillan factorization). For every real rational matrix G(s) € R(s)"*k with
Smith-McMillan form SM¢(s), there exist unimodular real polynomial matrices L(s) € R[s]"*™,
R(s) € R[s]*** such that

G(s) = ——=N(s) = L(s)SMg(s)R(s). |

18.4 McMillan Degree, Poles, and Zeros

The Smith-McMillan form is especially useful to define poles and zeros for rational matrices.

Definition 18.3 (Poles and zeros). For a real rational matrix G(s) € R(s)"** with Smith-McMillan
form (18.4), the polynomial

PG(s) = wi(s)yals) -~ v (s)

is called the pole (or characteristic) polynomial of G(s), its degree is called the McMillan degree of
G(s), and its roots are called the poles of G(s). The polynomial

z6(s) =n1(s)n2(s) - N (s)

is called the zero polynomial of G(s), and its roots are called the rransmission zeros of G(s). a
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Example 18.4 (Smith-McMillan form). Consider the real rational matrix

|'%r+ 21‘| 1 s(s(—{)—Z) ( 0 )2

0 s+1 s+1

GO)= w1 EGENO VO = ey e
[ 0 1 J [ 0 s(s+1)J

Since we saw in Example 18.2 that the Smith form of N(s) is given by

0
S (s) = [8 (s+1)0(s+2)—| I
o0 ]

we conclude that the Smith-McMillan form of G(s) is given by

©
=)

w0
SMq(s) = ﬁSN(s) = [ 0 ?} 11
0

=)

This rational matrix has zero and pole polynomials
ZG(S):S+27 pG(S)ZSZ(S-i-l),

which means that its McMillan degree is 3, and it has a single transmission zero {—2} and three
poles {0,0,—1}. |

Attention! For scalar rational functions

where n(s) and d(s) are coprime monic polynomials, the Smith-McMillan form is simply Zlfl),) and  Note. This emphasizes a rather
c ot . . ’ ivial fact: a scalar rational func-

the zero and characteristic polynomials are z,(s) :== n(s) and p,(s) := d(s), respectively. trvia
poly % ( ) ( ) Pg ( ) ( ) P y . tion cannot have a zero and a pole
at the same location. However,
we shall see shortly that this is not
true for matrix rational functions.

Attention! For square matrices G(s) € R(s)"*™ with r = m, one can get some insight into the
zero and pole polynomials without computing the Smith-McMillan form because, due to the Smith-
McMillan factorization in Theorem 18.2, we have

z(s)

detG(s) = detL(s) SMq(s)R(s) = kdetSMq(s) =k ,
pa(s)

(18.5)

where k := detL(s)detR(s).

Unfortunately, when the zero and characteristic polynomials have common roots, the corresponding
poles and zeros do not appear in detG(s). E.g., the rational function (which is already in the Smith-

McMillan form) Attention! This example shows
| that matrix rational functions can
G _ | sG=2) 0 have a pole and a zero at the same
(s) - 0 s=2 location (“without cancellation’).
N

has a zero at {2} and poles at {0,0,2} and McMillan degree 3, but

1

detG(s) = 5

etG(s) 5

which indicates a double pole at the origin, but “hides” the (unstable) pole and zero at 2.

However, even in this case we may use (18.5) to compute the transmission zeros if we have a way to
directly compute the pole polynomial pg(s). We shall see in Lecture 19 that this is possible if G(s)
is a transfer matrix for which we have a minimal realization. |



Note. Recall that unimodal matri-
ces are nonsingular for every s €
C.

Note. We shall see in Lecture 19
(Theorem 19.3) that, for minimal
realizations, if zo is not a pole,
then it cannot be an eigenvalue of
A, and zol — A is invertible. This
guarantees that the initial condi-
tion proposed in (18.6) is well de-
fined.

Note. The discrete-time version
of this property will be discussed
in Exercise 18.3.
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18.5 Transmission-Blocking Property of Transmission Zeros

Consider a continuous-time real rational transfer matrix

G(s) ==C(sI —A)'B+DeR(s)""¥,
with minimal realization
% = Ax+ Bu, y = Cx+ Du, xeR" ueRF yeR™, (CLTT)
and let zo be a transmission zero of G(s) that is not simultaneously a pole. The rank of its Smith-
McMillan form SM;(s) drops for s = z9, and since there are unimodal polynomial matrices L(s) and
R(s) for which
G(ZO) = L(Zo)SMG(Z())R(Zo)
(cf. Smith-McMillan factorization in Theorem 18.2), we conclude that the rank of G(s) also drops
for s = z9. This indicates that the columns of G(z9) must be linearly dependent. Therefore there
exists a nonzero vector ug € C* for which
G(Zo)uo =0.
Consider the following input and initial condition for the system (CLTI):
u(t) =euy, V=0, x(0) = x0 == (zof —A) ™' Bug. (18.6)
By direct substitution, one can verify that
x(t) = ' xp (18.7)
is a solution to (CLTI) (cf. Exercise 18.2). Moreover, using (18.6) and (18.7), we obtain

y(t) = Cx(t) + Du(r) = &' (C(ZoI—A)_lBM() +Duo) = e G(z0)up =0, Vr=0.

This reasoning allows us to state the following property of transmission zeros.

Property P18.1 (Transmission blocking). For every transmission zero zg of the continuous-time
transfer matrix G(s) that is not a pole, there exists a nonzero input of the form u(z) = €' ug, V¢ = 0
and appropriate initial conditions for which the output is identically zero. O

Attention! For “fat” transfer matrices corresponding to systems with more inputs that outputs (over-
actuated), for every sq € C it is always possible to find a vector ug € C* for which G(sq)up = 0. For
such systems, the blocking property of transmission zeros is somewhat trivial. m|

18.6 MATLAB® Commands

MATLAB® Hint 38 (eig and tzero). Contrary to what is advertised, the functions eig (tf) and
tzero (tf) do not necessarily compute the poles and transmission zeros of the transfer function t£.
This occurs when the MATLAB representation of the transfer function contains “uncanceled” poles
and zeros (which may be quite difficult to spot by inspection in the MIMO case). We shall see in
MATLAB® Hint 40 (p- 169) how to make sure that these functions return the correct values. O
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18.7 Exercises

18.1 (Smith-McMillan form). Compute the Smith-McMillan form of

5 0

G — STI s+1

(S) '_ s+1 52 : O
o

18.2 (Solution to exponential input). Show that x(7) = e%'xy is a solution to (CLTT) for the following
input and initial condition:

u(t) =euy, V=0, x(0) = xo = (20l —A)~'Bug. 0

18.3 (Transmission-blocking property in discrete time). Derive the Transmission-blocking prop-
erty P18.1 for a discrete-time LTT system, which can be stated as follows. Consider a discrete-time
real rational transfer matrix

G(z) =C(zd —A)"'B+DeR(z)",
with minimal realization

xt = Ax+Bu, y =Cx+Du, xeR" ueRr yeR™, (DLTT)

and let zg be a transmission zero of G(z) that is not simultaneously a pole. There exists a nonzero
input of the form u(r) = zjup, V¢ = 0 and appropriate initial conditions for which the output is
identically zero. O
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Lecture 19

State-Space Zeros, Minimality, and
System Inverses

Contents

This lecture explores the connection between the poles and zeros of a transfer function (as defined
in Lecture 18) and properties of its state-space realization. It also introduces the notion of system
inverse and its connection to poles and zeros.

Poles of transfer functions versus eigenvalues of state-space realizations

Transmission zeros of transfer functions versus invariant zeros of state-space realizations
Order of minimal realizations for MIMO transfer matrices

System inverse, stability of inverse

Feedback control of stable systems with stable inverses

NS

19.1 Poles of Transfer Functions versus Eigenvalues of State-
Space Realizations

Consider the LTI system

X/xT = Ax + Bu, y = Cx+ Du, xeR" ueRk yeR™, (LTI)

with a real rational transfer matrix
G(s) = C(sI —A)'B+DeR(s)""k.

The following result has already been presented for SISO systems, but with an appropriate definition
for poles, we can now state it for MIMO systems.

Theorem 19.1. The following inclusion holds: {poles ofé(s)} c {eigenvalues ofA}. O

Proof of Theorem 19.1. To compute the Smith-McMillan form of G(s), we write

N

6(s) = ﬁ (C[adj(sl —A)'B +A(s)D) - %N(s),

where A(s) := det(s] —A) is the characteristic polynomial of A, d(s) is the monic least common
denominator of all entries of G(s), and N(s) € R[s]"*¥ is a polynomial matrix. Since C[adj(sl —
A)]'B+ A(s)D is a polynomial matrix, d(s) must be equal to A(s), aside from possible cancellations.
Therefore

{roots of d(s)} = {roots of A(s)} = {eigenvalues of A}.

161

Notation. In most of this lec-
ture, we jointly present the re-
sults for continuous and discrete
time and use a slash / to sepa-
rate the two cases. In discrete
time, the Laplace transform vari-
able s should be replaced by the
% -transform variable z.

Attention! The matrix A may
have more eigenvalues than the
poles of G(s).

Note. We recall that
M_, = detm

(adjm)’,
adjM = [cof;; M],

where cof;; M denotes the i jth co-
factor of M, i.e, the determinant of
the M submatrix obtained by re-
moving row i and column j multi-
plied by (—1)*/.



Note. We recall that for unilateral
Laplace transforms Z[x(t)] =
s£(s) —x(0) (cf. Section 3.4).

Note. The invariant zero polyno-
mial is precisely the rth-order de-
terminantal divisor D, (s) of P(s).

MATLAB® Hint 39.

tzero(sys)  computes the
invariant zeros of the state-
space system sys, which are
not necessarily the transmission
ZEros. » p. 169
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The Smith-McMillan form of G(s) is given by

[MI)) 0 0
Yy s

o B@)

0 0

o o 0

Jodo P. Hespanha

o 1

0. 1 £ ROE™,
0

o |

where Sy (s) € R[s]"** denotes the Smith form of N(s), and the w;(s) are obtained by dividing the
invariant factors €;(s) of N(s) by d(s). Therefore all the roots of the y;(s) must also be roots of d(s).

We thus conclude that

{poles of G(s)} = {roots of ps(s)} = {all roots of the y;(s)}
< {roots of d(s) } = {eigenvalues of A}.

19.2 Transmission Zeros of Transfer Functions versus Invariant
Zeros of State-Space Realizations

Consider the continuous-time LTI system

X =Ax+ Bu,

y = Cx+ Du,

xeR" ueRk yeR™.

(CLTI)

Taking the Laplace transform of each side of the two equations in (CLTI), we obtain

s&(s) —x(0) = AX(s) + Bi(s),

which can be rewritten as

P(s) _4(s)
) ]-
where the real polynomial matrix
D
sI—A B €
P(s) = [ _C

is called the Rosenbrock’s system matrix. This

state-space realizations.

$(s) = Cx(s) + Di(s),

R[S] (n+m) x (n+k)

\Jmtrix is used to introduce a notion of zeros for

Definition 19.1 (Invariant zeros). The invariant zero polynomial of the state-space system (CLTI) is
the monic greatest common divisor zp(s) of all nonzero minors of order r := rank P(s). The roots of
zp(s) are called the invariant zeros of the state-space system (CLTI).

O

Example 19.1 (Invariant zeros). Consider the continuous-time LTI system

0 —+-1 1
x=]1 2 1 [x+]1
0o 1 -1

Its Rosenbrock’s system matrix is given by

forum.konkur.in

0
1| u,
2

1 -1+
s+2 1
—+—s+1

1 0

y= [O 1 O]x.

)
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whose 4th-order minors are

(s+1D)(s+2), (s+1)(s+2)

3 3
N AN /

—(s+2), 0, (s+2);
—_———

~ ~
“minus” column 5 “minus” column 4 “‘minus” column 3 “minus” column 2 “‘minus” column 1

therefore, the invariant zero polynomial is zp(s) = s + 2, which means that the state-space system
has a single invariant zero at s = —2. |

Invariant zeros also have a blocking property. If zg is an invariant zero, then the rank of P(s)
drops for s = zp (cf. Lemma 18.1), which indicates that the eolumns of P(zp) must be linearly

dependent. Therefore there exists a nonzero vector [x, — u6]l C"*+* for which

P(z0) [ 0

—uo] =0.

Consider the input and;{njtialedngitionfor the system (CLTI) x(0) = xo.

By direct substitution, we conclude that
x(t) = eV xp
is a solution to (CLTI) (cf. Exercise 18.2). Moreover,
y(t) = Cx(t) + Du(t) = €' (Cxo + Dug) =0, Vi >0.
This reasoning allow us to state the following property of invariant zeros.

Property P19.1 (Transmission blocking). For every invariant zero zg of the state-space system
(CLTI) that is not an eigenvalue of A, there exists a nonzero input of the form u(t) = e¥'ug, ¥Vt =0
and appropriate initial conditions for which the output is identically zero. O

In view of this property and the previously observed blocking property of the transmission zeros
of a transfer function, it is not surprising that there is a strong connection between transmission and
invariant zeros. Consider the LTI system

%/xt = Ax+Bu, y = Cx+ Du, xeR" ueRF yeR™, (LTI)

with a real rational transfer matrix
G(s) == C(sI —A)'B+DeR(s)""*.

Theorem 19.2. The
{invariant zeros of (LTI)}.

following  inclusion  holds: {transmission zeros ofé(s)} c
O

Proof of Theorem 19.2. The Rosenbrock’s system matrix can be factored as

sI—-A B -

P(s) = [
—C p (rm)x(nfk)
sI—A  Opxmx

Lixn (sI—A)~'B
-C ~

i m (rrmyx(uem) Omxn (rtm)x (n+K)

G(s)

Therefore, if zo is a transmission zero of G(s), the rank of G(s) drops at s = zo. In this case, the rank
of P(s) also drops, making zo an invariant zero qf (LTI). ]

Notation. The vector [x{) —
u()]' e C"** s called the invariant
zero direction.

Note. If zg is not an eigenvalue of
A, then up must be nonzero. Why?

Attention! Transmission  zeros
are defined in the frequency
domain for transfer matrices,
whereas invariant zeros are
defined in the time domain for
state-space realizations.

Attention! The system (LTI) may
have more invariant zeros than the
transmission zeros of G(s).



Note. Recall that the McMillan
degree is the degree of the
pole polynomial and therefore the
number of poles of G(s).

MATLAB® Hint 40.

Theorem 19.3 justifies com-
puting the transmission zeros
and the poles of the transfer
function of the system sys

using  tzero(minreal(sys))
and eig(minreal(sys)),
respectively. » p. 169

Note. In Lecture 9 we did not yet
have a formal definition of pole,
but that was not a problem since
all we needed was the informal
definition according to which the
poles are the value of s € C for
which some entries of G(s) be-
come unbounded (note that pole
multiplicity is irrelevant for BIBO
stability).
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19.3 Order of Minimal Realizations

Consider the LTI system:
%/xT = Ax + Bu, y =Cx+Du, xeR" ueRk yeR" (LTT)
with a real rational transfer matrix
G(s) == C(sI —A)"'B+DeR(s)"*k.
We just saw that
{poles of G(§]})§ Kifenvalues of A} (19.1a)
{transmission zeros of G s invariant zeros of (LTI)}. (19.1b)

It turns out that these inclusions actually hold with equality for minimal realizations.

Theorem 19.3. The realization (LT1) is minimal if and only if n is equal to the McMillan degree of
G(s). In this case,

pe(s) = det(sl —A), za(s) = zp(s), (19.2)
where pg(s) and z4(s) denote the pole and zero polynomial of G(s), respectively, and zp(s) denotes
the invariant polynomial of (LTI). Therefore the inclusions in (19.1) hold with equality. O

The proof of this result can be found in [ 1, pp. 301-305, 397-398] and can be constructed (rather
tediously) by computing a minimal realization directly from the Smith-McMillan form.

This result has the following immediate consequence.

Corollary 19.1. Assuming that the realization (LTY) of G(s) is minimal, the transfer matrix G(s) is
BIBO stable if and only if the realization (LTI) is (internally) asymptotically stable. O

Proof of Corollary 19.1. We saw in Lecture 8 that asymptotic stability of (LTI) is equivalent to all
eigenvalues of A having strictly negative real parts. In addition, we saw in Lecture 9 that BIBO
stability of G(s) is equivalent to the poles of G(s) having strictly negative real parts. Since for
minimal realization the set of eigenvalues of A is the same as the set of poles of é(s), we conclude
that these two notions are equivalent. ]

Example 19.2. Consider the continuous-time LTT system

0 —+-1 1 0
x= 11 2 1 |x+ |1 1]u, y=[0 1 O]x. (19.3)
0o 1 -1 1 2

For this state-space realization, the eigenvalues of A are at {0, —1,—2}, and we have a single invari-
ant zero at s = —2 (cf. Example 19.1).

The transfer function of (19.3) is given by
1 3!

Gis)=[0 1 o1 s+2 1

0 -1 s+1 1

— —

5o AERIE
=

Since the Smith form of [1 1] is simply [1 0], the Smith-McMillan form of G(s) is given by

N = O

SMg(s)=[1 0].
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of (19.3). This decomposition results in Note that the eigenvalue of —I
does not appear in a minimal

realization, but does not appear

0 0 —\/i \/§ \/§ to “cancel” with any invariant
=0 -1 —\3lx+| o0 —v2|u y:[g 0 @]x zero.
0 0 -2 0 0 ‘ ‘
which shows an uncontrollable (but observable) mode at s = —2 and an unobservable (but control-
lable) mode at s = —1. O

Attention! We saw in Section 18.4 that for square transfer matrices G(s) € R(s)"*",

z¢(s)
pg(s)

detG(s) =k

for some constant k. If we have available a minimal realization of G(s), then it is straightforward
to compute p;(s) using (19.2). This allows us to compute the zero polynomial of G(s) as

 det(s—A) detG(s).

The constant k is completely speci%ig@yy)ﬁthe requirement that z(s) be monic. m|

19.4 System Inverse

Consider the LTI system
%/xt = Ax+Bu, y = Cx+ Du, xeR" ueRF yeR™ (LTI)
We say that the system Attention! Note the “flipped”
sizes of the input and output
x/xT = Ax + Bi, y = Cx +Di, feR" GeR", yeRF (19.4) signals.
is an inverse for (LTI) if in both cascade connections in Figure 19.1 the cascade’s output exactly
replicates the cascade’s input for zero initial conditions of all systems.
u i Bur | V=W | i AetBa y ou foArtBr | Y TU | G- oas Buy y
— o o ~
y Cx Du j=Ci+Di v =Cx+Di y Cx Du
(a) left-inverse (b) right-inverse
Figure 19.1. Cascade interconnections.
Since the definition of the system inverse reflects only responses to zero initial conditions, it can
be completely defined in terms of transfer functions. The system (19.4) is an inverse for (LTI) if and
only if Note. The left equality in (19.5)

corresponds to Figure 19.1(a) and

é(s)é(s) _ I, G(s)é(s) _ I, (195) the right to Figure 19.1(b).



Note. When m # k, it may still be
possible for one of the equalities
in (19.5) to hold. In this case, we
say that the system has a left or a
right inverse. These names are in-
spired by the equations in (19.5)
and not by the connections in Fig-
ure 19.1, where the inverses ap-
pear on the other side.

Note. The system (19.4) in Fig-
ure 19.1(b) can be viewed as an
open-loop controller that achieves
perfect (asymptotic) tracking of
the reference signal i for the pro-
cess (LTI).

Note. Alternatively, for every in-
put y to (19.6), when one feeds
its output u to (LTI) one recovers
y. In fact, one not only recovers
y from u (or vice versa), but the
state of the system and its inverse
follow exactly the same trajectory.

MATLAB® Hint 41. inv(sys)
computes the inverse of the
system sys. » p. 169
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where G(s) and é(s) are the transfer matrices of (LTI) and (19.4), respectively. From the properties
of matrix inverses, we know that (19.5) is possible only if the system is square (m = k) and, in this
case, either one of the equalities in (19.5) is equivalent to

G(s) =G\ (s).

Attention! The definition of inverse guarantees only that the inputs and outputs of the cascade match
for zero initial conditions. When the initial conditions are nonzero, these are generally not equal.
However, if both the system and its inverse are asymptotically stable, then the effect of initial con-
ditions disappears and we still have asymptotic matching between inputs and outputs; i.e.,

t. —

lim [u(z) = 5()|= 0

—AL
in Figure 19.1(a) and

[ —

lim Ja(z) —y(t)|= 0

—%0

in Figure 19.1(b). O

19.5 Existence of an Inverse

Consider the LTI system

x/xT = Ax + Bu, y = Cx+ Du, xeR", u,ye R™. (LTT)
Assuming that the matrix D is nonsingular, from the output equation, we conclude that

y=Cx+Du < u=-D"'Cx+D7 'y
and therefore
%/xt =(A—BD~'C)x+BDy.

This shows that the state-space system

x/xT = Ax + By, u = Cx + Dy, xeR" u,yeR" (19.6)
with

A=A-BD"'C, B:=BD™!, Cc=-D"'c, D=D""

takes y as an input and exactly recovers u at its output (keeping the states of both systems equal at
all times), which means that (19.6) is an inverse of (LTI) and vice versa. This leads to the following
result.

Theorem 19.4 (Invertible system). The system (LTI) has an inverse if and only if D is a nonsingular
matrix. Moreover,
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where

A

G(s) =C(sI—A)"'B+D,

(s) == C(s —A) 'B+D. 0

Qv

Proof of Theorem 19.4. The fact that nonsingularity of D is sufficient for the existence of an inverse
was proved by explicitly constructing the inverse.

We use a contradiction argument to prove necessity. Assume that the system has an inverse with
(proper) transfer function G(s)~!, but D is singular. In this case, there exists a nonzero vector v for
which Dv = 0. Therefore all entries of

h(s) = G(s)v = C(sI —A)~'By

are strictly proper, because of the absence of a direct feed-through term in A(s). But then, since
G(s)~! is proper, G(s)~!h(s) is also strictly proper. This contradicts the fact that

G(s) 'h(s) = G(s) ' G(s)v = v,

which means that this matrix is actually equal to a nonzero constant (independent of s) and therefore
not strictly proper. [ ]

19.6 Poles and Zeros of an Inverse

Given a real rational matrix G(s) € R(s)"*" with Smith-McMillan form

ms)
B 0 00 o]
208
() G 0 0O --- 0 1
SMa(s) = 10 0 3/:8; 0 eeees 0-- 1 §RE)™™,
0 0 0 0 0
[ 0 0 0 0 0 J

we saw in Theorem 18.2 that there exist unimodular real polynomial matrices L(s),R(s) € R[s]"*™
such that

G(s) = L(s)SMz(s)R(s).

Since L(s) and R(s) are unimodal, G(s) has an inverse if and only if SM(s) is invertible, which
happens only when m = r. In this case,

A

G(s)"" =R(s)"'SMg(s)'L(s) ",

where
o= 0 TR,
Lo o oo

is the Smith-McMillan form of G(s)~! (up to a change in order of the columns and rows). From
this, we obtain the following generalization to MIMO systems of a fact that is trivial for the SISO
case.

Note. We shall see in Exer-
cise 19.2 that if (LTI) is a mini-
mal realization, then (19.6) is also
minimal.

Note. We recall that the transfer
function of an LTI system is al-
ways proper.



Note 10. P19.2 allows us to com-
pute the transmission zeros of
G(s) by finding the poles of its in-
verse G(s)~!. > p. 168

Notation. A system whose trans-
mission zeros have strictly nega-
tive real parts is called (strictly)
minimum phase.

Note. Why is the realization for
the inverse minimal? See Exer-
cise 19.2.

Note. This also shows that invert-
ible systems with McMillan de-
gree n have exactly n transmission
Zeros.

Note. To verify that the closed-
loop transfer function from r to y
in Figure 19.3 is indeed equal to
Q(s), note that the signals labeled
a and b cancel each other, since
a=yandb =i =y.

Note. We shall confirm in Exer-
cise 19.3 that the transfer function
of the controller in the dashed box
in Figure 19.3 is indeed given by
(19.7).
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Properties (Inverse). Assume that the system with transfer matrix G(s) is invertible.

P19.2 The poles of the transfer matrix G(s)~! are the transmission zeros of its inverse G(s) and
vice versa.

P19.3 G(s)~' is BIBO stable if and only if every transmission zero of G(s) has a strictly negative
real part.

Note 10. We saw in Section 19.5 that when D is nonsingular, the system

x/xT = Ax + Bu, y = Cx + Du, xeR" u,yeR" (LTT)

is invertible, and its inverse G(s) ! has the realization

x/xT = Ax + By, u = Cx+ Dy, xeR" u,ye R™,

with

A=A-BD~'C, B:=BD™, C:=-D"'C, D:=D"".

Assuming that (LTT) is a minimal realization, then this realization for the inverse is also minimal and,
as we saw in Theorem 19.3, the poles of G(S)_l are simply the eigenvalues of A == A — BD~!C.
In view of P19.2, this makes it very simple to compute the transmission zeros of (square) invertible

systems. We just have to compute the eigenvalues of A :== A — BD~!C. |

19.7 Feedback Control of Stable Systems with Stable Inverses

Consider a system with transfer function G(s) that is a BIBO stable system with a BIBO stable
inverse. Given an arbitrary desired transfer function Q(s) from a reference input r to the output y,
one can always design an open-loop controller that results in this transfer function. Such a control
law is shown in Figure 19.2.

—=1G()7'0() G(s)

Figure 19.2. Open-loop control.

The same desired transfer function can also be achieved with a feedback controller with the
transfer function

(19.7)

Figure 19.3. Feedback controller that achieves a closed-loop transfer function Q(s) from r to y.
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One may ask why one would choose the feedback control in Figure 19.3 instead of an open-loop
control as in Figure 19.2. It turns out that, in general, the closed-loop controller is more robust
with respect to modeling uncertainty. In particular, suppose we have a SISO process with transfer
function () and that both g(s) and g(s)~' are stable. To achieve a desired transfer function

k

-5 k=0
s+k

q(s)
from a reference r to y, we could either use the open-loop controller

(5)=80)71405) = — 8"

oo

in Figure 19.2 or the closed-loop controller

(s~

o(s) = (o)~ L A

in Figure 19.3. Since both controllers guarantee the same transfer function §(s) from r to y and

A

4(0) = 1, we conclude that both result in zero steady-state error for step responses.

Suppose now that the transfer function g (s) of the true plant is not exactly the inverse of the
transfer function gcont(s) used to construct the controller. For the open-loop design, we obtain the
following transfer functions from r to y,

Sie(5)8(s) = gﬁue(s)gcont(s)_l “(s),
and for the closed-loop design, we obtain

gtrue(s)é(s) _ kgtrue(s)gcont(s)il
1+ Giue(5)E(s) 5+ k8urue (5)8eont(s) 7!

(19.8)

The latter transfer function has the interesting property that no matter what is the mismatch between
Birue(s) and Zeont(s), the transfer function from r to y is still equal to 1 at s = 0, and therefore the
closed-loop design preserves zero steady-state error for step responses.

19.8 MATLAB® Commands

MATLAB® Hint 39 (tzero). The function tzero (sys) computes the invariant zeros of the state-
space system sys.

Contrary to what is advertised, it does not necessarily compute the transmission zeros of the system
(cf. MATLAB® Hint 40, p. 169). You may verify this by trying this function on the system in
Examples 19.1 and 19.2. |

MATLAB® Hint 40 (eig and tzero). The functions tzero(minreal(sys)) and
eig(minreal (sys)) return the transmission zeros and poles of the transfer function of the
system sys, which can either be in state-space or transfer function form.

Note that one needs to “insert” the function minreal to make sure that one does indeed get only
the poles and transmission zeros, because otherwise one may get extra poles and transmission zeros.
This is especially important for MIMO systems, for which one cannot find these extra poles and
zeros simply by inspection (cf. Example 19.2). |

MATLAB® Hint 41 (inv). The function inv (sys) computes the inverse of the system sys. When
sys is a state-space model, inv returns a state-space model, and when sys is a transfer function, it
returns a transfer function. |

Attention! Note, however, that
the open-loop controller never re-
sults in an unstable system, as
long as the process remains sta-
ble, whereas the closed-loop con-
troller may become unstable if the
poles of (19.8) leave the left-hand
side complex half-plane.
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19.9 Exercises

19.1 (Transmission zeros). Verify that all transmission zeros of the following transfer matrix have a
strictly negative real part and therefore that both G(s) and G(s)~! are BIBO stable:

. s+2+ s—1
G(s)z[“ol 3T O
s+3

19.2 (Controllability, observability, and minimality of the inverse). Consider the LTI system (LTI)
and its inverse (19.6).

(a) Show that (A, B) is controllable if and only if (A, B) is controllable.
(b) Show that (A,C) is observable if and only if (A,C) is observable.
(c) Show that (A,B,C,D) is minimal if and only if (A, B,C,D) is minimal.

Hint: Use the eigenvector tests. O

19.3. Verify that the transfer function of the controller in the dashed box in Figure 19.3 is indeed
given by (19.7). O

ﬂ
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Lecture 20

Linear Quadratic Regulation (LQR)

Contents

This lecture introduces the most general form of the linear quadratic regulation problem and solves
it using an appropriate feedback invariant.

1. Deterministic linear quadratic regulation (LQR)
2. Solution to the LQR problem — state feedback
3. LQR in MATLAB®

A simplified version of this material has already appeared in Lecture 10.

20.1 Deterministic Linear Quadratic Regulation (LQR)

Figure 20.1 shows the feedback configuration for the linear quadratic regulation (LQR) problem. Attention! Note the negative
feedback and the absence of a
Z(t) e R¢ reference signal in Figure 20.1.
M(f ) € Rk N
controller process
- y(r) e R"

Figure 20.1. Linear quadratic regulation (LQR) feedback configuration

The process is assumed to be a continuous-time LTT system of the form

X = Ax= Bu, xe®", ue Rk,
y  Cx, y R
z=Gx+Hu, zERE,

and has two distinct outputs.

1. The measured output y(t) corresponds to the signal(s) that can be measured and are therefore  Note. Measured outputs are

available for control. typically determined by the
available sensors.

2. The controlled output z(t) corresponds to the signal(s) that one would like to make as small

as possible in the shortest possible time. Note. Controlled outputs are se

lected by the controller designer
Sometimes z(7) = y(¢), which means that our control objective is simply to make the measured and should be viewed as design

output very small. At other times one may have parameters.

0= 14

yt
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Note 11. A simple choice for the

matrices Q and R is given

by
Bryson’s rule. »

p. 177
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which means that we want to make both the measured output y(¢) and its derivative y(¢) very
small. Many other options are possible.

20.2 Optimal Regulation

The LQR problem is defined as follows. Find the control input u(z), ¢ € [0,00) that makes the
following criterion as small as possible:

Tk = j° =@, +p ) dr. (20.1)

[ kel

corresponds to the energy of the controlled output, and the term

[ wty,an

corresponds to the energy of the control signal. In LQR one seeks a controller that minimizes both
energies. However, decreasing the energy of the controlled output will require a large control signal,
and a small control signal will lead to large controlled outputs. The role of the constant p is to
establish a trade-off between these conflicting goals.

where p is a positive constant. The term

1. When we chose p very large, the most effective way to decrease Ji gr is to employ a small
control input, at the expense of a large controlled output.

2. When we chose p very small, the most effective way to decrease Ji R is to obtain a very small
controlled output, even if this is achieved at the expense of employing a large control input.

Often the optimal LQR problem is defined more generally and consists of finding the control
input that minimizes

JLQR = fﬁﬂ‘z(t)’Q_z(t) + pu(t) Ru(t) dt, (20.2)
0

where Q € R“*! and R € R™*™ are symmetric positive-definite matrices and p is a positive constant.

We shall consider the most general form for a quadratic criterion, which is
98]
JLQR = J x() Ox(t) 4+ u(t) Ru(r) + 2x(¢)'Nu(t)dt. (J-LQR)
0
Since z = Gx + Hu, the criterion in (20.1) is a special form of the criterion (J-LQR) with
0=GG, R=H'H +pl, N=GH
and (20.2) is a special form of the criterion (J-LQR) with

0=G0G, R=H'QH + pR, N=G'0OH.

20.3 Feedback Invariants

Given a continuous-time LTI system

X = Ax+ Bu, xeR" ueRt (AB-CLTI)



LQR/LQG Optimal Control 175

we say that a functional
H (x():u("))
that involves the system’s input and state is a feedback invariant for the system (AB-CLTI) if, when

computed along a solution to the system, its value depends only on the initial condition x(0) and not
on the specific input signal u(-).

Proposition 20.1 (Feedback invariant). For every symmetric matrix P, the functional

GO J " (Ax(e) + Bu(0))'Pa(e) (0 P(Ax(1) + Bu(1)) dr
0

is a feedback invariant for the system (AB-CLTI), as long as lim;_,., x(t) = 0. O

20.4 Feedback Invariants in Optimal Control

Suppose that we are able to express a criterion J to be minimized by an appropriate choice of the
input u(-) in the form

%0

J=H(x(-);u(-)) +J A(x(2),u(t))dt, (20.3)

0

where H is a feedback invariant and the function A(x,u) has the property that for every x € R"

min A(x,u) = 0.

ucRk

In this case, the control

u(r) = arg min A(x, u),
ueRk

(20.4)

minimizes the criterion J, and the optimal value of J is equal to the feedback invariant
J =H(x(-);u(")).

Note that it is not possible to get a lower value for J, since (1) the feedback invariant H (x(-);u(-))
will never be affected by u, and (2) a smaller value for J would require the integral in the right-hand
side of (20.3) to be negative, which is not possible, since A (x(z),u(r)) can at best be as low as zero.

20.5 Optimal State Feedback

It turns out that the LQR criterion

o0

JLQR = J x(0)' Ox(t) +u(t) Ru(t) 4 2x(¢) Nu(t)dt (J-LQR)
0

can be expressed as in (20.3) for an appropriate choice of feedback invariant. In fact, the feedback

invariant in Proposition 20.1 will work, provided that we choose the matrix P appropriately. To

check that this is so, we add and subtract this feedback invariant to the LQR criterion and conclude
that

%0
JLor = J- X Ox+ u'Ru+2x'Nu dt
0

o0

=H x(-);u(-)) +J ‘ x'Ox +u'Ru+2x'Nu + (Ax + Bu)'Px + x'P(Ax + Bu) dt

( 0

Note. A functional maps func-
tions (in this case signals, i.e.
functions of time) to scalar values
(in this case real numbers).

Note. This concept was already
introduced in Lecture 10, where
Proposition 20.1 was proved.

» p. 80

Note. If one wants to restrict
the optimization to solutions that
lead to an asymptotically stable
closed-loop system, then H needs
to be a feedback invariant only for
inputs that lead to x(t) — 0 (as
in Proposition 20.1). However,
in this case one must check that
(20.4) does indeed lead to x(r) —
0.

Attention! To keep the formulas
short, in the remainder of this
section we drop the time
dependence

() when the state x and the input
u appear in time integrals.



Notation. Equation  (20.5) is
called an algebraic Riccati
equation (ARE).

Notation. Recall that a matrix is
Hurwitz or a stability matrix if
all its eigenvalues have a negative
real part.

Note. Asymptotic ~stability of
the closed loop is needed,
because we need to make
sure that the proposed input
u(t)

leads to the assumed fact that
lim, o x(¢)Px(t) = 0.

MATLAB® Hint 42. 1qr
solves the ARE (20.5) and
Bunipte. $ee ptimalisne] .
feedback
(20.6).

»p. 176
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X'(A'P+PA + Q)x+u'Ru+2u'(B'P+N')xdt.

By completing the square, we can group the quadratic term in # with the cross-term in u times x:

where (u' +x'K")R(u + Kx) = 'Ru+x'(PB+N)R™ ' (B'P+ N')x +2u'(B'P + N')x,

x()su()) + Lxx’ (A’P+PA+Q—(PB+N)R™'(B'P+N'))x+ (u +x'K')R(u + Kx) dt.

If we are able to select the matrix P so that
A'P+PA+ Q (PB+N)R™
fromwhich we cqnelude that K = Ron 2’ {‘zw ith

Alx,u) =

(B'P+N') =0, (20.5)
(u' +x'K")R(u + Kx),
which has a minimum equal to zero for
u=—Kx, K=R'(BP+N'),
leading to the closed-loop system
x=(A—BR'(BP+N'))x.
The following has been proved.

Theorem 20.1. Assume that there exists a symmetric solution P to the algebraic Riccati equation
(20.5) for which A — BR™'(B'P + N') is a stability matrix. Then the feedback law

u(t) = —Kx(t), V=0, K=R'(BP+N) (20.6)
minimizes the LOR criterion (J-LQR) and leads to
0
JLQR = J X' Ox +u'Ru+ 2x'Nu dt = x'(0)Px(0). O
0

20.6 LQR in MATLAB®

MATLAB® Hint 42 (1gr). The command [K,P,E]=1qr(A,B,Q,R,N) solves the algebraic Ric-
cati equation

and computes the (negative feedback) optimal state feedback matrix gain

AP+PA+Q— (PB+N)R !(BP+N) =
0
=R !(BP+N_,
X Qx + u'Ru + 2x'Nu dt
")that minimizes the LQR criteria 0
for the continuous-time process
J =
x = Ax+ Bu.

This command also returns the poles E of the closed-loop system

X = (A—BK)x. |
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20.7 Additional Notes

Note 11 (Bryson’s rule). A simple and reasonable choice for the matrices Q and R is given by
Bryson’s rule [7, p. 537]. Select O and R diagonal, with

- 1
i = ; 5 ie{l,2,...,0},
maximum acceptable value of z;
_ 1
Rjj= Je{1,2,... k},

maximum acceptable value of u% ’

which corresponds to the following criterion

o0 l m
JLor ::JO (ZQ_HZ[(I)Z-{-;)Z Rjju(t)z)dt.
i=1 =1

In essence, Bryson’s rule scales the variables that appear in Jigr so that the maximum acceptable
value for each term is 1. This is especially important when the units used for the different compo-
nents of u and z make the values for these variables numerically very different from each other.

Although Bryson’s rule usually gives good results, often it is just the starting point for a trial-and-
error iterative design procedure aimed at obtaining desirable properties for the closed-loop system.
We shall pursue this further in Section 22.3. |
20.8 Exercises
20.1 (Feedback invariant). Consider the nonlinear system

X = f(x,u), xeR", ueR

and a continuously differentiable function V : R” — R, with V(0) = 0. Verify that the functional

*ov
HGOu) =[50 w0) (o).t ar
0 X
is a feedback invariant as long as lim;_,, x(¢) = 0. ( |

20.2 (Nonlinear optimal control). Consider the nonlinear system
x= f(x,u), xeR", ue Rk

Use the feedback invariant in Exercise 20.1 to construct a result parallel to Theorem 20.1 for the
minimization of the criterion

J = J;) O(x) +u'R(x)u dt,

where R(x) is a state-dependent positive-definite matrix and Q(x) is a state-dependent nonnegative
function. o
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Lecture 21

The Algebraic Riccati Equation
(ARE)

Contents

This lecture addresses the existence of solutions to the algebraic Riccati equation

1. Hamiltonian matrix
2. Domain of the Riccati operator
3. Stable subspace of the Hamiltonian matrix

21.1 The Hamiltonian Matrix

The construction of the optimal LQR feedback law in Theorem 20.1 required the existence of a
symmetric solution P to the ARE,

A'P+PA+Q—(PB+N)R '(B'P+N') =0, (21.1)

for which A — BR™!(B'P +N') is a stability matrix. To study the solutions of this equation, it is
convenient to expand the last term in the left-hand side of (21.1), which leads to

(A _BR,lN,),P +P(A _BR,lN,) +Q—-NR_ N —PBR |BP=0. (21.2)
This equation can be compactly rewritten as
1
[P _I]H[P =0, (21.3)
where J
He| A —BR™IN' —BR™'B R2nx2n

“|-0+NR'N' —(A—BR'N')

is called the Hamiltonian matrix associated with (21.1).

21.2 Domain of the Riccati Operator

A Hamiltonian matrix H is said to be in the domain of the Riccati operator if there exist square
matrices H_, P € R"*" such that

HM = MH_, M= H (21.4)

179 where H
is a stability
matrix and / is
then xn
identity matrix.

Notation. We write H € Ric when
H is in the domain of the Riccati
operator.



Notation. In general the ARE has
multiple solutions, but only the
one in (21.4) makes the closed-
loop system asymptotically sta-
ble. This solution is called the sta-
bilizing solution.

Note. We shall confirm in Exer-
cise 21.1 that the matrix in the
left-hand side of (21.5) is indeed
symmetric.

Note. This same argument was
used in the proof of the Lyapunov
stability theorem 8.2.

Note. See Exercise 21.3.

Note. From P21.1, we can see
that the dimension of V_ is equal
to the number of eigenvalues of M
with a negative real part (with rep
etitions).
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Theorem 21.1. Suppose that H is in the domain of the Riccati operator and let PH_ € R"*" be as
in (21.4). Then the following properties hold.

1. P satisfies the ARE (21.1),
2. A—BR™'(B'P+N') = H_ is a stability matrix, and

3. P is a symmetric matrix. O

Proof of Theorem 21.1. To prove statement 1, we left-multiply (21.4) by the matrix [P —1| and
obtain (21.3).

To prove statement 2, we just look at the top n rows of the matrix equation (21.4):

oy

from which A —BR~'(B'P+N') = H_ follows. [ - P' |

To prove statement 3, we left-multiply (21.4) by ] and obtain

1

p = (P—P)H-.

[P 1 H[ (21.5)

Moreover, using the definition of H, we can conc}lude that the matrix in the left-hand side of (21.5)
is symmetric. Therefore

(P—P)H- =H (P, —P)=—-H-(P—P). (21.6)

Multiplying this equation on the left and right by M and H-1 , respectively, we conclude that

d eH/—[(P—Pl)eI_F =0,

M (P—P,)H-e o .

4 H_
- +eH_[HL (P—Pe""=0 <

. / . . . g . .
Vt, which means that er(P — P,)eH_ , 1s constant. However, since H- is a stability matrix, this
quantity must also converge to zero as ¢t — o0. Therefore it must actually be identically zero. Since
eH-" is nonsingular, we conclude that we must have P = P’. ]

21.3 Stable Subspaces

Given a square matrix M, suppose that we factor its characteristic polynomial as a product of poly-
nomials

A(s) = det(sl — M) = A_(s)A+(s),
where all the roots of A_(s) have a negative real part and all roots of A (s) have a positive or zero
real parts. The stable subspace of M is defined by

and has a few important properties, as listed below. V_

= kerA_(M)

P21.2 for every matrix V whose columns form a basis for V_, there exists a stability matrix M_

PropeMiRssehsragissipiceolynemal isihéskayrhstiidpace of M. Then

P21.1 dimV_ = degA_(s), and MV =VM_. 21.7)
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21.4 Stable Subspace of the Hamiltonian Matrix

Our goal now is to find the conditions under which the Hamiltonian matrix H € R?**?" belongs to
the domain of the Riccati operator, i.e., those for which there exist symmetric matrices H_, P € R"*"
such that

1
S w-l]

where H_ is a stability matrix and / is the n x n identity matrix. From the properties of stable
subspaces, we conclude that such a matrix H_ exists if we can find a basis for the stable subspace
V_ of H of the appropriate form M = [I P’ ]'. For this to be possible, the stable subspace has to
have dimension precisely equal to n, which is the key issue of concern. We shall see shortly that the

structure [1- P']" or a1 i relatively simple to produce.

21.4.1 Dimension of the Stable Subspace of H

To investigate the dimension of V_, we need to compute the characteristic polynomial of H. To do
this, note that

I BR™1B A—BR™IN 0 —I w
-1 0 _ (A-BR_|N), —Q+NR_N, _ I 0 :

Therefore, defining J = [0] 6],[

H=—JHJ . ] [

Since the characteristic polynomial is invariant with respect to similarity transformations and matrix
transposition, we conclude that

A(s) = det(s] —H) = det(sl +JH'J ') = det(s] + H')
= det(sl + H) = ( —1)*"det((—s) —H) = A(—s),

which shows that if A is an eigenvalue of H, then —A is also an eigenvalue of H with the same
multiplicity. We thus conclude that the 2n eigenvalues of H are distributed symmetrically with
respect to the imaginary axis. To check that we actually have n eigenvalues with a negative real part
and another n with a positive real part, we need to make sure that H has no eigenvalues over the
imaginary axis. This point is addressed by the following result.

Lemma 21.1. Assume that Q — NR™'N’ > 0. When the pair (A,B) is stabilizable and the pair
(A—BR™'N',Q — NR™'N') is detectable, then

1. the Hamiltonian matrix H has no eigenvalues on the imaginary axis, and

2. its stable subspace 'V _ has dimension n. O

Attention! The best LQR controllers are obtained for choices of the controlled output z for which
N = G'H = 0 (cf. Lecture 22). In this case, Lemma 21.1 simply requires stabilizability of (A, B) and
detectability of (A, G) (cf. Exercise 21.4). O

Proof of Lemma 21.1. To prove this result by contradiction, let x == [x] x’z]l, x1,x2 € C" be an
eigenvector of H associated with an eigenvalue A := jo, ® € R. This means that

. _ —1ar7 —1
jol —A+BR™IN BR'B Hxl]zo 2L8)

Q—NR™'N' jo+(A—BR™IN'Y | | x2



Notation. The symbol ( - )*
denotes complex conjugate
transpose.

Attentigpf.The pogtation ¢ used
METLAB®.  Here (-) de-
notes transpose and (-)* denotes
complex conjugate transpose,
whereas in MATLAB®, ().”
denotes transpose and  (-)’
denotes  complex  conjugate
transpose.

Note. This follows from the fact
that for a symmetric positive-
semidefinite matrix M, xX’Mx = 0
implies that Mx = 0. This can be
verifies, e.g., by diagonalizing M.

Note. Under the assumptions of
Lemma 21.1, Vj is always non-
singular, as shown in [6, Theorem
6.5, p. 202].
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Using the facts that (A,x) is an eigenvalue/eigenvector pair of H and that this matrix is real valued,
one concludes that

[ xf]H [2] +[xf | H [ﬁ] = [x¥  x¥] (Hx) + (Hx)* [Xz]

X1

i (L2

= jo(2x! +x1x2) — jo(xlx2 +x2x1) = 0. (21.9)
On the other hand, using the definition of H, one concludes that the left-hand side of (21.9) is given
by

] A—BR N

~Q+NR_|N,

_ —1pr
o ]

—(A—BR_N,)), x
« . (A=BREINYY —Q+NR7'N'|[x
g BR—lB] [ —(A—BR'N) | | x,
[ =—2x1(Q—NR_|N)x! —2x2(BR_|B,)x2.

1

Since this expression must equal zero and R~! > 0, we conclude that

(Q—NR_|N )x! =0, B'x; =0.

1

From this and (21.8) we also conclude that

(jo —A+BR_ N )x! =0, (jo+A")x; = 0.

1

But then we have an eigenvector x; of A’ in the kernel of B’ and an eigenvector x; of A—BR !N’ in
the kernel of Q — NR™!N’. Since the corresponding eigenvalues do not have negative real parts, this
contradicts the stabilizability and detectability assumptions.

The fact that V_ has dimension n follows from the discussion preceding the statement of the lemma.
|

21.4.2 Basis for the Stable Subspace of H

Suppose that the assumptions of Lemma 21.1 hold and let

Vl 2nxn
V= [Vz] eR

be a matrix whose n columns form a basis for the stable subspace V_ of H. Assuming that V; € R**"
is nonsingular, then

1

vyt = [P

] ., P=wy!
is also a basis for V_. Therefore, we conclude from property P21.2 that there exists a stability matrix

H_ such that
1 1
AREALS

and therefore H belongs to the domain of the Riccati operator. Combining Lemma 21.1 with Theo-
rem 21.1, we obtain the following main result regarding the solution to the ARE.

(21.10)
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Theorem 21.2. Assume that Q — NR™'N’ > 0. When the pair (A,B) is stabilizable and the pair
(A—BR_|N,,Q—NR_|N,) is detectable,

1. H is in the domain of the Riccati operator,
2. P satisfies the ARE (21.1),
3. A—BR™'(B'P+N') = H_ is a stability matrix, and

4. P is symmetric,
where P, H_ € R"*" are as in (21.10). Moreover, the eigenvalues of H_ are the eigenvalues of H
with a negative real part. O

Attention! It is insightful to interpret the results of Theorem 21.2, when applied to the minimization
of

”_/_‘\
JLQR ::f ZQz+pu'Rudr, 7= Gx+Hu, p;Q,R >0,
0

which corresponds to

0=G0G, R=H'QH +pR, N=G'0OH.

When N = 0, we conclude that Theorem 21.2 requires the detectability of the pair (A, Q) = (A,G'OG).

Since Q > 0, it is straightforward to verify (e.g., using the eigenvector test) that this is equivalent
to the detectability of the pair (A, G), which means that the system must be detectable through the
controlled output z.

The need for (A, B) to be stabilizable is quite reasonable, because otherwise it is not possible to make
x — 0 for every initial condition. The need for (A, G) to be detectable can be intuitively understood
by the fact that if the system had unstable modes that did not appear in z, it could be possible to
make Jigr very small, even though the state x might be exploding. |

Note 12. To prove that P is positive-definite, we rewrite the ARE

in (21.2) as (A—BR_,N,) P+P(A—BR_\N,)+Q—NR_\N,—~PBR_B,P =
0

S=(Q—-NR™'N')+ PBR™'B'P.

H P+PH_ =S,
The posilﬁ‘ae_déﬁﬁ%éﬁégstf\’f,’ e foftows fromgfﬁ?Iﬁﬁ%ﬁd};@g%}vﬁﬁ@zég@%ﬁé) as we are

le t t b f th
1E)n%eoQe > QNkShﬁ\? Far %é?? 1]11}3)/ 19 eb%aly]r mmel?rlc positive-semidefinite matrices, the equation
S shovintpdiehehpair (H S) is observable, we use the eigenvector test. To prove this by

contradlctlon assume that x is an eigenvector of H_ that lies in the kernel of S;ie.,

((Q NR 1N)—i—PBR_BPx—O = (0—NR~ N’)x—O BPx—O
We thus conclude that )
(A=BR_N,)x = Ax, (O—NR™'N')x =0,

which contradicts the fact that the pair (A —BR~'N’,Q — NR~'N') is observable. i

Note 12. When the pair (A —
BR™'N",Q—NR™'N") is observ-
able, one can show that P is also
positive-definite. »p. 183
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21.5 Exercises

21.1. Verify that for every matrix P, the following matrix is symmetric:

[-P, 1 H[;]

]

where H is the Hamiltonian matrix. O

21.2 (Invariance of stable subspaces). Show that the stable subspace V_ of a matrix M is always
M-invariant. O

21.3 (Properties of stable subspaces). Prove Properties P21.1 and P21.2.

Hint: Transform M into its Jordan normal form. O

21.4. Show that detectability of (A, G) is equivalent to detectability of (A, Q) with Q = G'G.

Hint: Use the eigenvector test and note that the kernels of G and G'G are exactly the same. O



Lecture 22

Frequency Domain and Asymptotic
Properties of LQR

Contents

This lecture discusses several important properties of LQR controllers.

1. Kalman’s inequality: complementary sensitivity function, Nyquist plot (SISO), gain and

phase margins (SISO)
2. Loop shaping using LQR
3. LQR design example

4. Cheap control asymptotic case: closed-loop poles and cost

22.1 Kalman’s Equality
Consider the continuous-time LTI process
X = Ax+ Bu, 7=Gx+ Hu, xeR", ueRk zeR,

for which one wants to minimize the LQR criterion

’Z,‘
2 2
haw= [ 120 +pluto)P an, 2.0
where p is a positive constant. Throughout this whole lecture we assume that Attention! This condition is not
being added for simplicity. We
N:=GH = 0, (22.2) shall see in Example 22.1 that,

without it, the results in this sec-

for which the optimal control is given by tion are not valid.

u=—Kx, K:=R"'BP, R:=H'H+pl,

where P is the stabilizing solution to the ARE
A'P+PA+G'G—PBR™'B'P =0.

We saw in the Lecture 20 that under appropriate stabilizability and detectability assumptions, the
LQR control results in a closed-loop system that is asymptotically stable.

LQR controllers also have desirable properties in the frequency domain. To understand why,
consider the open-loop transfer matrix from the process input u to the controller output i
(Figure 22.1). The state-space model from u toi is given by

185



Note. Kalman’s equality follows
directly from simple algebraic
manipulations of the ARE (cf. Ex-

ercise 22.1).

Note 13. For multiple input sys-
tems, similar conclusions could
be drawn, based on the multivari-

able Nyquist criterion.

> p. 194
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N
<

K X =Ax+Bu

Figure 22.1. State feedback open-loop gain.

X =Ax+ Bu, ii =—Kx,

which corresponds to the following open-loop negative-feedback k x k transfer matrix

~

L(s)=K(sI—A)~'B.

Another important open-loop transfer matrix is that from the control signal u to the controlled output
Z9

T(s) =G(sI—A)"'B+H.
These transfer matrices are related by the so-called Kalman’s equality:
Kalman’s equality. For the LOR criterion in (22.1) with (22.2), we have
(I+L(=s))R(I+L(s)) =R+H'H+T(—s)'T(s). (22.3)

Kalman’s equality has many important consequences. One of them is Kalman’s inequality,
which is obtained by setting s = jo in (22.3) and using the fact that for real-rational transfer matrices

L(—jo) =L(jo)*, T(—jo) =T(jw)*, H'H+T(jo)*T(jo) > 0.
Kalman’s inequality. For the LOR criterion in (22.1) with (22.2), we have
R
(I+L(jw))" (1+i(jw)) >R, VYoeR. (22.4)

22.2 Frequency Domain Properties: Single-Input Case

We focus our attention in single-input processes (k = 1), for which L(s) is a scalar transfer function.
Dividing both sides of Kalman’s inequality (22.4) by the scalar R, we obtain

1+L(jo)|= 1, YoeR,

which expresses the fact that the Nyquist plot of f,( Jj) does not enter a circle of radius 1 around
significant implications, which are discussed next.

the point —1 of the complex plane. This is represented graphically in Figure 22.2 and has several

Positive gain margin. If the process gain is multiplied by a constant k > 1, its Nyquist plot simply
expands radially, and therefore the number of encirclements does not change. This corresponds to a
positive gain margin of +0.

Negative gain margin. If the process gain is multiplied by a constant 0.5 < k < 1, its Nyquist
plot contracts radially, but the number of encirclements still does not change. This corresponds to a
negative gain margin of 20log;(.5) = —6 dB.
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Im

Figure 22.2. Nyquist plot for a LQR state feedback controller.

Phase margin.
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If the process phase increases by 6 € [ -60°,60°], its Nyquist plot rotates by 6,

but the number of encirclements still does not change. This corresponds to a phase margin of +60°.

Sensitivity and complementary sensitivity functions.

sensitivity functions are given by

A

S(s) :

1

1+L(s)’

respectively. Kalman’s inequality guarantees that

S(jo)|< 1,

1T (jw)|< 2,

We recall the following facts about the sensitivity function:

R[T(jo)]= 0,

Yo e R.

The sensitivity and the complementary

(22.5)

1. A small sensitivity function is desirable for good disturbance rejection. Generally, this is
especially important at low frequencies.

2. A complementary sensitivity function close to 1 is desirable for good reference tracking. Gen-
erally, this is especially important at low frequencies.

3. A small complementary sensitivity function is desirable for good noise rejection. Generally,
this is especially important at high frequencies.

Attention! Kalman’s inequality is valid only when N = G’H = 0. When this is not the case, LQR
controllers can exhibit significantly worse properties in terms of gain and phase margins. To some
extent, this limits the controlled outputs that should be placed in z. For example, consider the process
x = Ax + Bu, y = Cx and suppose that we want to regulate

z=y=Cx.

This leads to G = C and H = 0. Therefore G'H = 0, for which Kalman’s inequality holds. However,

choosing

[
y

leads to

G

and therefore

|

|

|

C
CA

which may not be equal to zero.

Cx
Cx

|

] - [CAxC—:CCBu] - [

G'H =A'C'CB,

C

H

CA]”[

|

0
CB

0
cB|"

|

Note. The first inequality results
directly from the fact that |1 +
L(jo)| = 1, the second from the
fact that 7'(s) = 1 — $(s), and the
last two from the fact that the sec-
ond inequality shows that 7'(jo)
must belong to a circle of radius 1
around the point +1.

Note. If the transfer function from
u to y has two more poles than
zeros, then one can show that
CB =0 and H = 0. In this case,
Kalman’s inequality holds also for
this choice of z.



Note. Loop shaping consists of
designing the controller to meet
specifications on the open-loop
gain L(s). A brief review of
this control design method can be
found in Section 22.8.

MATLAB® Hint 43.

sigma(sys) draws the
norm-Bode plot of the system
sys. »p. 194

Note. Although the magnitude of
L(jo) mimics the magnitude of
T(jw), the phase of the open-
loop gain L(jo) always leads to a
stable closed loop with an appro-
priate phase margin.
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22.3 Loop Shaping using LQR: Single-Input Case

Using Kalman’s inequality, we saw that any LQR controller automatically provides some upper
bounds on the magnitude of the sensitivity function and its complementary. However, these bounds
are frequency-independent and may not result in appropriate loop shaping.

We discuss next a few rules that allow us to perform loop shaping using LQR. We continue to
restrict our attention to the single-input case (k = 1).

Low-frequency open-loop gain. Dividing both sides of Kalman’s equality (22.3) by the scalar
R = H'H + p, we obtain
H,H+p
H'H — |T(jo)l,
H'H+p

|1—HE(j(x))|2 =1+

Therefore, for the range of frequencies for which |L(j®)|» 1 (typically low frequencies), the last
term must dominate and therefore,

[L(jo)|~| 1+L(jo)l~

WHEHHp

which means that the open-loop gain for the optimal feedback L(s) follows the shape of the Bode
plot from u to the controlled output z. To understand the implications of this formula, it is instructive
to consider two fairly typical cases.

1. When z =y, with y := Cx scalar, we have

[E(jo)|~

V AUHoYp
where
T(s):=C(sI—A)"'B
is the transfer function from the control input « to the measured output y. In this case,

(a) the shape of the magnitude of the open-loop gain (j®) is determined by the magnitude
of the transfer function from the control input « to the measured output y, and

(b) the parameter p moves the magnitude Bode plot up and down (more precisely H'H + p).

2. When z = [y Y)}]', with y := Cx scalar, i.e.,

y Cx e 10
Z:[yy] [}/CAx-i—yCBu] - G_[yCA]’ H_[}/CB]’

we conclude that

A

7= AE [1]1%), P(s) = C(sT—A)'B,

and therefore

E(jo)|~ L+ P2 |P(jo)| | 1+ jyo||P(jo)|
H'H+p VHH+p

In this case, the low-frequency %en-loop gain mimics the process transfer function from u to
i S
y, with an extra zero at 1/y and scaled by NG Thus

(22.6)
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(a) p moves the magnitude Bode plot up and down (more precisely H'H + p), and
(b) large values for y lead to a low-frequency zero and generally result in a larger phase mar-

gin (above the minimum of 60°) and a smaller overshoot in the step response. However,
this is often achieved at the expense of a slower response.

Attention! It sometimes happens that the above two choices for z still do not provide a sufficiently
good low-frequency open-loop response. In such cases, one may actually add dynamics to more
accurately shape L(s). For example, suppose that one wants a very large magnitude for Z(s) at a
particular frequency @y to reject a specific periodic disturbance. This could be achieved by including
in 7 a filtered version of the output y obtained from a transfer function with a resonance close to wy
to increase the gain at this frequency. In this case, one could define

y -
="yl
72y
where j is obtained from y through a system with transfer function equal to
1
(s+€),+d)
for some small € > 0. Many other options are possible, allowing one to precisely shape L(s) over
the range of frequencies for which this transfer function has a large magnitude. O

High-frequency open-loop gain. Figure 22.2 shows that the open-loop gain f,( j) can have at
most —90° phase for high-frequencies, and therefore the roll-off rate is at most —20 dB/decade. In
practice, this means that for @ » 1,

c
o\/HH+p

for some constant c. Therefore the cross-over frequency is approximately given by

L(jo)|~

C Cc

_  ~ 1 = ) ~—_ S
Ocoss/H'H +p o HH v p

Thus
1. LQR controllers always exhibit a high-frequency magnitude decay of —20 dB/decade, and

2. the cross-over frequency is proportional to 1/4/H’H + p, and generally small values for
H'H + p result in faster step responses.

Attention! The (slow) —20 dB/decade magnitude decrease is the main shortcoming of state feed-
back LQR controllers, because it may not be sufficient to clear high-frequency upper bounds on
the open-loop gain needed to reject disturbances and/or for robustness with respect to process un-
certainty. We will see in Section 23.5 that this can actually be improved with output feedback
controllers. O

22.4 LQR Design Example

Example 22.1 (Aircraft roll dynamics). Figure 22.3 shows the roll angle dynamics of an aircraft
[18, p. 381]. Defining x = [6 (0] ‘L'],, we can write the aircraft dynamics as
X = Ax + Bu,

where

A=|0 -0875 —20{, B=1]0
0 0 50 50



MATLAB® Hint 44. See
MATLAB®Hint42.  »p. 176
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\ @ roll-angle ==
. o —6:8750—-207
w =40 rollrate F— 5074+ 50u

T applied torque

Figure 22.3. Aircraft roll angle dynamics
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(a) Open-loop gain for several values of p. This parameter
allows us to move the whole magnitude Bode plot up and
down.

(b) Open-loop gain for several values of y. Larger values
for this parameter result in a larger phase margin.

Figure 22.4. Bode plots for the open-loop gain of the LQR controllers in Example 22.1. As expected, for low
frequencies the open-loop gain magnitude matches that of the process transfer function from u to 6 (but with
significantly lower/better phase), and at high-frequencies the gain magnitude falls at —20 dB/decade.

Open-loop gains. Figure 22.4 shows Bode plots of the open-loop gain L(s) = K(sI —A)~'B for
several LQR controllers obtained for this system. The controlled output was chosen to be z =
[6 79]', which corresponds to

|

The controllers minimize the criterion (22.1) for several values of p and y. The matrix gains
K and the Bode plots of the open-loop gains can be computed using the following sequence of
MATLAB®commands:

A = [0,1,0;0,-.875,-20;0,0,-50]; B = [0;0;50]; % process dynamics

G = [1,0,0;0,gammax*1,0]; H = [0;0]; % controlled output z
Q = G’*G; R = H’*H+rho; N = G’*H; % weight matrices
K=1qr(A,B,Q,R,N); % compute LQR gain
GO=ss(A,B,K,0); % open-loop gain

bode (GO) ;

for the different values of gamma and rho.

Figure 22.4(a) shows the open-loop gain for several values of p, where we can see that p allows
us to move the whole magnitude Bode plot up and down. Figure 22.4(b) shows the open-loop gain
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for several values of ¥, where we can see that a larger y results in a larger phase margin. As expected,
for low frequencies the open-loop gain magnitude matches that of the process transfer function from
u to 6 (but with significantly lower/better phase), and at high frequencies the gain magnitude falls at

—20 dB/decade.

1.4 1.4
121 1.2}
1 //‘\ e T 1»// ——
/ Ve
08 ” o8f -’
/ 4 I
0.6 / 0.6/
I / /
0.4+ 4 g 0.4}/ |
| / —1v=.01,p=.01 —p=.01,y=.01
0.2 -/ - = -y=.01,p=1 0.2 -~ -p=.01,y=1
/// — — y=.01,p=100 - — p=.01,y=3
0 ; ; ; n n 0 ; ; ; n n
0 1 2 3 4 5 6 0 1 2 3 4 5 6

time time

(b) Step response for several values of y. This parameter
allows us to control the overshoot.

(a) Step response for several values of p. This parameter
allows us to control the speed of the response.

Figure 22.5. Closed-loop step responses for the LQR controllers in Example 22.1

Step responses. Figure 22.5 shows step responses for the state feedback LQR controllers whose  Note. The use of LQR controllers
to drive an output variable to a set
point will be studied in detail later

in Section 23.6.

Bode plots for the open-loop gain are shown in Figure 22.4. Figure 22.5(a) shows that smaller
values of p lead to faster responses, and Figure 22.5(b) shows that larger values for y lead to smaller
overshoots (but slower responses).

3 3
2 2
o 1 phase margin = 72.8 o 1f phase margin = 9.6
3 3
> >
£ o -2 -y g ol 2
j=3 j=3
© \ ©
E N E
-1 /3 -1r
_2 -2r
] - . . i . . . _3Ls . . . i . .
-4 -3 -2 -1 0 1 2 3 -4 -3 -2 -1 0 1 2
real axis real axis
() GH=0 (b) GH+#0

Figure 22.6. Nyquist plots for the open-loop gain of the LQR controllers in Example 22.1

Nyquist plots. Figure 22.6 shows Nyquist plots of the open-loop gain L(s) = K(sI —A)~'B for
p = 0.01, but different choices of the controlled output z. In Figure 22.6(a) z = [6 9]', which

corresponds to




Note. Cf. Exercise 22.2.

Note. The transfer matrix 7'(s)
that appears in (22.7) can be
viewed as the transfer function
from the control input u to the
controlled output z.
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In this case, H'G = [0 0 0], and Kalman’s inequality holds, as can be seen in the Nyquist plot. In
Figure 22.6(b), the controlled output was chosen to be z i= [6 i’]', which corresponds to

10 0 0
G= [0 0 —50]’ = [50]'

In this case, we have H'G = [0 0 —2500], and Kalman’s inequality does not hold. We can see from the
Nyquist plot that the phase and gain margins are very small and there is little robustness with respect
to unmodeled dynamics, since a small perturbation in the process can lead to an encirclement of the
point —1. |

22.5 Cheap Control Case

In view of the LQR criterion

o
haw= [ 120 +pluto) ar
by making p very small one does not penalize the energy used by the control signal. Based on this,
one could expect that, as p — 0,
1. the system’s response becomes arbitrarily fast, and
2. the optimal value of the criterion converges to zero.

This limiting case is called cheap control and it turns out that whether or not the above conjectures
are true depends on the transmission zeros of the system.

22.5.1 Closed-Loop Poles

We saw in Lecture 21 (cf. Theorem 21.2) that the poles of the closed-loop system correspond to the
stable eigenvalues of the Hamiltonian matrix
A —BR,'B
— ‘A 2nx2n — ' kxk'
H [—G,G 4, cR , R=H'H+pleR

To determine the eigenvalues of H, wese the fact that
1:

det(sT — H) = cAls)A(—s) det (R —H'H+ T(—s)'T(s)) , (22.7)
where ¢ == (—1)"detR~! and
A(s) = det(s] — A), T(s):=G(sI—A)"'B+H.
As p — 0, HH — R, and therefore
det(s] —H) — cA(s)A(—s)det T (—s)'T (s). (22.8)

We saw in Theorem 18.2 that there exist unimodular real polynomial matrices L(s) € R[s]‘**, R(s) €
R[s]*** such that

T(s) = L(s)SMr(s)R(s), (22.9)
where
n1(s)
Vilo) 0 0 ¢
SM = : R
T(S) 0 T]r(S) 0 (s)ka
W (s)
[ 0 0 0

is the Smith-McMillan form of f‘(s) To proceed, we should consider the square and nonsquare
cases separately.
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Square transfer matrix. When T(s) is square and full rank (i.e., ¢ =k =r),
Uil

(=) M=) M (s)---muls) _ _zr(=s)zr(s)
Vi(=s)-—wi(=s)wi(s)---wi(s)  pr( s)pr(s)’

where z7 (s) and pr (s) are the zero and pole polynomials of G(s), respectively, and ¢ is the (constant)
product of the determinants of all the unimodular matrices. When the realization is minimal, pr(s) =
A(s) (cf. Theorem 19.3) and (22.9) simplifies to

det(sI —H) — cczr(s)zr (—s).

detT(—s)T(s)=¢

Two conclusions can be drawn.
1. When 7'(s) has ¢ transmission zeros
ai+jbi7 ie{1727"'7q}7

then 2qg of the eigenvalues of H converge to

tai+ jbi, ie{l,2,...,q}.
Therefore g closed-loop poles converge to
—|a,~|+jb,~, iE{l,Z,...,q}.

2. When 7'(s) does not have any transmission zero, H has no finite eigenvalues as p — 0. There-
fore all closed-loop poles must converge to infinity.

Nonsquare transfer matrix. When 7'(s) is not square and/or not full rank, by substituting (22.9)
into (22.8), we obtain

[Mﬁ— 0 o) 0 —|

det(sI —H) — cA(s)A(—s)det . s P —s)L,(s) [ : N
nr((HH— nr(£))
T S et

where L,(s) €

minimal, we obtain R[s]**”

realization is

contains the leftmost r columns of L(s). In this case, when the

det(sI —H) — czr(s)zr (—s)det L. (—s) L, (s),
which shows that for nonsquare matrices det(sI — H) generally has more roots than the transmission
zeros of T'(s). In this case, one needs to compute the stable roots of

Attention! This means that in generél(é}l@(waﬁl@Qbf" dvoRd' FAnsmission zeros from the control input
ktﬁ% the sontroligd %gggﬁ %oﬁ%ﬂ%%@&éﬁfé%‘f’&ﬁ%%ﬁ%?éﬁiﬁ& (gﬁros that will attract the poles of the closed

160p. For nonsquare systems, one must pay attention to all the zeros of det7'(—s)'T (s). |
poles.

22.5.2 Cost

We saw in Lecture 20 that the minimum value of the LQR criterion is given by

Vel
JLar = Jﬂ l()[> +plu(®)|? dr = ' (0)Pox(0),
where p is a positive constant and P, is the corresponding solution to the ARE

A'Py+PpA+G'G—FyBR,' B'Py = 0, Rp=H'H +pl. (22.10)

The following result makes explicit the dependence of P, on p, as this parameter converges to zero.

Note. Recall that the poles of the
closed-loop system are only the
stable eigenvalues of H, which
converge to either a; + jb; or
—ai — jbi, depending on which of
them has negative real part.

Note. This property of LQR
resembles a similar property of
the root locus, except that now
we have the freedom to choose
the controlled output to avoid
problematic zeros.

Note. Here we use the subscript p
to emphasize that the solution to
the ARE depends on this parame-
ter.



Note. This result can be found
in [11, Section 3.8.3, pp. 306—
312; cf. Theorem 3.14]. A sim-
ple proof for the SISO case can
be found in [16, Section 3.5.2,
pp. 145-146].

Notation. A square matrix S is
called orthogonal if its inverse ex-
ists and is equal to its transpose;
ie,SS =5S=1
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Theorene 22.1. When H = 0, the solution to (22.10) satisfies

(=0 { = keand all transmission zeros of T (s) have negative or zero real parts,
lin}) Pj # @& A  kandT(s) has transmission zeros with positive real parts, O
p—
0 >k

Attention! This result shows a fundamental limitation due to unstable transmission zeros. It shows
that when there are transmission zeros from the input « to the controlled output z, it is not possible
to reduce the energy of z arbitrarily, even if one is willing to spend much control energy. O

Attention! Suppose that £ = k and all transmission zeros of 7'(s) have negative or zero real
parts. Taking limits on both sides of (22.10) and using the fact that lim,_,o P = 0, we conclude
that

1
“P,BB'P, = lim pK'K, = G'G,
im p D P = I PRoR

where K, := RF_,IB’ Py is the stae feedback gain. Assuming that G is full row rank, this implies that
lin}) \VPK, = SG,
p—

for some orthogonal matrix S (cf. Exercise 22.3). This shows that asymptotically we have

Ky - %gc,

and therefore the optimal control is of the form

u=Kpx = %Gx= \/Ll_)Sz;

1.e., for these systems the cheap control problem corresponds to high-gain static feedback of the
controlled output. O

22.6 MATLAB® Commands

MATLAB® Hint 43 (sigma). The command sigma(sys) draws the norm-Bode plot of the system
sys. For scalar transfer functions, this command plots the usual magnitude Bode plot, but for MIMO
transfer matrices, it plots the norm of the transfer matrix versus the frequency. m|

MATLAB® Hint 45 (nyquist). The command nyquist(sys) draws the Nyquist plot of the
system sys.

Especially when there are poles very close to the imaginary axis (e.g., because they were actually
on the axis and you moved them slightly to the left), the automatic scale may not be very good,
because it may be hard to distinguish the point —1 from the origin. In this case, you can use the
zoom features of MATLAB® to see what is going on near —1. Try clicking on the magnifying
glass and selecting a region of interest, or try left-clicking with the mouse and selecting ‘“zoom on
(—1,0)” (without the magnifying glass selected). O

22.7 Additional Notes

Note 13 (Multivariable Nyquist criterion). The Nyquist criterion is used to investigate the stability
of the negative-feedback connection in Figure 22.7. It allows one to compute the number of unstable
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r + y

O L(s)

Figure 22.7. Negative feedback

-1

(i.e., in the closed right-hand side plane) poles of the closed-loop transfer matrix (I +f,(s)) as a

function of the number of unstable poles of the open-loop transfer matrix L(s).

To apply the criterion, we start by drawing the Nyquist plot of L(s), which is done by evaluating
det (I +i(ja))) from @ = —o0 to @ = 400 and plotting it in the complex plane. This leads to a
closed curve that is always symmetric with respect to the real axis. This curve should be annotated
with arrows indicating the direction corresponding to increasing ®.

Any poles of f,(s) on the imaginary axis should be moved slightly to the left of the axis, because the
criterion is valid only when L(s) is analytic on the imaginary axis. E.g.,

N s+ 1 s+1
L) =53 — B~
ﬁ(s) -2 i f,g(s) ~ il il

T 2447 (s+2))(s—2)) (s+e+2j)(s+e—2j) (s+e)2+4

—

for a small € > 0. The criterion should then be applied to the perturbed transfer matrix Le(s). If
we conclude that the closed loop is asymptotically stable for L (s) with very small & > 0, then the
closed loop with f,(s) is also asymptotically stable and vice versa.

Nyquist stability criterion. The rotal number of unstable (closed-loop) poles of (I +I:(s)) ! (#CUP)
is given by

#CUP = #ENC + #OUP,

where #OUP denotes the number of unstable (open-loop) poles of f,(s) and #ENC is the number
of clockwise encirclements by the multivariable Nyquist plot around the origin. To have a stable
closed-loop system, one thus needs

#ENC = —#OUP. O

Attention! For the multivariable Nyquist criteria, we count encirclements around the origin and
not around —1, because the multivariable Nyquist plot is shifted to the right by adding the / to in
det (7 +L(jo)). m

22.8 The Loop-Shaping Design Method (review)

The goal of this section is to briefly review the loop-shaping control design method for SISO sys-
tems. The basic idea behind loop shaping is to convert the desired specifications on the closed-loop
system in Figure 22.8 into constraints on the open-loop gain

~ A

L(s) = C(s)P(s).

The controller C(s) is then designed so that the open-loop gain L(s) satisfies these constraints. The
shaping of L(s) can be done using the classical methods briefly mentioned in Section 22.8.2 and
explained in much greater detail in [7, Chapter 6.7]. However, it can also be done using LQR state
feedback, as discussed in Section 22.3, or using LQG/LQR output feedback controllers, as we shall
see in Section 23.5.

Note. The Nyquist plot should be
viewed as the image of a clock-
wise contour that goes along the
axis and closes with a right-hand
side loop at co.

MATLAB® Hint 45.

nyquist(sys) draws  the
Nyquist plot of the system
sys. »p. 194

Note. To compute #ENC, we
draw a ray from the origin to 0o in
any direction and add 1 each time
the Nyquist plot crosses the ray in
the clockwise direction (with re-
spect to the origin of the ray) and
subtract 1 each time it crosses the
ray in the counterclockwise direc-
tion. The final count gives #ENC.

Note. The loop-shaping design
method is covered extensively,
e.g.,in [7].

Attention! The review in this sec-
tion is focused on the SISO case,
so it does not address the state
feedback case for systems with
more than one state. However,
we shall see in Lecture 23 that we
can often recover the LQR open-
loop gain just with output feed-
back. » p. 207



Notation. The distance between
the phase of L(j®.) and —180° is
called the phase margin.

Note. Typically one wants to
track low frequency references,
which justifies the requirement for
equation (22.11) to hold in an in-
terval of the form [0, @r].
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d
r + c u l y
O C(s) O B(s)
AL

Figure 22.8. Closed-

loop system

22.8.1 Open-Loop versus Closed-Loop Specifications

N\

+

We start by discussing how several closed-loop specifications can be converted into constraints on

the open-loop gain L(s).

Stability. Assuming that the open-loop gain has no unstable poles, the stability of the closed-loop
system is guaranteed as long as the phase of the open-loop gain is above —180° at the cross-over

frequency ., i.e., at the frequency for which

|z'(jw6)|:

1.

Overshoot. Larger phase margins generally correspond to a smaller overshoot for the step re-
sponse of the closed-loop system. The following rules of thumb work well when the open-loop gain
L(s) has a pole at the origin, an additional real pole, and no zeros

Phase margin  overshoot

65000
60
45°

<5%
<46%
15%

Reference tracking. Suppose that one wants the tracking error to be at least k7 « 1 times smaller
than the reference, over the range of frequencies [0, wr]. In the frequency domain, this can be

expressed by

e

(o)

(jo)

>

<kr, Voe|0,0r],

(22.11)

where E(s) and R(s) denote the Laplace transforms of the tracking error e := r —7y and the refer-
ence signal r, respectively, in the absence of noise and disturbances. For the closed-loop system in

Figure 22.8,

Therefore (22.11) is equivalent to

1

————— <kr, Yoe [O,(DT] <
[1+L(jo)|

This condition is guaranteed to hold by requiring that

. Kkr
Lio)> = +1,

X 1
1+L{jo)= —,
kr

Yo € [0,0r].

Yo e [0, or].

(22.12)
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Disturbance rejection. Suppose that one wants input disturbances to appear in the output attenu-
ated at least kp « 1 times, over the range of frequencies [a)Dl , a)Dz]. In the frequency domain, this  Note. Typically one wants to re-

can be expressed by ject low-frequency disturbances
and therefore wp, and wp, in
Viio (22.13) generally take low values.
Fljo)l w e [0p,,0p,] (22.13)
. 1 h 1y
GO _
X K7,

where ¥ (s) and D(s) denote the Laplace transforms of the output y and the input disturbance d,
respectively, in the absence of reference and measurement noise. For the closed-loop system in
Figure 22.8,

" P(s)
P = b,
1+L(s)
and therefore (22.13) is equivalent to
P(jo Foi P(jo
M we [wp,,0p,] < |1+L(jo)= Y )|, Yo € [0p,, ®p,].
[1+E(jo)] kp
<kp, Y
This condition is guaranteed to hold as long as one requires that
LGo)=
P(jo
% +1, Yoe [op,op,]. (22.14)

Noise rejection. Suppose that one wants measurement noise to appear in the output attenuated at
least ky « 1 times, over the range of frequencies [y, 00). In the frequency domain, this can be  Note. Typically one needs to re-

expressed by ject high frequencies noise, which
justifies the requirement for equa-
)4 tion (22.15) to hold in an interval
MN e [(x)N, ), (22.15)  of the form [@y, 0).
N jo |
<KV, Y

where ¥ (s) and N(s) denote the Laplace transforms of the output y and the measurement noise 7,
respectively, in the absence of reference and disturbances. For the closed-loop system in Figure 22.8,

N L .
() = ——=5)_g(9),
1+L(s)
and therefore (22.15) is equivalent to
L(jo 1
%(.”) we|oy,0) < g li(l, )'Qk—, Vo e [0y, o).
1+ (o)l _ W,y jo) ~ ky
This condition is guaranteed to hold as long as one requires that
Loy A A ky
~— =2—+1, Yoe|oy,0) < [Ljo)|< , Yoe|wy,,).
L(jo) Low, o) LUols 75 Lo, 0)

Table 22.1 and Figure 22.9 summarize the constraints on the open-loop gain Go(j®) discussed
above.

Attention! The conditions derived above for the open-loop gain L( j®) are sufficient for the original
closed-loop specifications to hold, but they are not necessary. When the open-loop gain “almost”
verifies the conditions derived, it may be worth it to check directly whether it verifies the original
closed-loop conditions. |

22.8.2 Open-Loop Gain Shaping
In classical lead/lag compensation, one starts with a basic unit-gain controller

C(s)=1



Note. One actually does not
“add” to the controller. To be
precise, one multiplies the con-
troller by appropriate gain, lead,
and lag blocks. However, this
does correspond to additions in
the magnitude (in dBs) and phase
Bode plots.

Note. A lead compensator also in-
creases the cross-over frequency,
S0 it may require some trial and
error to get the peak of the phase
right at the cross-over frequency.

Note. A lag compensator also in-
creases the phase, so it can de-
crease the phase margin. To avoid
this, one should only introduce
lag compensation away from the
cross-over frequency.
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closed-loop specification

open-loop constraint

overshoot < 10% (< 5%)

||2§jw§||<’”’ foe
12(o)|

Blo) ="

1# o)l

Ry S

[O, (DT]

Yo e [0p,,®p,]

Yo € [0y, )

phase margin = 60° (= 65°)

R Kr
IL(jo)[z —+1,

Yo e [0,wr]
. P(jo
Loz P21 voe (o, 0]
A k
L)< {1 Yoelonn)

Table 22.1. Summary of the relationship between closed-loop specifications and open-loop constraints for the

loop shaping design method

~

L) | [P(jo)]

1
kD+

ot

) N

ar

@p,

kn
1+ ky

Figure 22.9. Typical open-loop specifications for the loop-shaping control design.

and “adds” to it appropriate blocks to shape the desired open-loop gain

L(s) =

C(s)P(s),

so that it satisfies the appropriate open-loop constraints. This shaping can be achieved using three

basic tools.

1. Proportional gain. Multiplying the controller by a constant kK moves the magnitude Bode plot
up and down, without changing its phase.

2. Lead compensation. Multiplying the controller by a lead block with transfer function

CA‘lead (S) =

oTs+1’

Ts+1
a<l1

increases the phase margin when placed at the cross-over frequency. Figure 22.10(a) shows
the Bode plot of a lead compensator.

3. Lag compensation. Multiplying the controller by a lag block with transfer function

élag (S

) =

s/z+1
s/p+1

p<z

decreases the high-frequency gain. Figure 22.10(b) shows the Bode plot of a lag compensator.
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22.9 Exercises

22.1 (Kalman equality). Prove Kalman’s equality (22.3).

Hint: Add and subtract (s P) to the ARE and then left- and right-multiply it by —B'(sI +A")~" and
(sl —A) B, respectively. ]

22.2 (Eigenvalues of the Hamiltonian matrix). Show that (22.7) holds.

Hint: Use the following properties of the determinant:

det [M ! ZZ = detM! detM4det 1—MsM; ' MaM, "), (22.16a)
3 4

det(I +XY) j det(l +YX). ( (22.16b)

O

22.3. Show that given two matrices X, M € R"* with M full row rank and X'X = M’M, there exists

an orthogonal matrix S € R‘*¢ such that M = SX. O Notation. A square matrix S is
called orthogonal if its inverse
exists and is equal to its
transpose;
ie,SS =5S=1
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Figure 22.10. Bode plots of lead/lag compensators. The maximum lead phase angle is given by @max =
arcsin }%g; therefore, to obtain a desired given lead angle @yax One sets o = %



Lecture 23

Output Feedback

Contents

This lecture addresses the feedback control problem when only the output (not the whole state) can
be measured.

Certainty equivalence control

Deterministic minimum-energy estimation (MEE)
Stochastic linear quadratic Gaussian (LQG) estimation
LQG/LQR output feedback

Loop transfer recovery (LTR) with design example
Optimal set-point control

A

23.1 Certainty Equivalence

The state feedback LQR formulation considered in Lecture 20 suffered from the drawback that the
optimal control law

u(r) = —Kx(r) (23.1)
required the whole state x of the process to be measured. A possible approach to overcome this
difficulty is to construct an estimate X of the state of the process based solely on the past values of
the measured output y and control signal «, and then use

u(t) = —K5(t)

instead of (23.1). This approach is usually known as certainty equivalence and leads to the architec-
ture in Figure 23.1. In this lecture we consider the problem of constructing state estimates for use in

z
u P
K process
- y
state
3% estimator

Figure 23.1. Certainty equivalence controller

certainty equivalence controllers.

201



Note 14. In particular, we assume
that ¥(r) — O and y(r) — 0, ast —
—o0.
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23.2 Deterministic Minimum-Energy Estimation (MEE)
Consider a continuous-time LTT system of the form
X = Ax + Bu, y =Cx, xeR" ueRr yeR™, (CLTI)

where u is the control signal and y is the measured output. Estimating the state x at some time 7 can
be viewed as solving (CLTI) for the unknown x(¢), for given u(7),y(7), T <t.

Assuming that the model (CLTI) is exact and observable, we saw in Lecture 15 that x(¢) can be
reconstructed exactly using the constructibility Gramian

4 ! !
x(r) = V[/'Cn(tht)_1 (J et (T_I)Cly(f)df—l-J JeA (T_I)ClceA(r_s)Bu(s)dsd§7
lo 0 JT

where
!
Wen(to,t) = f AT A1) g r
fo
(cf. Theorem 15.2).

In practice, the model (CLTI) is never exact, and the measured output y is generated by a system
of the form

X=Ax+Bu+Bd, y=Cx+n, xeR", ueRk deRY, yeR™, (23.2)

where d represents a disturbance and n measurement noise. Since neither d nor n are known, solving
(23.2) for x no longer yields a unique solution, since essentially any state value could explain the
measured output for sufficiently large noise and disturbances.

Minimum-energy estimation (MEE) consists of finding a state trajectory
¥ =AX+Bu+Bd, y=Cx+n, feR" ueR deR?, yeR" (23.3)

that starts at rest as  — 00 and is consistent with the past measured output y and control signal u for
the least amount of noise n and disturbance d, measured by

JMEE = f n(7)'Qn(t) +d(t)Rd(7)dr, (23.4)

where Q € R™*" and R € R?*4 are symmetric positive-definite matrices. Once this trajectory has
been found, based on the data collected on the interval (—o0,], the minimum-energy state estimate
is simply the most recent value of X,

The role of the matrices Q and R can be understood as follows.

1. When we choose Q large, we are forcing the noise term to be small, which means that we
“believe” in the measured output. This leads to state estimators that respond fast to changes
in the output y.

2. When we choose R large, we are forcing the disturbance term to be small, which means that
we “believe” in the past values of the state estimate. This leads to state estimators that respond
cautiously (slowly) to unexpected changes in the measured output.
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23.2.1 Solution to the MEE Problem

The MEE problem is solved by minimizing the quadratic cost

e = [ (€5(5) () ©(CED) - 3(9) +a(s) Ra(e)d

for the system (23.3) by appropriately choosing the disturbance d(-). We shall see in Section 23.2.2
that this minimization can be performed using arguments like the ones used to solve the LQR prob-
lem, leading to the following result.

Theorem 23.1 (Minimum-energy estimation). Assume that there exists a symmetric positive-definite

solution P to the following ARE

(—A,)P+P(~A) +C,QC~PBR_BP =0, (23.5)

for which —A — BR™'B'P is a stability matrix. Then the MEE estimator for (23.2) for the criteria

(23.4) is given by

£=(A—LC)%+ Bu+Ly, L=P~'CQ. (23.6)

23.2.2 Proof of the MEE Theorem

Due to the exogenous term y(7) in the MEE criteria, we need a more sophisticated feedback invariant

to solve this problem.

Proposition 23.1 (Feedback invariant). Suppose that the input u(-) € R* and output y(-) € R to
(23.3) are given up to some time t > 0. For every symmetric matrix P, differentiable signal 3 :
(—0,1] = R", and scalar Hy that does not depend on d(-) and X(-), the functional

t

H (x(-):d(-)) = Ho+

— 0

((AX(T) + Bu(t) + Bd(t) — B (T))'P()E(f) —B(1))

+ (¥(7) - ﬁ(r)j;P(Ai(’c) + Bu(t) + Bd(7) —B(r)))dt — (%) - ﬁ(t))'P()E(t) —B())

is a feedback invariant for (23.3), as long as lim;_, ()E(T) -B (T)) =0. =]

Proof of Proposition 23.1. We can rewrite H as

H(sya) = o+ | (66 -(2) Pla(e) - (2)

+ (%(1) = B(1)) P (i(7) - ﬁ(f)))df — (%) = B (1)) P (x(1) = (1))

=Hy+

—o0

= HO+ 111;1 (%(t) — B(1))'P((r) — B(1)) = Ho,

T——0

drt

as long as lim;_,_, (¥(t) — B(7)) =0. [ ]

If we now add and subtract this feedback invariant to our Jygg criterion, we obtain

Jviee = H (¥(-):d(-)) = Ho+ ((t) = B(1)) P (x(r) — B (1))

f

o0

(x’(—A’P —PA+C'QC)x+y' Qy+ 2B P(Bu— [3)

Note. The reader may recall that
we had proposed a state estimator
of this form in Lecture 16, but had
not shown that it was optimal.

Note. Although Hp must not
depend on d(-) and x(-), it may
depend on u(-) and y(-), since
these variables are given and are
not being optimized.

Note. Here, by feedback invari-
ant we mean that the value of
H (x(-):d(-)) does not depend on
the disturbance signal d(-) that
needs to be optimized.

Note. To keep the formulas short,
we do not explicitly include the
dependency on 7 for the signals
inside the integral.



Note. Since 3 depends only on
u(-) and y(-), the scalar Hy also
depends only on these signals, as
stated in Proposition 23.1.

Note. It is very convenient that
equation (23.8), which generates
B(+). does not depend on the fi-
nal time ¢ at which the estimate is
being computed. Because of this,
we can continuously obtain from
this equation the current state es-
timate £(1) = B(z).

Note. Recall that y — 0
(cf. Note 14, p. 202) and also that
B—0ast——mx

Note. We are considering here
(21.1) with N = 0.
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—2%,(—A,PB +PBu+CQy—PB)+dRd—2dBPX—-p) drt.

In preparation for a minimization with respect to d, we complete the square to comﬁine all the terms
that contain d into a single quadratic form, which, after tedious manipulations, eventually leads to

e = H(%(-);d() —Ho + (%(t) — B(1)) P (x(r) = B (1)) + f_ (x'(—A'P—PA +C'0C—PBR™'B'P)

—2% (-A,P—PBR B P)B+PBu+CQy—PB +yQy+2BPBu—p)—BPBR BPfS

+(d ( RT'B'P(x—B))R (d —R7'B'P(x— [3))))11. (23.7)
Suppose now that we pick
1. the matrix P to be the solution to the ARE (23.5),
2. the signal B to satisfy
PB =—@P+PBR'B'P)B+PBu+CQy=0
< B=(A-P_CQOC)B+Bu+P_C0y, (23.8)
« B

initialized so that lim;_,_., (7) =0, and

3. the scalar Hy given by
Hy = J t (y'Qy +2BP(Bu—p)— ﬁ’PER_lB’Pé dr.
—x
In this case, (23.7) becomes simply
Jviee = H (%(-):d(-)) + (%(:) = B()) P(%() = B (1))
+ ﬁ/ (d—R'B'P(x—B))R (d —~R'B'P(x-pB))dr,
which, since H (x(+);d(-)) is a feedback invariant, shows that Jyigg can be minimized by selecting

(1) = B(1),

These choices, together with the differential equation (23.3), completely define the optimal trajectory
X(t), T <t that minimizes Jyvigg. Moreover, (23.8) computes exactly the MEE £(7) = (1) = B(¢) at
the final time 7. Note that under the choice of d(7), V7 < ¢, we conclude from (23.3) and (23.8) that

d(t)=R'B'P(x(1)—B(1)), Vi<t

(x-B) =AEJ?EFBM-I+I§R_II§’P(X—B) —(A—P~'C'QC)B — Bu—P~'C'Qy
(4 BR™'B'P)(&—B)+P~'C'O(CB —y).

Therefore ¥ — 8 — 0 as t — — og because —A — BR~! B'P is a stability matrix, as stated in Proposi-
tion 23.1. [ |

23.2.3 Dual Algebraic Riccati Equation

In Lecture 21, we studied the solution to ARE’s of the form
A'P+PA+Q—PBR™'B'P=0, (23.9)

for which we wanted A — BR~!B’P to be a stability matrix. To determine conditions for the existence
of an appropriate solution to the new ARE (23.5), it is convenient to left- and right-multiply this

X
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equation by S := P! and then multiply it by —1. This procedure yields an equivalent equation
called the dual algebraic Riccati equation,

AS+SA’+BR™'B' —SC'QCS = 0. (23.10)

The gain L can be written in terms of the solution S to the dual ARE as L := SC’'Q.

To solve the MEE problem, one needs to find a symmetric positive-definite solution to the dual
ARE for which —A — BR~'B’S~! is a stability matrix. The results in Lecture 21 provide conditions
for the existence of an appropriate solution to the dual ARE (23.5):

Theorem 23.2 (Solution to the dual ARE). Assume that the pair (A,B) is controllable and that the
pair (A,C) is detectable.

1. haraanisisyhsairietric positive-definite solution S to the dual ARE (23.10), for which A—LC

2. There exists a symmetric positive-definite solution P := S~! to the ARE (23.5), for whigh
—A—BR™'B'P = —A—BR™'B'S~! is a stability matrix.

fonehehd bgagem 23.2. Part 1 is a straightforward application of Theorem 21.2 for N = 0 and the

1. The stabilizability of (A’,C") is equivalent to the detectability of (A,C),
2. the observability of (A’,B’) is equivalent to the controllability of (A, B), and
3. A’ —=C'L’ is a stability matrix if and only if A — LC is a stability matrix.
The fact that P := S~ ! satisfies (23.5) has already been established from the construction of the dual

ARE (23.10). To prove part 2, it remains to show that —A — BR~!B’S~! is a stability matrix. To
do this, we rewrite (23.10) as

(~A—BR'B'SS+S(—A"—S'BR'B') = v, Y = SC'QCS+BR'B
g — — g .
The stability of —A — BR~!'B’S~! then follows from the Lyapunov stability theorem 12.5,
because the pair (—A — BR™'B'S™!Y) is controllable.
23.2.4 Convergence of the Estimates
The MEE estimator is often written as
X=A%+Bu+L(y—7y), ¥y =Cx%, L:=SC'Q. (23.11)

Defining the state estimation error e = x — X, we conclude from (23.11) and (23.2) that
e=(A—LC)e+Bd—Ln.

Since A — LC is a stability matrix, we conclude that, in the absence of measurement noise and
disturbances, e(r) — 0 as t — oo and therefore |x(¢) —£(¢)|— 0 as 7 — oo.

In the presence of noise, we have BIBO stability from the inputs d and n to the “output” e, so
X(¢) may not converge to x(t), but at least does not diverge from it.

Note. See Exercise 23.1 for an
alternative set of conditions that
also guarantees a solution to the
dual ARE.

Note. Cf. Exercise 23.2

Note. Why? Because the poles of
the transfer matrices from d and n
to e are the eigenvalues of A — LC.



Note. In this context, the esti-
mator (23.6) is usually called a
Kalman filter.

MATLAB® Hint 46. kalman
computes the optimal MEE/LQG
estimator gain L. »p. 211

MATLAB® Hint 47.

reg(sys,K,L) computes the
LQG/LQR positive output feed-
back controller for the process
sys with regulator gain K and
estimator gain L. »p. 211
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23.3 Stochastic Linear Quadratic Gaussian (LQG) Estimation

The MEE introduced before also has a stochastic interpretation. To state it, we consider again the
continuous-time LTT system

X =Ax+Bu+Bd, y=Cx+n, xeR" ueRF deRY, ye R™,

but now assume that the disturbance d and the measurement noise n are uncorrelated zero-mean
Gaussian white-noise stochastic processes with covariance matrices

E[n(t)n'(7)]=

The MEE state estimate £(¢) given by equation (23.6) in Section 23.2 also minimizes the asymptotic
norm of the estimation error,

E[d(1)d'(t)]= 8(t—1)R™!, 5(t—1)07 ", R,0>0. (23.12)

JLoa = lim E[|x(r) — (1) °]-
This is consistent with what we saw before regarding the roles of the matrices Q and R in MEE:

1. A large Q corresponds to little measurement noise and leads to state estimators that respond
fast to changes in the measured output.

2. A large R corresponds to small disturbances and leads to state estimates that respond cau-
tiously (slowly) to unexpected changes in the measured output.

23.4 LQR/LQG Output Feedback

We now go back to the problem of designing an output feedback controller for the continuous-time
LTI process

% = Ax= Butt Bd, xeR" ueRF deRY, (23.13a)
y Cx n, y,neR™ (23.13b)
z=Gx+Hu, zeRC (23.13¢)
Suppose that we designed a state feedback controller
u=—Kx (23.14)

that solves an LQR problem and constructed an LQG/MEE state estimator
£=(A—-LC)x+Bu+Ly.

We can obtain an output feedback controller by using the estimated state £ in (23.14), instead of the
true state x. This leads to the output feedback controller

£=(A—LC)f+Bu+Ly=(A—LC—BK)+Ly, u=—K%,

(23.15)
with negative-feedback transfer matrix given by

C(s) = K(sI—A+LC+BK)™'L.
This is usually known as an LOG/LOR output feedback controller. Since both A — BK and A — LC

are stability matrices, the separation principle (cf. Theorem 16.10 and Exercise 23.3) guarantees
that this controller makes the closed-loop system asymptotically stable.
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23.5 Loop Transfer Recovery (LTR)

We saw in Lecture 22 that a state feedback controller
u=—Kx

for the process (23.13) has desirable robustness properties and that we can even shape its open-loop
gain

L(s)=K(sI—A)"'B

by appropriately choosing the LQR weighting parameter p and the controlled output z.

Suppose now that the state is not accessible and that we constructed an LQG/LQR output feed-
back controller with negative-feedback transfer matrix given by

C(s) =K(sI—A+LC+BK)™'L,
where L := SC'Q and S is a solution to the dual ARE
AS+SA’+BR™'B' —SC'QCS =0,
for which A — LC is a stability matrix.

In general there is no guarantee that LQG/LQR controllers will inherit the open-loop gain of the
original state feedback design. However, for processes that do not have transmission zeros in the
closed right-hand side complex plane, one can recover the LQR open-loop gain by appropriately
designing the state estimator.

Theorem 23.3 (Loop transfer recovery). Suppose that the transfer matrix

A

P(s)=C(sI—A)"'B
from u toy is square (k = m) and has no transmission zeros in the closed right half-plane. Selecting

B =B, R =1, Q:=o0l, o0>0,
the open-loop gain for the output feedback LQG/LQR controller converges to the open-loop gain for

the LOR state feedback controller over a range of frequencies [0, Omax | as we make 6 — + og i.e.,

O — + 0
_

C(jo)P(jo) E(jw), VYo e ][0, wmmax]. O

Attention! The following items should be kept in mind regarding Theorem 23.3.

1. To achieve loop-gain recovery, we need to chose Q = o1, regardless of the noise statistics.

2. One should not make o larger than necessary, because we do not want to recover the (slow)
—20 dB/decade magnitude decrease at high frequencies. In practice we should make o just
large enough to get loop recovery until just above or at cross-over. For larger values of @, the
output feedback controller may actually behave much better than the state feedback one.

3. When the process has zeros in the right half-plane, loop-gain recovery will generally work
only up to the frequencies of the nonminimum-phase zeros.
When the zeros are in the left half-plane but close to the axis, the closed loop system will not
be very robust with respect to uncertainty in the position of the zeros. This is because the
controller will attempt to cancel these zeros. m|

Note. This ARE would arise from
the solution to an MEE problem
with cost (23.4) or an LQG prob-
lem with disturbance and noise
satisfying (23.12).

Note. B = B corresponds to an in-
put disturbance, since the process
becomes X = Ax + B(u+d).

Note. In general, the larger ®Wmax
is, the larger o needs to be for the
gains to match.

MATLAB® Hint 48. In

terms of the input parame-
ters to the kalman function,
this corresponds to making
QN = 7 and RN = &/, with
6:=1/6 -0. »p. 211



Note. For ¢/ = 1, we can take
Ueq = 0 when the matrix A has
an eigenvalue at the origin, and
this mode is observable through z
(cf. Exercise 23.6)

Attention! This  Rosenbrock’s
matrix is obtained by regarding
the controlled output z as the only
output of the system.

Note. Recall that a transmission
zero of a transfer matrix is always
an invariant zero of its state-space
realizations (cf. Theorem 19.2).

Note. We shall confirm in Exer-
cise 23.4 that (23.19) is indeed a
solution to (23.18).

Note. P(0)' (P(0)P(0)') ™" s
called the pseudoinverse of P(0)
(cf. Definition 17.2).
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23.6 Optimal Set-Point Control

Consider again the continuous-time LTI process

% = Ax + Bu, z=Gx+Hu, xeR" ueRF zeR, (23.16)
but suppose that now one wants the controlled output z to converge as fast as possible to a given
nonzero constant set-point value r, corresponding to an equilibrium point (xeq, #eq) of (23.16) for

which z = r. This corresponds to an LQR criterion of the form

o0
JLQR = f 7(t)'Qz(¢) + pii(t)'Rii(r) dt, (23.17)
0
where Z =z —r, il == U — Ueq.
Such equilibrium point (xeq, tteq) must satisfy the equation _ T
0
A Bueq = A —
)Ceq+ Ueq 0 - [ A —B ] |: :| (2318)
1= Gxeq + Huteq G H (k) Uea

To understand when these equations have a solution, three distinct cases should be considered.

1. When the number of inputs £ is strictly smaller tlnan the numﬁer of controlled outputs ¢, we
have an underactuated system. In this case, the system of equations (23.18) generally does
not have a solution, because it presents more equations than unknowns.

2. When the number of inputs & is equal to the number of controlled outputs ¢, (23.18) always
has a solution as long as Rosenbrock’s system matrix

P(s)’:[—G H

sI—A B]
is nonsingular for s = 0. This means that s = 0 should not be an invariant zero of the system,
and therefore it cannot also be a transmission zero of the transfer matrix G(sl —A)~'B + H.

Intuitively, one should expect problems when s = 0 is an invariant zero of the system, because
when the state converges to an equilibrium point, the control input «(¢) must converge to a
constant. By the zero-blocking property, one should then expect the controlled output z(7) to
converge to zero and not to r.

3. When the number of inputs & is strictly larger than the number of controlled outputs ¢, we
have an overactuated system, and (23.18) generally has multiple solutions.

When P(0) is full row-rank, i.e., when it has n + ¢ linearly independent rows, the (n +¢) x
(n+¢) matrix P(0)P(0)’ is nonsingular, and one solution to (23.18) is given by

—Xeq
Meq
Also in this case, s = 0 should not %e an invariant zero of the system, because otherwise P(0)
cannot be full rank.

(23.19)

r

= P(0), PO)P(0))”" [0] |

23.6.1 State Feedback: Reduction to Optimal Regulation

The optimal set-point problem can be reduced to that of optimal regulation by considering an auxil-
iary system with state X := x — xeq, whose dynamics are

X = Ax+ Bu = A(x — Xeq) + B(U — tteq) + (AXeq + Biteq)
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Z=Gx+Hu—r=G(x—Xeq) +H(u — tteq) + (GXeq + Hiteq — 7).
The last terms on each equation cancel because of (23.18), and we obtain
i =AX+Bi, 7 = Gi+ Hii. (23.20)

We can then regard (23.17) and (23.20) as an optimal regulation problem for which the optimal
solution is given by

i(r) = —Kx(1),

as in Theorem 20.1. Going back to the original input and state variables u and x, we conclude that
the optimal control for the set-point problem defined by (23.16) and (23.17) is given by

u(t) = =K (x(1) = Xeq) + tteq, t>0. (23.21)
Since the solution to (23.18) can be written in the form
xeq:Fr7 MquNr,

for appropriately defined matrices F and N, this corresponds to the control architecture in Fig-
ure 23.2.

Meq
N
Z
r Xeq + u I,
M :
F K x =Ax+Bu
T U
X

Figure 23.2. Linear quadratic set-point control with state feedback

Closed-loop transfer matrices. To determine the transfer matrix from the reference r to the con-
trol input u, we use the diagram in Figure 23.2 to conclude that

i=Ni+KFF—K(sI—A)"'Bi < ﬁ=(1+i(s))71(N+KF)f, (23.22)

where L(s) := K(sI —A)~! B is the open-loop gain of the LQR state feedback controller. We therefore
conclude the following:

1. When the open-loop gain i(s) is small, we essentially have
i~ (N+KF)r.

Since at high frequencies Z(s) falls at —20 dB/decade, the transfer matrix from r to u will
always converge to N + KF' # 0 at high frequencies.

2. When the open-loop gain L(s) is large, we essentially have
a~L(s) " (N+KF)P.
To make this transfer matrix small, we need to increase the open-loop gain L(s).

The transfer matrix from r to the controlled output z can be obtained by composing the transfer
matrix from r to u just computed with the transfer matrix from u to z,

2=T(s)(I+L(s)) _ (N+KF)F,

where 7' (s) == G(sI —A)~'B 4 H. We therefore conclude the following:

Note. As seen in Exercise 23.6,
the feed-forward term Nr is ab-
sent when the process has an in-
tegrator.

Note. N + KF is always nonzero,
since otherwise the reference
would not affect the control input
[cf. (23.22)].



Note. Since z converges to a con-
stant r, we must have |§(0)| =
[#(0)]. Therefore when L(0)]»
1, we must have |[N +KF| ~ /p.

Note 15. One could implement
the set-point controller as in
(23.23)—(23.24), but generally
this is a bad idea. »p. 210
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1. When the open-loop gain L(s) is small, we essentially have
2~ T(s)(N+KF)?,
and therefore the closed-loop transfer matrix mimics that of the process.
2. When the open-loop gain i(s) is large, we essentially have
2~ T(s)L(s)" " (N +KF)#.

Moreover, from Kalman’s equality, we also have |L(j®)|~ —\}QHT(JCO)H when [|L(jo)||» 1,
R = pl, and H = 0 (cf. Section 22.3). In this case, we obtain

l2(jo)|~ |\ Fjo)],

INyKF

which shows a flat Bode plot from r to z.

23.6.2 Output Feedback

When the state is not accessible, we need to replace (23.21) by
u(t) = =K (£(t) — xeq) + teq. t=0, (23.23)
where £ is the state estimate produced by an LQG/MEE state estimator
f= (A—LC)2+Bu+Ly = (A—LC —BK)% + BKxeq + Buteq + Ly. (23.24)
Defining ¥ := xeq — £ and using the fact that Axeq + Bueq = 0, we conclude that
X¥=—A—-LC—-BK)f+(A—BK)xeq—Ly = (A—LC — BK)X — L(y — Cxeq).

This allows us to rewrite the equations for the LOG/LOR set-point controller as

Note. When z = y, we have G ===

C, H =0, and in this case Cxeq

r. This corresponds to CF = 1
in Figure 23.3. When the pro-
cess has an integrator, we get
N =0 and obtain the usual unity-
feedback configuration.

%= (A—LC—BK)X—L(y — Cxeq), u =K%+ g, (23.25)

which corresponds to the control architecture shown in Figure 23.3.

Ueq

N

==A=[C—BK)x+Lv X = Ax=+ Bu
Kx + y Cx

CF

S =

Figure 23.3. LQG/LQR set-point control

Note 15. One could implement the output-feedback set-point controller as in (23.23)—(23.24), but
generally this is a bad idea since this controller exhibits a direct feed-through term from the ref-
erence (and measurement noise) to the control signal, allowing high frequency noise to reach the
actuation signal. Because of this, the controller implementation in (23.25) is generally preferred.
Note that, in the absence of measurement noise and for a constant reference, both implementations
are similar. ]
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Closed-loop transfer matrices. The closed-loop transfer matrices from the reference r to the
control input u and controlled output z are now given by
ii=(1+C(s)P(s)) | (N+C(s)CF)?,

$="T(s) (I+CA’(S)13’(S))_1(N+CA‘(S)CF)f7

where

A

C(s) = K(sI —A+LC+BK) 'L, P(s) ==C(sI—A)"'B.
When LTR succeeds, i.e., when
Cjw)P(jo) ~ L(jo), VYo e[0,0nux],

the main difference between these and the formulas seen before for state feedback is that the matrix
N + KF multiplying by 7 has been replaced by the transfer matrix N 4+ C(s)CF.

When N = 0, this generally leads to smaller transfer matrices when the loop gain is low, because
we now have

i~ C(s)CF?, $~ T(s)C(s)CF?,

and C(s) falls at least at —20 dB/decade.

23.7 LQR/LQG with MATLAB®

MATLAB® Hint 46 (kalman). The command [est,L,P] =kalman(sys,QN,RN) computes the
optimal LQG estimator gain for the process

X = Ax+Bu+BBd, y=Cx+n,
where d(r) and n(t) are uncorrelated zero-mean Gaussian noise processes with covariance matrices
E|d(r)d'(7)] = &(t — 7)Qn, E[n(t)n'(7)] = 8(t — T)RN.

The variable sys should be a state-space model created using sys=ss (A, [B BB],C,0). This com-
mand returns the optimal estimator gain L, the solution P to the corresponding algebraic Riccati
equation, and a state-space model est for the estimator. The inputs to est are [; y], and its outputs
are [; £].

For loop transfer recovery (LTR), one should set

BB = B, QN =1, RN =o0l, 6 —0. o

MATLAB® Hint 47 (reg). The function reg(sys,K,L) computes a state-space model for a posi-
tive output feedback LQG/LQR controller for the process with state-space model sys with regulator
gain K and estimator gain L. O

23.8 LTR Design Example

Example 23.1 (Aircraft roll dynamics, continued). Figure 23.4(a) shows Bode plots of the open-
loop gain for the state feedback LQR state feedback controller versus the open-loop gain for several
output feedback LQG/LQR controllers obtained for the aircraft roll dynamics in Example 22.1. The
LQR controller was designed using the controlled output 7 := [9 Y 9]', with y=0.1and p =0.01
(see Example 22.1). For the LQG state estimators, we used the parameters for the loop transfer
recovery theorem 23.3: B =B, R = 1, and Q = o for several values of ¢ in the MEE cost (23.4) [or
the corresponding LQG disturbance and noise (23.12)].

Note. As discussed in Sec-
tion 23.3, this LQG estimator
is also an MEE estimator with
cost (23.4), where Q = RN~!
and R = QN (pay attention to
the inverses and the exchange
between Qs and Rs).

Note. See Example 23.1.



MATLAB® Hint 49. See
MATLAB® Hints 46 (p. 211)
and 47 (p. 211).

Note. This result is less interest-
ing than Theorem 23.2, because
often (A,C) is not observable, just
detectable. This can happen when
we augmented the state of the sys-
tem to construct a “good” con-
trolled output z, but these aug-
mented states are not observable
through the measured output y.
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Figure 23.4. Bode plots of the open-loop gain and closed-loop step response for the LQR controllers in
Example 23.1.

The matrix gain L, the LQG/LQR output feedback controller, and the corresponding Bode plot
of the open-loop gain can be computed using the following sequence of MATLAB® commands.

R=1; Q=sigma; % weight matrices

Pkal=ss(A,[B B],C,0); % process for the kalman() command
[est,L]=kalman(Pkal,inv(R),inv(Q));% compute LQG gain

P=ss(A,B,C,0); % process for the reg() command
Cs=-reg(P,K,L); % LQG/LQR controller (negative feedback)
bode (Cs*P) ; % bode plot of the open-loop gain

We can see that, as ¢ increases, the range of frequencies over which the open-loop gain of the out-
put feedback LQG/LQR controller matches that of the state feedback LQR state feedback increases.
Moreover, at high frequencies the output feedback controllers exhibit much faster (and better!) de-
cays of the gain’s magnitude. O

23.9 Exercises

23.1 (Solution to the dual ARE). Assume that the pair (—A, B) is stabilizable and that the pair (A, C)
is observable. Prove the following.

(a) There exists a symmetric positive-definite solution P to the ARE (23.5), for which —A —
BR~'B'P is a stability matrix.

(b) There exists a symmetric positive-definite solution S := P~ to the dual ARE (23.10), for which
A — LC is a stability matrix O

23.2. Show that if the pair (A, B) is controllable, then the pair

—A—BR BS .Y), Y .= SC'QCS +BR™'B'.
—177

—1?
is also controllable for Q and R symmetric and positive-definite.

Hint: Use the eigenvector test. O
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23.3 (Separation principle). Verify that the LQG/LQR controller (23.15) makes the closed-loop
system asymptotically stable.

Hint: Write the state of the closed loop system in terms of x and e == x — X. O
23.4. Verify that a solution to (23.18) is given by (23.19).

Hint: Use direct substitution of the “candidate” solution into (23.18). O

23.5. Verify that the LQG/LQR set-point controller (23.25) makes the closed-loop system asymp-
totically stable.

Hint: Write the state of the closed-loop system in terms of X — Xeq and e == x — X. O

23.6 (Set-point control with integrator). Show that for a single controlled output (£ = 1), we can take
lieqg = 0 in (23.18) when the matrix A has an eigenvalue at the origin and this mode is observable
through z. Note that in this case the process has an integrator. m|
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Lecture 24

LQG/LQR and the O
Parameterization

Contents

This lecture shows how a given LQG/LQR controller can be used to parameterize all feedback
controllers capable of stabilizing a given LTI system. This parameterization is subsequently used as
the basis for a control design method based on numerical optimization.

1. Q-augmented LQG/LQR controllers
2. Q parameterization of all stabilizing controllers

24.1 (Q-Augmented LQG/LQR Controller

Consider a continuous-time LTT system of the form
X = Ax + Bu, y =Cx, xeR" ueRk yeR™, (CLTI)

where u is the control signal and y is the measured output. We saw in Lecture 23 that an LQG/LQR
output feedback controller is of the form

£=(A—LC)Z+Bu+Ly, u=—Kg%, (24.1)
where A — LC and A — BK are both stability matrices.
Suppose, however, that instead of (24.1) we use
£=(A—LC)%+Bu+Ly, u=—Ki+v, (24.2)

where v € R¥ is the output of an asymptotically stable system driven by the output estimation error
y=y—CieR™

xg = Agxg + BoJ, v = Copxg + Doy, jeR™ veRK, (24.3)

with A a stability matrix. We can rewrite (24.2) and the output estimation error as

£=A=(C—BK)f+Ly+By, (24.4a)
u —KEv A+ (24.4b)
j= Ct vy, (24.4¢)

which corresponds to the negative-feedback control architecture shown in Figure 24.1. We shall see
shortly that the resulting Q-augmented LOG/LOR controller defined by (24.3)—(24.4) still stabilizes
the original process (CLTI).

215

Notation. The system (24.3) is
often called the Q system and the
overall controller is called a Q-
augmented LOG/LQR controller.

Note. When the transfer matrix of
(24.3) is equal to zero, we recover
the original LQG/LQR controller.



Attention! In this interconnec-
tion we are excluding the subsys-
tem (24.3).

Note. When one includes noise
and disturbance in the process
equations, then e := x — X and
y do not converge to zero, but
both remain bounded as long
as the noise and disturbance are
bounded (cf. Section 23.2.4).

Attention! In the absence of a
reference signal, measurement
noise, and disturbances, the
Q-augmented controller results
in the same asymptotic closed-
loop behavior as the original
one. However, the two may
lead to completely different
transients, as well as different
closed-loop transfer matrices
from noise/disturbances to the
output.

Attention! This vector of con-
trolled outputs need not be the
same used in the LQR criterion.
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—yr u
Q%r:#\EchBK)x—L(—y)J,»B‘ X = Ax= Bu
_ — K&ty c
y Cx
= Ci(2) :

Xo = Apxo + By
Vv v Cox+ Doy

<

Figure 24.1. Q-augmented LQG/LQR controller.

24.2 Properties

The Q-augmented LQG/LQR controller (24.3)—(24.4) has several important properties, which are
explored below.

Ay are all stability matrices. Properties (Q-augmented LQG/LQR controller). Assume that the

matrices A — LC, A — BK, and

P24.1 Consider the interconnection of the process (CLTI) with the system (24.4), taking v as the
mipwfanche autpatuspmaidiedramns tnmattixiftamy to ¥ is equal to zero.

Fi=y—Cit=C(x—%).

In the absence of noise and disturbances, and because A — LC is a stability matrix, we saw in
Lecture 23 that the state estimation error e := x — X converges to zero for any process input
u. This means that, for every input signal v to the interconnection of (CLTI) with (24.4), its
output signal § converges to zero. This is only possible if the transfer matrix from v to j is
equal to zero. ]

P24.2 The controller (24.3)—(24.4) makes the closed-loop system asymptotically stable.

Proof. We have just seen that j always converges to zero when one interconnects (CLTT) with
(24.4). Since ¥ is the input to (24.3) and A is a stability matrix, we conclude that the output
v to this system also converges to zero. We thus conclude that the Q-augmented controller
(24.3)—(24.4) has the same asymptotic behavior as the original LQG/LQR controller (24.1).
In particular, all signals converge to zero, which means that the closed-loop system must be
asymptotically stable. [ ]

To study the closed-loop transfer matrices obtained with the Q-augmented controller, we now
add inputs and outputs to the feedback control loop in Figure 24.1:

1. avector w(r) of exogenous inputs that may include, e.g., a reference signal (r), measurement
noise n(t), and/or a disturbance signal d(¢), and

2. avector z(t) of controlled outputs that may include, e.g., the process output, a tracking error,
and/or the control input.

Figure 24.2 contains an example of the resulting closed-loop system.

Stacking the states x and £ of the process and state estimator, respectively, into a single column
vector X, we can write the resulting closed-loop dynamics in state-space form as
= AW
H Cx+D [ ] , (24.5)
y v

i=Ax+E[W] ,
1%
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1 1 /A
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I
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L r\er f==A=[C—BK)%—Le J\ + v
, =A=L[C— —Ler +Bv -
R R T/ X = A= Bu Y
_ u —Kiv N\ ¥
= . R y Cx + N
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xo = Agxg + Boy
Vv v Cox+ Doy y

Figure 24.2. Q-augmented LQG/LQR controller with an exogenous input vector w(r) containing a reference
signal r(r), an additive disturbance d(¢) to the control input, and additive measurement noise n(r). The con-
trolled output z(¢) contains the process output y(¢) and the tracking error er (7).

xg =Apxg + BoJ, v = Coxg + Dg5y. (24.6)

We can view (24.5) as an LTI system with input vector [w’ v']" and output vector [z’ 7']’, whose
transfer matrix can be partitioned as

o [P O[] [ O] e gy g4, |
[y] [wa(ﬁli))AO()] [v] [I;yw(ﬁli))Ao()] (sI—A)"'B+D (247)

where Z, ,"w, and ¥ denote the Laplace transforms of z, y, w, and v, respectively. Because of P24.1,
the transfer matrix from v to  is equal to zero, which explains the zero in the bottom right corner of
the transfer matrices in (24.7).

Properties (Q-augmented LQG/LQR controller, continued).

P24.3 (Bhiheramsfefomataicis Rorfs)y R £)beaidddhwithatecabk BIBA HAGHL QR reoven i (s) is

equal

Proof. When v =0, the Q-augmented controller reverts to the original LQG/LQR controller,
and therefore (24.5) with v = 0 corresponds precisely to the closed-loop system obtained with
the original controller.

Since the original controller asymptotically stabilizes the process, this means that A must be

sty MR ougRl the gme@;}g;&%&é’wweﬁzv@m R b BIRQ,
P24.4 ‘Wﬂﬁhﬁfgfg;gﬁ%@éﬁ?éé%dﬂg%ﬁe@ﬂ{é)ﬂgéﬁbﬁ)o% trapsfer mﬂtrix T (s) from the exogenous

equal to the transter matrix rrom w to z tor the ort inal controller.

A

T(s) = Pau(s) + Per(5)Q(5) Py (9), (24.8)
where Q(s) = Co(sI —Ag) ~'Bg + Dg is the (BIBO stable) transfer matrix of (24.6).
Proof. From (24.6) and (24.7) we conclude that
&= Py (s)W + Py (5)9, 9 =Py (s)w, P = 0(s)9.

Therefore

A

2= Pou(s)W + Py (5)Q(5) Py ()W,

which confirms that the transfer matrix from w to z is indeed given by (24.8). [ |



Note. Different inputs and out-
puts will correspond to different
transfer matrices 7o (s), L(s), and
R(s) but the closed-loop transfer
matrices will always be affine in

0(s).

Attention! This realization will
generally not be minimal, but
it is always stabilizable and de-
tectable.
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24.3 (O Parameterization

We just saw in P24.2 that the controller (24.3)—(24.4) stabilizes the closed loop for every LTI asymp-
totically stable LTI system (24.3). It turns out that this controller architecture has several other
important properties, summarized in the following result:

Theorem 24.1 (Q parameterization). Assume that the matrices A — LC and A — BK are stability
matrices.

1. The controller (24.3)—(24.4) makes the closed-loop system asymptotically stable for every
stability matrix Agp.

2. The closed-loop transfer function T(s) from any given exogenous input signal to any given
controlled output can always be written as

A ~ A

T(s) = To(s) +L(s)O(s)R(s), (24.9)

where Q(s) = Co(sl —Ag)~'Bg + Dy is the (BIBO stable) transfer function of (24.3) and
To(s), L(s), and R(s) are BIBO stable transfer matrices.

3. For every controller transfer function C (s) that asymptotically stabilizes (CLTI), there exist
matrices Ag, Bo, Cp, and Do, with Ay a stability matrix, such that (24.3)—(24.4) is a realiza-
tion of C(s). O

The items 1 and 2 are just restatements of the properties P24.2 and P24.4, respectively, but the
new item 3 is nontrivial. The proof of this result can be found, e.g., in [6, Chapter 5].

Theorem 24.1 states that one can construct every controller that stabilizes an LTI process and
every stable closed-loop transfer matrix by Q-augmenting any given LQG/LQR controller by al-
lowing Q(s) to range over the set of all BIBO stable transfer matrices with m inputs and k outputs.
Because of this, we say that (24.3)—(24.4) provides a parameterization of all stabilizing controllers
for the process (CLTI) and also that (24.9) is a parameterization of the set of all stable closed-loop
transfer matrices for the process (CLTI).

24.4 Exercises

24.1 (Q-augmented LQG/LQR controller). Show that the controller (24.3)—(24.4) can be realized as

2] _ [A-LC—BK—BDoC BCo|[ %], [L+BDo
)CQ o BQC AQ BQ Y

u= —K—DOC (0 x]+DQy. O
Xo

[ ][



Lecture 25

O Design

Contents

This lecture describes a control design method based on the Q parameterization and numerical opti-

mization.
1. Control specifications for Q design
2. Q design feasibility problem
3. Finite-dimensional optimization: Ritz approximation
4. Q design using MATLAB® and CVX
5. Q design example

25.1 Control Specifications for Q Design

The idea behind Q design is to take a controller that does not meet all the required specifications for
the closed-loop system and augment it so as to improve its performance. The original controller is
typically designed using LQG/LQR as discussed in Lecture 23, and it is then Q-augmented using
the architecture described in Lecture 24. The search for the Q parameter is done numerically.

O design can address a wide range of closed-loop specifications, i.e., specifications that can
be expressed in terms of closed-loop responses or transfer functions. The basic feedback control
architecture is the one considered in Lecture 24 and depicted in Figure 24.2. It consists of

1. a continuous-time LTI system of the form

X =Ax+ Bu,

. a Q-augmented LQG/LQR controller

%= A= (C—BK)%—Ler + B,

XQ AQ)CQ + Bin

driven by the tracking error

where r is a reference input.

xeR" ueRk yeR™,

u= :I@CA—}— V,
v Coxg+DgJ,

er ==r—y,
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(CLTID)

where u is the control signal, y is the measured output, d is an input disturbance, and n is the
measurement noise, and

(25.1a)
(25.1b)

)72 —C)/C\—ET,

Note. Specifications on
gain/phase margins and the
open-loop gain cannot be directly
addressed by Q design.

Note. For simplicity, in Fig-
ure 24.2 we consider an input
disturbance that is additive to the
control input, but more general
disturbances are also allowed
[e.g., as in (23.2)].

Note. A stable prefilter that would
be applied to the reference prior to
the subtraction by y would also be
allowed.



Note. Typically, one needs to con-
sider multiple specifications, cor-
responding to different test inputs
and different entries of the con-
trolled output.
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The matrix gains K and L should make the matrices A — BK and A — LC both stability matrices
and can be designed using the LQG/LQR control design methodology previously discussed. Before
addressing the design of the Q system, we review a few typical closed-loop specifications addressed
by Q design.

To express these speciﬁcatior’%s, it is convenient to stack all the exogenous inputs in a vector w
and all the controlled outputs of inJerest in a vector z, e.g.,

r—| y
w:=|d 7=

)

Time domain specifications. 7Time domain specifications refer to desired properties of the closed-
loop response to specific exogenous inputs. Typical time domain specifications include the follow-
ing.

1. Norm bounds. For a given test exogenous input weg (?), 1 = 0, a vector Z(¢) containing one or
more entries of the controlled output z(¢) should satisfy

[ o< (5.2

or
Jw‘ Iz(2)|l,dt < ¢ (25.3)

or
lZB)|< ¢, Ve=0 (25.4)

for a given constant ¢ > 0. The specification given by (25.2) is generally called an L; norm
bound, the one given by (25.3) is called an L, norm bound, and the one given by (25.4) is
called an L., norm bound.

2. Interval bounds. For a given test exogenous input signal wieg(?), ¢ = 0, the ith entry z;(z) of
the controlled output z(z) should satisfy

Smin(t) < Zi(t) < Smax(t)a Vi =0 (255)

for two given time functions spmin(7) and smax (7).

Interval-bound specifications can be used to impose undershoot, overshoot, and settling times
for a step response. In particular, if one selects wies(#) to be a unit step at the reference input,
sets z;(1) to be the process output, and sets

—Punder ! < Lsettle 1 + poviz I < fsettle
Smin(t) = Smax(t) =

1- Psettling I > Tsettles 1 Psettling I > fsettles

then the interval-bound specification (25.5) guarantees an overshoot no larger than pgyer, an
undershoot no larger than pynder, and a settling time around 1 & pgeqiing nO larger than fgeqie.

Interval-bound specifications are also typically used to guarantee that the control signal does
not exceed safe ranges for typical exogenous inputs. In this case, wieg(7) should be the typi-
cal exogenous input, z;(¢) should be the control signal, and the functions sm;in(f) and smax(f)
should be constants that define the safe range.
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Input-output specifications. Input-output specifications refer to desired properties of the closed-
loop transfer function from a given exogenous input to a given controlled output. Typical input-
output specifications include the following.

1. Frequency domain. The transfer function f“(s) from a vector w containing one or more entries Note. Typically, one needs to

of the exogenous input w to a vector Z containing one or more entries of the controlled output
z should satisfy

IT(jo)|< (o), VY € [@min; Omax], (25.6)

for a given function /().

When ®p,in = 0, Omax = 00, and £(®) = 7, Yo > 0, this specification guarantees that

2

- 2, 2 0= 2
([ rora * <y " pswppa

closed-loop system has zero initial cond}ions ((4, e.g., [6]). 1)1 this case, it is said that the
Sosadipopsystembhahesvalhethes gninies BIMEE gaivgtoousinp @ no daegeudlato zero and the
of the exogenous input w to a vector Z containing one or more entries of the controlled

output 2. Impulse response. The impulse response /(t) from a vector Ww containing one or

more entries oo
[ ihwjar <

z should satisfy
for a given constant p.

This specification guarantees that

|z(t)|< psup|w(t)], Vi=0
=0

for every w(t), t = 0 when all other entries of the exogenous input w are equal to zero and the
closed-loop system has zero initial conditions (see, e.g., [6]). In this case, it is said that the
closed-loop system has peak gain from w to Z no larger than p.

Attention! The Q design method can accommodate many control specifications not considered here,
e.g., specifications related to the closed-loop response to stochastic inputs. The reader is referred to
[2, Part III] for additional specifications. O

25.2 The Q Design Feasibility Problem

As we saw in Lecture 24, any closed-loop transfer function for the closed-loop (CLTI), (25.1) can
be written as

A ~

T(s) = To(s) +L(s)O(s)R(s), (25.7)

where

O(s) = Co(sI —Ag)~'Bg + Dg

BIBO stable transfer matrices. is the k x m BIBO stable transfer function of the Q system
(25.1b), and Ty(s), L(s), and R(s) are

Given a family 2,2, ..., Pk of time domain and input-output closed-loop specifications, the
Q design method consists of finding a Q system that meets all the specifications, i.e.,

consider specifications for
different transfer functions
between different entries of w
and z.

Notation. The root mean square

(RMS) gain is often also called
the H-infinity norm of the system.

Notation. The peak gain is often
also called the L; norm of the sys-
tem.

Notation. The statement in (25.8)
is called a feasibility problem,
since its goal is to determine
whether the given set of con-
straints is feasible, in the sense
that it can be satisfied by some
controller.



Note 16. A possible sequence
with this property is obtained
by selecting all entries of each
Qi(s) equal to zero, except for
one entry that is set to be of the

form (Sfa)k, ¢ >0 for SOQI;;
> p.

fixed constant o > 0.

222 Jodo P. Hespanha

find O(s) BIBO stable (25.82)
such that To(s) +L(s)Q(s)R(s) satisfies 2y, D, ..., Dk, (25.8b)

and then using this Q system to construct the Q-augmented LQG/LQR controller (25.1).

To devise efficient numerical procedures to solve the feasibility problem (25.8), it is convenient
for the specifications to be convex. A closed-loop control specification is said to be convex if, given
any two closed-loop transfer functions 7i(s) and 75(s) that satisfy the constraint, the closed-loop
transfer functions

AT (s)+ (1 =A)Ta(s), YAe[0,1]

also satisfy the constraint.

25.3 Finite-Dimensional Optimization: Ritz Approximation

The key difficulty in solving the feasibility problem (25.8) is that it involves a search over the set of
all BIBO stable transfer matrices. However, this problem can be converted into a numerical search
over a finite number of scalars, suitable for numerical optimization.

The Ritz approximation allows one to convert the infinite-dimensional search over the BIBO
stable transfer matrices into a search over a finite-dimensional space. To achieve this, one starts by
selecting a sequence of k x m BIBO stable transfer functions

01(5),02(5),--,0is), -
which should be complete in the sense that for every BIBO stable transfer function O(s) there should

be a finite linear combination of the Q;(s) arbitrarily close to O(s). One then restricts the search to
linear combinations of the first N matrices in the sequence; i.e., one restricts Q(s) to be of the form

N
O(s) = 2 a;Qi(s),  a;eR. (25.9)
i=1
For this choice of Q(s), the closed-loop transfer function (25.7) can be written as
N
T(s) = To(s) + Y e Ti(s), Ti(s) = L(s)0i(s)R(s), (25.10)
i=1
and the feasibility problem (25.8) becomes to
find ap,0p,...,0n ER (25.11a)
N
such that To(s) + Z a; Ti(s) satisfies 2y, P, ..., Dk. (25.11b)
i=1

If this problem is feasible, then one uses the corresponding Q system to construct the Q-augmented
LQG/LQR controller (25.1). Otherwise, the problem (25.11) may not be feasible for two reasons.

1. The original feasibility problem (25.8) has a solution, but not of the form (25.9). In this case,
one should increase N to enlarge the search space.

2. The original feasibility problem (25.8) has no solution. In this case one needs to relax one or
more specifications.
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Unfortunately, in general it is not possible to determine the cause for (25.11) to be infeasible, and
one simply tries to increase N until the resulting numerical optimization becomes computationally
intractable or until the order of the resulting Q-augmented controller would be unacceptable.

Note 16 (Complete Q sequence). A sequence that is complete in the sense that for every BIBO
stable transfer function Q(s) there exists a finite linear combination of the Q;(s) arbitrarily close to
Q(s) can be obtained by selecting all entries of each Q;(s) equal to zero, except for one entry that is
set to be of the form

o 14
(5 e
s+
for some fixéd constarjt & > 0. This leads to the following sequence fior the Q;(s):

[10 0] (01 -0 (00 0 00 -0 00 07
00 0 00 0 10 0 01 0 00 0
- s .. ) ) LN ) )
tLo0 :'.oJ to0 io0 D0

[ 00 - 0 00 -0 [ 00 - 0 00 -0 00 - 1

a - () sfa B
H_mo ..... 0-° 0 e .o 2 (g) (g)
00 0 00 0 Ha
.. ’ . ’ ) . ’ )
: -0 .oJ .()J
L 0 00 Lo 0 0 L 0 00
B 2 B 2 -0 070
L) 0 0 (L) ..—I() 2 —I
sta sta a
(o 0o o0 00 0 (s£2) 0 1o
. .- . ? . . ’ ’ . .. ’ ’
O ) Do 0 s '-OJ
L 0 00 Lo 0 -0 L 0 00
B i - i ) 0 -0
) 0 0] o () o (yele]
(070 o 0 0 0 sa) Vo
. . . . ’ ---’ . . ’ .
o0 Do 0 o0
L 0 0.0 0 0 -0 L 0 00

25.4 (Q Design using MATLAB® and CVX

The Q design procedure can be implemented in MATLAB® with the CVX toolbox using the fol-
lowing four steps, to be discussed next.

1. Construct the sequence Q1 (s),02(s),---,QOn(s) of k x m BIBO stable transfer functions for
the Ritz approximation.

N

Determine the sequence Ty(s), 71 (s), -
function using (25.10).

,Tn(s) needed to compute the closed-loop transfer

3. Numerically solve the finite-dimensional convex feasibility problem (25.11).

4. Construct the Q-augmented LQG/LQR controller (25.1).

25.4.1 Q;(s) Sequence

The sequence Qi (s),01(s), -+ ,On(s) for the Ritz approximation considered in Note 16 (p. 223)
can be constructed using the following sequence of MATLAB® commands:

% Inputs:

% k - number of rows for the Qi(s)

% m - number of columns for the Qi(s)

% alpha - pole for the Qi(s) in the Ritz expansion

% q - maximum multiplicity for the Qi(s) poles in the Ritz expansion
% Output:

% Qi - cell array with Q1(s), Q2(s), ., QN(s)

Qi = cell(1,k*m*(q+1));

’ Note. In general, one chooses the
pole « to fall within the range of
frequencies for which the closed-
loop response is expected to have
an “interesting behavior” (e.g.,
the closed-loop bandwidth from
reference to output or the inverse
of the dominant time constant of
the step response).



MATLAB® Hint 50. When

using MATLAB®/Simulink®
to compute these transfer func-
tions, one generally does not
obtain minimal realization, so
one should use minreal(sys)
to remove unnecessary states
(cf. MATLAB® Hint 36, p. 148).
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N = 0;
for ell = 0:q
for i = 1:k
for j = 1:m
N = N+1;
Qi{N} = ss(zeros(k,m));
Qi{N}(i,j) = (alpha/(tf(’s’)+alpha)) ell;
end
end
end

The output to this script is a cell array Qi with N elements, containing the k xm transfer functions
Qi(s), i = 1 in the Note 16 (p. 223). The sequence contains transfer matrices with S‘i—a raised to
powers from O to g.

25.4.2 T;(s) Transfer Functions

The transfer functions 7j(s) in (25.11) can be computed directly using Simulink®. To do
this, one starts by constructing a Simulink® diagram with the process connected to the Q-
augmented LQG/LQR controller as in Figure 24.2. In this diagram, the exogenous inputs should
come from input ports, and the controlled outputs should be connected to output ports (see Figure
25.1). The Q system should be a Simulink® state-space block with matrices AQ,BQ,CQ,DQ left
as MATLABSuriables to be taken from the workspace. The Ti(s) can then be constructed using
the following

HED ED) "
LQG/LQR controller
x’ = Ax+Bu
g x' = Ax+BU e y = Cx+Du
r y = Cx+Du . Y
rocess
u
x’ = Ax+BuU
y = Cx+Du
Q-system

Figure 25.1. Simulink® diagram to compute the transfer functions T (s)

sequence of MATLAB® commands:

% Inputs:

%k - number of rows for the Qi(s)

% m - number of columns for the Qi(s)

% Qi - cell array with Q1(s), Q2(s), ..., QN(s)

% Output:

% Ti - cell array with TO(s), Ti(s), T2(s), ..., TN(s)

=

Ti = cell(length(Qi)+1,1); initialize cell array
% compute TO(s)

[AQ,BQ,CQ,DQ] = ssdata(tf(zeros(k,m))); % set Q = 0 in simulink

[a,b,c,d] = linmod(’augmented_closedloop’); % get TO(s)

Ti{1} = minreal(ss(a,b,c,d)); % store TO

% compute T1(s), T2(s),

for i = 1:length(Qi)
[AQ,BQ,CQ,DQ]=ssdata(Qi{i}); % set Q = Qi in simulink
[a,b,c,d]=1inmod (’ augmented_closedloop’) ; % get TO(s) + Ti(s)
Ti{i+1}=minreal(ss(a,b,c,d)-Ti{1}); % store Ti(s)

end

The output to this script is a cell array Ti with N+1 elements, containing the f}(s), i > 01in (25.10).
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25.4.3 Numerical Solution to the Feasibility Problem
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The feasibility problem (25.11) can be solved numerically using the MATLAB® toolbox CVX [8].
Using CVX, the computation of a Q-augmented LQG/LQR controller can be accomplished with the

following sequence of MATLAB®/CVX commands:

%% create cell array cell array with Qi1(s), Q2(s), ., QN(s)
{... code in previous sections ...}
%% create cell array with TO(s), Ti(s), T2(s), ., TN(s)

{... code in previous sections ...}

%% CVX problem specification
N=length(Qi);
cvx_begin

variable alpha(N) % declare variables to be optimize

% declare closed-loop specifications through inequalities on alpha(1:N)

{... code in the remainder of this sectiom ...}
cvx_end

%% compute Q system

Q = ss(zeros(size(Qi{1})));

for i=1:N
Q=Q+alpha(i)*Qi{i};

end

Q=minreal(Q);

In the remainder of this section, we discuss how to convert some of the most common closed-

loop control specifications 71, %, ..., Pk into explicit constraints on the parameters &, 0, ..., 0y,

to be used by CVX.

Interval bound time-domain specifications.
resulting forced controlled output is given by

Z(t)

i=1
where

Gift) -

Co(r) =

(2" [To(s)]x wiew) 0).

=

(.Z—l [To(s) + i o fi(s)] * Wtest) (1) = Golr) + iaz@i(f)»
i=1

(2 [F5) 1% wiew) 1),

Vit

=

For a given test exogenous input wieg (1), t = 0, the

0.

An interval bound on the /th entry of the forced response z(#) to weest(f), # = 0 can then be expressed

as

N
Smin(t) < CO,I(I) +2ai Ci,l(t) < smax(t)a V=0,

i=1

where {;,(¢) denotes the Ith entry of ;(¢), i > 0. The following sequence of MATLAB®/CVX

(25.12)

commands declares the constraint (25.12) for an exogenous input wieg(?), t = 0 corresponding to a

step at the jth entry of the exogenous input w(r):

% Inputs:

% Ti - cell array with TO(s), Ti(s), T2(s), ., TN(s)
% alpha - vector with the alpha_i

% ts - sample times at which the interval bound will be
oo - entry of w(t) where step is applied

ho1 - entry of z(t) that appears in the interval bound

tested

MATLAB® Hint 51. CVX

minimize directive can be used
to select an optimal controller that
minimizes a particular criterion
among those that satisfy all the
specifications. » p. 227

Note 17. In practice, we do not
test (25.12) at every point in the
interval [0,00). Instead, (25.12)
will be enforced on a grid of
sample times (variable ts in the
MATLAB® code). This grid
should be sufficiently fine and
long that (25.12) is not violated
between samples or after the last
point in the grid. However, a large
grid also increases the computa-
tion time required to solve the fea-
sibility problem.



Note 18. In practice, we do not
test (25.13) at every point in the
interval [®min, ®Omax]. Instead,
(25.13) is enforced only on a grid
of sample frequencies (variable
ws in the MATLAB® code). This
grid should be sufficiently fine so
that (25.13) is not violated be-
tween samples. However, a large
grid also increases the computa-
tion time required to solve the fea-
sibility problem.
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% step_response_min - lower bound sampled at times ts
% step_response_max - upper bound sampled at times ts
step_response=step(Ti{1}(1,j),ts);

for i=1:N
step_response=step_response+alpha(i)*step(Ti{i+1}(1,j),ts);
end

% interval bound constraint
step_response_min <= step_response;
step_response <= step_response_max;

To enforce a given settling time, overshoot, and undershoot, one would construct the variables
step_response min and step_response_max, which appear in the code above, with the following
MATLAB® commands:

% Inputs:

% ts -
%  overshoot -
%  undershoot -
%  tsettle -
%  psettle -
step_response_min=-undershoot*ones(size(ts));
step_response_max=(1l+overshoot) *ones (size(ts));
step_response_min(ts>=tsettle)=1-psettle;
step_response_max(ts>=tsettle)=1+psettle;

sample times at which the interval bounds will be tested
desired maximum overshoot

desired maximum undershoot

desired settling time

percentage defining the settling time

% undershoot

% overshoot

% settling time

Frequency domain input-output specifications. A frequency domain specification on the SISO
closed-loop transfer function from the jth entry of w to the /th entry of z of the form
|’Iqj(fw)|< é(w)v Yowe [wminawmax]a

can be expressed in terms of the ¢; as

N
| A I
O,lj(s)‘i‘zaiTi‘lj(s) éé(w)a Y € [@min, Omax], (25.13)
i=1
where T;;(s) denotes the /jth entry of the closed-loop transfer matrix 7(s) from w to z. The follow-
ing sequence of MATLAB®/CVX commands declares the constraint (25.13):

% Inputs:

% Ti - cell array with TO(s), Ti(s), T2(s), ., TN(s)

% alpha - vector with the alpha_i

% ws - sample frequencies at which the bound will be tested
oo - entry(s) of w(t) for the input(s)

o1 - entry(s) of z(t) for the output(s)

%  freq_response_max - norm upper bound ell(ws) sampled at frequencies ws
freq_response=reshape(freqresp(Ti{1}(1,j),ws),length(ws),1);
for i=1:N
freq_response=freq_response
+alpha(i)*reshape (freqresp(Ti{i+1}(1,j),ws),length(ws),1);
end
abs(freq_response) <= freq_response_max;

Impulse response input-output specifications. An impulse response specification on the SISO
closed-loop transfer function from the jth entry of w to the /th entry of z of the form

[ miwlar <
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can be expressed in terms of the ¢; as

” N
Jo lhlo,zj(s) +Z Qihij(s) s <p,

i=1
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(25.14)

where £;;;(t) denotes the jth entry of the closed-loop impulse response 4;(¢) from w to z. The

following sequence of MATLAB®/CVX commands declares the constraint (25.14):

% Inputs:
hoTi -
%  alpha -
hooti -
YA

hood -
ho1 -
% rho -

cell array with TO(s), Ti(s), T2(s),

vector with the alpha_i

equally spaced sample times at which the impulse
response will be computed

entry(s) of w(t) for the input(s)

entry(s) of z(t) for the output(s)

upper bound on the Ll-norm

impulse_response=impulse(Ti{1}(1,j),ti);

for i=1:N

impulse_response=impulse_response+alpha(i)*impulse(Ti{i+1}(1,j),ti);
end sum(abs(impulse_response))*(ti(2)-ti(1)) <=

rho;

., TN(s)

MATLAB® Hint 51 (minimize). The CVX minimize directive can be used to select an optimal
controller that minimizes a particular criterion from among those that satisfy all the specifications.

For example:

1. To minimize the overshoot, one would add the following MATLAB®/CVX commands

before thercirctirective in the code on page 225:

variable J
step_response <= J
minimize J

2. To minimize the root mean square (RMS) gain, one would add the following MATLAB®/
CVX commands before theemdxdirective in the code on page 225:

variable J
freq_response <= J
minimize J

3. To minimize the peak gain, one would add the following MATLAB®/CVX commands

before thercirdirective in the code on page 225:
minimize sum(abs(impulse_response))

However, only a single minimize directive is allowed in a CVX program.

25.5 Q Design Example

Example 25.1 (Aircraft roll dynamics, continued). Consider the LQG/LQR controller designed in
Example 23.1 for ¢ = 10®. Our goal is to Q-augment this controller to satisfy the following control

specifications.

1. Decrease the peak gain from reference to control input to at most 20 (from about 1476 for the

nonaugmented controller).

2. Decrease the overshoot to at most 10% (from about 16% for the nonaugmented controller).

Note 19. In practice, the integral
in (25.14) is computed numeri-
cally using a fine grid of sam-
ple times (variable ti in the
MATLAB® code). This grid
should be sufficiently fine and
long that the integral in (25.14)
is well approximated by a finite
sum. However, a large grid also
increases the computation time
required to solve the feasibility
problem.



Note. Specification 4 guarantees
good tracking for low frequencies,
especially for frequencies below
Srad/s, and also zero steady-state
error.
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3. Keep the 1% settling time below 0.5 s (already satisfied for the nonaugmented controller).

4. Keep the magnitude of the transfer function TeN(s) from reference to tracking error below
the value of

1—“(’) o < 20 rad/s
2 w=2

0 rad/s

|FTr(jo)|< o) = Yo =0

(already satisfied for the nonaugmented) controller).

For the numerical optimization, the impulse response was sampled from 0 to 2 s with a sampling
time of 0.001 s (see Note 19, p. 227), the step response was sampled from 0 to 4 s with a sampling
time of 0.01 s (see Note 17, p. 225), and the frequency response was sampled from 0.01 to 100
rad/s with 200 points logarithmically spaced produced by the MATLAB® command logspace

(see Note 18, p. 226).

To augment the original LQG/LQR controller, we used the following sequence for the Ritz
approximation

A 5 !
0i(s) = <s+5) ’ ie{0,1,2,...,10}.

Among all the controllers that satisfied the specifications above, we selected the one with the smallest
peak gain (see MATLAB®Hint 51, p. 227), which led to a 10-dimensional Q system and 13-
dimensional controller. Figure 25.2 shows the closed-loop step responses and Bode plots frop
reference to tracking error of the original and the augmented controller.

Bode Diagram Step Response
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Figure 25.2. Bode plots of the closed-loop transfer function Ter,,(s) from reference to tracking error and step
response for the LQG/LQR controller designed in Example 23.1 for ¢ = 10® and the Q-augmented controller
in Example 25.1. The Q-augmented controller has a peak gain equal to 17.2 and overshoot of 7.5%, whereas
the original LQG/LQR controller has peak gain of 1476 and overshoot of 16%.

25.6 Exercises

25.1 (Convex specification). Show that all the control specifications considered in Section 25.1 are

convex. O
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Index

adjoint matrix, 30

aircraft roll dynamics, 189-192, 211-212, 227-
228

algebraic equivalence, 33, 36

algebraic Riccati equation (ARE), 81, 176, 179-
184,203

applied forces vector, 14

ARE, see algebraic Riccati equation

BIBO, see Bounded-input, bounded-output sta-
bility
block diagram, 7-9, 55, 111, 136-137
bounded-input, bounded-output stability (BIBO),
168, 170
continuous time, 73-77
discrete time, 78
Bryson’s rule, 174, 177

canonical basis, 38
cascade interconnection, 7, 55
causality, 21, 24, 35, 41
Cayley-Hamilton theorem, 45, 94, 98, 103, 111,
119
centrifugal/Coriolis/friction matrix, 14
certainty equivalence, 201
characteristic polynomial, 31, 45-47, 118, 147,
156

cheap control, 192-194

closed-loop poles, 192-193

LQR cost, 193-194
closed-loop state estimator, 140
cofactor, 30, 36
comparison lemma, 64
complementary sensitivity function, 187
complete sequence, 222, 223
conservative force, 14
conservative forces vector, 14
constructibility Gramian, 140, 202

continuous time, 126127

discrete time, 128-129
constructible system

continuous time, 125, 126

discrete time, 128
continuous-time system, 5
controllability Gramian

continuous time, 91-95

discrete time, 95-98
infinite time, 104
controllability matrix, 93-98, 109, 118, 148
controllability test
controllability matrix, 102
eigenvector, 102, 170, 184, 212
Lyapunov, 104, 106 Popov-
Belevitch-Hautus (PBH), 103
controllable state component, 111
controllable canonical form, 32, 33, 35, 107, 119,
147
controllable decomposition, 109-112
controllable-from-the-origin subspace, see reach
able subspace
controllable subspace, 107, 110, 137
continuous time, 87-92

discrete time, 95-98
controllable system, 77, 101, 113, 119, 143, 170
controllable-to-the-origin subspace, see control
lable subspace
controlled output, 173, 216, 220, 224
control specification, 219-221, 225-227
convexity, 222, 228
convolution
continuous time, 24
discrete time, 26
Laplace transform, 28
coprime
fraction, 147
polynomials, 147, 153
CVX, 223, 225-228
cvx_begin, 225
cvx end, 225
minimize, 227
variable, 225, 227

degree of a transfer function, 147
detectability test
eigenvector, 139
Lyapunov, 139 Popov-Belevitch-
Hautus (PBH), 139
detectable system, 138-140, 184
diagonalizable matrix, 51, 148
discrete-time system, 6
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domain of the Riccati operator, 179
duality
controllability/observability, 129-130
reachability/constructibility, 129-130
dual algebraic Riccati equation, 204, 212
dual ARE, see dual algebraic Riccati equation

eigenvalue assignment, 118
output injection, 140
state feedback, 117
eigenvector test
controllability, 102
detectability, 139
observability, 131
stabilizability, 114
equilibrium point
continuous time, 11
discrete time, 13
equivalence transformation, see similarity trans-
formation
exogenous input, 216, 220, 224

feasibility problem, 221, 222

feedback invariant, 79-81, 174177

feedback linearization, 16—19

forced response, 24, 39

fundamental theorem of linear equations, 90-91,
102, 103

gain margin, 186

generalized coordinates vector, 14
generic property, 54

greatest common divisor (gcd), 154

Hamiltonian matrix, 83, 179-184, 192-193, 199
homogeneous response, 23, 29, 39
homogeneous system, 37, 43, 61, 66

hovercraft, 15

Hurwitz matrix, see stability matrix

H-infinity norm, see root mean square gain

image of a matrix, 90
impulse response, 49
continuous time, 23-25, 27, 29-30
discrete time, 26, 30
infinite-dimensional systems, 22
initial condition, 5-7, 11, 13, 22, 30, 34, 37, 39,
61,65,73,78
input-output model, 5, 6
internal stability, see Lyapunov stability
invariant subspace, 102, 107, 137, 184
invariant zero polynomial, 162
inverse system, 165-170
left inverse, 166
right inverse, 166
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inverted pendulum, 15, 18, 19, 69
irreducible realization, see realization

Jordan normal form, 51-55, 62, 71, 184

Kalman
decomposition theorem, 136-138
equality, 185-186, 188, 199
filter, 206
inequality, 186187
Kalman decomposition, 165
kernel of a matrix, 90

Ly norm, 220, see peak gain

L, norm, 220

lag compensator, 197-198

Laplace transform, 25, 29, 46
convolution, 28

derivative, 27
lead compensator, 197-198
least common denominator (Icd), 156 left-
inverse matrix, 145
Lienard equation, 72
linearity, 22, 35, 41
linear matrix inequality (LMI), 63, 105, 115
linear quadratic Gaussian estimation (LQG), 206
linear quadratic regulation (LQR), 79-82, 173—
176, 185-192
linear time-invariant (LTT) system, 6
linear time-varying (LTV) system, 6
L., norm, 220
LMI, see linear matrix inequality
local linearization, 11-14
around equilibrium point in continuous time,
12, 18, 66-70
around equilibrium point in discrete time,
13,71
around trajectory, 14, 18-19
loop shaping, 188-189
loop transfer recovery (LTR), 207, 211-212
LQG, see linear quadratic Gaussian estimation
LQG/LQR controller, 206, 207
Q-augmented, see Q-augmented LQG/LQR
controller
LQR, see linear quadratic regulation
LTI, see linear time-invariant system
LTR, see loop transfer recovery
LTV, see linear time-varying system
Lyapunov equation, 104, 106
continuous time, 63, 72, 105
discrete time, 66
Lyapunov inequality, 116
continuous time, 63, 105
discrete time, 66
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asymptotic stability, 61, 63, 65, 66, 105,
113, 117, 138, 141
continuous time, 61-65
discrete time, 65-66
exponential stability, 61, 63, 65, 66, 68, 105
instability, 61, 62, 65, 66, 69
marginal stability, 61, 65
stability margin, 72
Lyapunov stability theorem
continuous time, 62—-65, 105-106
discrete time, 66
Lyapunov test
controllability, 104
detectability, 139
observability, 131
stabilizability, 115

Markov parameters, 144—146

mass matrix, 14

MATLAB
append, 9
bode, 190, 212
ctrbf, 112
ctrb, 99
dlyap, 71
eig,31,62,71
expm, 48
feedback, 9
freqresp, 226
ilaplace, 49
impulse, 227
iztrans, 49
jacobian, 48
jordan, 52
kalman, 211, 212
laplace, 48
linmod, 224
1qr, 82, 176, 190
lyap, 71
minreal, 148, 224, 225
norm, 59
nyquist, 194
obsvf, 141
obsv, 131
parallel,9
pinv, 148
place, 117
poly, 31
reg, 211,212
series, 9
sigma, 194
ssdata, 224
ss, 6, 34, 35, 190, 212, 223
step, 225
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svd, 59, 99
syms, 48
tf, 34, 35,223
zpk, 34, 35
ztrans, 49
Simulink, 8
symbolic computation, 48—49
matrix exponential, 43-46, 49, 53-54, 71
matrix norm, 59-60, 71
submultiplicative, 60, 71
matrix power, 47, 49, 52-53
McMillan degree, 156, 164, 168
measured output, 173
mechanical systems, 14-16
fully actuated, 16
MEE, see minimum-energy estimation
memoryless system, 5
MI, see multiple-input system
MIMO, see multiple-input, multiple-output sys-
tem
minimal realization, see realization
minimum-energy
control, 92-93
estimation (MEE), 202-205
minimum-phase system, 168
MISO, see multiple-input, single-output system
MO, see multiple-output system
monic polynomial, 147
multiple-input, multiple-output system (MIMO),
5
multiple-input, single-output system (MISO), 5
multiple-input system (MI), 5
multiple-output system (MO), 5

negative-definite matrix, 62
negative-feedback interconnection, 8
negative-semidefinite matrix, 62
noise rejection, 197
norm
oco-norm, 59
Frobenius norm, 59
H-infinity, see root mean square gain
Ly, 220, see peak gain
L, 220
L., 220
one norm, 59
two norm, 59
null space of a matrix, see kernel of a matrix
nullity of a matrix, 90
Nyquist
plot, 186, 195
stability criterion, 195

observability Gramian, 140
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continuous time, 126—127

discrete time, 128—-129
observability matrix, 130, 135, 148
observability test

eigenvector, 131

Lyapunov, 131 Popov-Belevitch-

Hautus (PBH), 131
observable state component, 136
observable canonical form, 33, 35, 36
observable decomposition, 135-136
observable system, 77, 138, 140, 143, 170

continuous time, 125, 126

discrete time, 128
open-loop state estimator, 140
orthogonal complement, 90
orthogonal matrix, 99, 194, 199
output feedback, 123-124, 140
output injection, 140
overactuated system, 208
overshoot, 196, 220, 226, 227

parallel interconnection, 7, 55, 126
peak gain, 221, 227
Peano-Baker series, 37, 43
phase margin, 187, 196
pole placement, see eigenvalue assignment
pole polynomial, see characteristic polynomial
poles, 156, 161, 164
SISO, 147, 153 Popov-
Belevitch-Hautus (PBH) test
controllability test, 103
detectability test, 139
observability test, 131
stabilizability, 115
positive-definite matrix, 62
positive-semidefinite matrix, 62
prefilter, 219
proofs
by contradiction, 64, 75
by contraposition, 75, 103
direct, 31
equivalence, 31, 63, 103
set equality, 91
proper rational function, 31
proportional-derivative (PD) control, 16
proportional (P) control, 198
pseudoinverse matrix, 145, 208

Q-augmented LQG/LQR controller, 215-219, 224

Q design, 221-228
Q parameterization, 215-218
Q system, 215, 221
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reachability Gramian
continuous time, 91-95
discrete time, 95-98
infinite time, 104
reachable subspace
continuous time, 87-92
discrete time, 95-98
reachable system, 101
realization, 30
minimal, 83, 143-148, 163-165, 170
order of, 143, 163-165
SISO, 33, 35
real polynomial matrix, 154
determinantal divisors, 154
invariant factors, 155
minors, 154
rank, 154
unimodular, 155
real rational matrix, 156
reference tracking, 196
Riemann integral, 27
right-inverse matrix, 145
Ritz approximation, 222-223
RMS gain, see root mean square gain
robot arm, 15
roll-off rate, 189
root locus, 193
root mean square gain, 221, 227
Rosenbrock’s system matrix, 162, 208

satellite, 107
Schur stable matrix, 47, 53, 66, 131
semigroup property, see state transition matrix
semisimple matrix, see diagonalizable matrix
sensitivity function, 187
separation principle, 141, 206, 212-213
separation theorem, see separation principle
set-point control, 191, 208-211, 213
settling time, 220, 226
SI, see single-input system
similarity transformation, 33, 109-112, 135-138,
145-146

SIMO, see single-input, multiple-output system
Simulink, see MATLAB
single-input, multiple-output system (SIMO), 5
single-input, single-output system (SISO), 5
single-input system (SI), 5
single-output system (SO), 5
SISO, see single-input, single-output system
Smith

factorization, 155

form, 154-155, 162, 164
Smith-McMillan

factorization, 156
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form, 155-159, 161, 164, 167
SO, see single-output system
square completion, 81, 116, 118, 176
stability matrix, 47, 54, 61, 63, 71, 104, 105,
131, 176
stabilizability test
eigenvector, 114
Lyapunov, 115-117
Popov-Belevitch-Hautus (PBH), 115
stabilizable system, 113-117
stabilization
output feedback, 141
state feedback, 106, 116-117
stabilizing solution to the ARE, 180
stable subspace, 180
standard form for
uncontrollable systems, 110, 113
unobservable systems, 136, 138
state estimation, 139-140
state estimation error, 140
state feedback, 123, 140
state reconstruction
Gramian-based in continuous time, 127
Gramian-based in discrete time, 128
state transition matrix, 41
continuous time, 37-39
discrete time, 40
inverse, 39, 40
semigroup property, 38, 40
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uncontrollable state component, 111
uncontrollable system
continuous time, 101
under-actuated system, 208
undershoot, 220, 226
unicycle, 18
uniformly bounded signal, 74
unobservable state component, 136
unobservable subspace, 135
continuous time, 124127
discrete time, 128-129

variation of constants formula
continuous time, 39, 44, 87, 124, 138
discrete time, 40, 47

Z -transform, 26, 35
zero polynomial, 156
zero-state equivalence, 30, 34, 36, 144
zero-state response, 24
Zeros
invariant, 162-164, 169, 208
SISO, 147, 153
transmission, 153, 156159, 162-164, 168—
170, 193, 194, 207, 208

Stein equation, see Lyapunov equation, discrete time

step response, 220, 226
strictly proper rational function, 31
strict feedback form, 17-19

time invariance, 22, 24, 35
time reversibility
controllability/reachability, 93
observability/constructibility, 130
time scaling
controllability and reachability, 94
observability/constructibility, 130
time shifting, 22
tracking error, 196
transfer function
continuous time, 25-26, 29-30
discrete time, 27, 30
transmission-blocking property, 208
invariant zeros, 163
transmission zeros, 157—159
transpose of a vector/matrix, 7

unconstructible subspace
continuous time, 125-127
discrete time, 128-129
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